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Abstract
The pulsations in δ Sct stars are excited by a heat engine driving mechanism caused
by increased opacity in their surface layers, and have pulsation periods of order a
few hours. Space based observations in the last decade have revealed a diverse range
of pulsational behaviour in these stars, which is investigated using an ensemble of
983 δ Sct stars observed continuously for 4 yr by the Kepler Space Telescope. A
statistical search for amplitude modulation of pulsation modes is carried out and
it is shown that 61.3 per cent of the 983 δ Sct stars exhibit significant amplitude
modulation in at least a single pulsation mode, and that this is uncorrelated with
effective temperature and surface gravity. Hence, the majority of δ Sct stars exhibit
amplitude modulation, with time-scales of years and longer demonstrated to be
significant in these stars both observationally and theoretically.
An archetypal example of amplitude modulation in a δ Sct star is KIC 7106205,
which contains only a single pulsation mode that varies significantly in amplitude
whilst all other pulsation modes stay constant in amplitude and phase throughout
the 4-yr Kepler data set. Therefore, the visible pulsational energy budget in this
star, and many others, is not conserved over 4 yr.
Models of beating of close-frequency pulsation modes are used to identify δ Sct
stars with frequencies that lie closer than 0.001 d−1, which are barely resolved using
4 yr of Kepler observations, and maintain their independent identities over 4 yr.
Mode coupling models are used to quantify the strength of coupling and distinguish
between non-linearity in the form of combination frequencies and non-linearity in
iii
the form of resonant mode coupling for families of pulsation modes in several stars.
The changes in stellar structure caused by stellar evolution are investigated for
two high amplitude δ Sct (HADS) stars in the Kepler data set, revealing a positive
quadratic change in phase for the fundamental and first overtone radial modes in
KIC 5950759. The observed phase modulation of the radial modes in this star is
two orders of magnitude larger than predicted by stellar evolutionary models, yet is
consistent with the prediction of increasing periods of radial modes for stars on the
main sequence.
The statistical analysis of 983 δ Sct stars, including the results from the search for
amplitude modulation, is a valuable resource for ongoing and future space missions
such as K2, TESS and PLATO, because the high quality 4-yr Kepler data set will
not be surpassed for some time. The observational studies of individual stars in
this thesis provide strong evidence that non-linear processes are clearly at work in
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Astronomy covers numerous aspects of physics and mathematics across many orders
of magnitude in size, from the quantum mechanical laws that determine nuclear
fusion reactions in the centre of a star, to the dynamics of galaxy clusters over
cosmological distances. Astronomy studies the smallest and largest known structures
in the universe and the physical laws that govern them. Over the last century, a
general description of stellar structure and evolution has been developed. However,
the inclusion of physics such as rotation, binarity, pulsation and magnetic fields
causes stellar structure and evolution to become more complicated.
Using traditional observational techniques such as photometry and spectroscopy,
one barely scratches beneath the visible surface of a star, because these methods
are only sensitive to the stellar atmosphere. Until the advent of asteroseismology,
astronomy lacked the techniques to validate or invalidate theoretical predictions of
the interior conditions of a star through observation and experimentation. This is
famously encapsulated by the famous text The Internal Constitution of the Stars
published in 1926 by Sir Arthur Stanley Eddington, who asked the following ques-
tions:
“At first sight it would seem that the deep interior of the Sun and stars
is less accessible to scientific investigation than any other region in the
xvi
universe. Our telescopes may probe farther and farther into the depths
of space; but how can we ever obtain certain knowledge of that which is
hidden behind substantial barriers? What appliance can pierce through
the outer layers of a star and test the conditions within?”
Asteroseismology is the tool that Eddington sought, which provides direct in-
sight of the interior of a star by studying its oscillations. The pulsations within an
oscillating star are governed by the physics of stellar structure, so from observations
and analysis of these pulsations the interior properties of a star can be measured.
Many different types of pulsator have been discovered, including our nearest stellar
neighbour — the Sun. Its proximity has allowed the Sun to be extensively studied
since the discovery of its oscillations in the 1960s. Asteroseismology has rapidly
expanded in recent years because of improvements in instrumentation, and has been
applied to many types of stars across a wide range in stellar mass and for different
stages of stellar evolution.
Motivation
This thesis is centred on a group of variable stars called δ Sct stars, which are the
most common type of pulsator among the intermediate-mass A and F stars, and have
been studied since their discovery in the early twentieth century. Historically, using
several hours of ground-based observations, these variable stars were straightforward
to classify because they have similar effective temperatures and pulsate with periods
of order hours and minutes.
Prior to the twenty-first century, only a handful of δ Sct stars had been ex-
tensively studied using ground based campaigns, which provided intermittent obser-
vations with duty cycles typically less than 50 per cent. These investigations were
limited by the data coverage and precision of the instrumentation used, but revealed
xvii
that we lack a complete physical description of these pulsators, primarily because of
the diversity of observed pulsations in these stars. A few δ Sct stars were found to
exhibit a phenomenon called amplitude modulation — in the time domain this ap-
pears as a change in the maxima and minima of the light excursions over time, and in
the Fourier domain this appears as variable pulsation mode amplitudes. Naturally,
this causes problems for intermittent observations over a few days if the pulsation
mode amplitudes of a variable star change on time-scales of order years to decades.
From only a few in-depth studies it was not clear what determines this effect in δ Sct
stars, as not all stars exhibited such behaviour. This provides strong motivation to
study amplitude modulation in δ Sct stars further.
The space-based telescopes CoRoT and Kepler, which were launched in 2006 and
2009, respectively, have led to a photometry revolution. The Kepler Space Telescope
provided a large increase in high quality observations of hundreds of thousands of
stars, including many δ Sct stars. This thesis addresses Eddington’s questions by
using asteroseismology to expand our understanding of δ Sct stars and studies the
incidence of amplitude modulation in approximately 1000 δ Sct stars. The general






Almost a century ago, Sir Arthur Stanley Eddington proposed that a star could
act as a heat engine and become unstable to pulsation (Eddington 1917, 1926). If
the driving from a pulsational excitation mechanism in a star is strong enough to
overcome local damping effects, a star will resonate in its natural oscillation modes,
which are determined by the physics of stellar structure. Therefore, the observation
and modelling of the conditions within stellar interiors, such as density, pressure
and temperature, is of paramount importance so that we can understand how and
why stars pulsate and the implications for stellar evolution. Asteroseismology, from
the Greek meaning star tremors or star quakes, is the study of stellar structure and
evolution from the observation and modelling of stellar pulsation. A thorough text
on asteroseismology is given by Aerts et al. (2010).
The requirement of any heat engine is that heat is gained in the compression
part of the cycle, with the thermal energy being converted into mechanical work.
For Eddington’s piston-like driving mechanism inside a star, a source of opacity
provides the required instability to drive the heat engine, so it is referred to as the
opacity or kappa (κ) mechanism in asteroseismology. The simplest case of driving
1
CHAPTER 1
from the κ mechanism in a star is radial pulsation, with increased levels of opacity
in the stellar atmosphere that block the outward flow of radiation. The blocked flux
causes a layer of gas to heat up, which increases the internal pressure such that the
layer expands to return to equilibrium with its surroundings. Eventually the gas
within the layer will become ionised, reducing the local opacity so that the layer is
no longer opaque and the radiation flows through again. Having expanded beyond
its equilibrium point and no longer being heated, the radial layer cannot support the
weight of the overlying stellar atmosphere and contracts once again. The contraction
allows the ionised gas to recombine and absorb the stellar flux, regenerating the
source of opacity once again. Thus, a piston-like driving mechanism is created with
heat being gained upon compression and energy being released upon expansion of a
layer of gas in a star’s atmosphere.
Since the time of Eddington (1917, 1926), pulsations driven by the κ mechanism
have been found in variable stars across the Hertzsprung–Russell (HR) diagram,
which is shown schematically in Fig. 1.1. The hatched regions in this figure indicate
a different type of pulsating star and its location in the HR diagram, with each
group labelled by name and coloured approximately by spectral type. The nature
of the driving mechanism in the various types of pulsator is specific to the structure
of the stars within each group, with the κ mechanism operating in the regions with
diagonal hatching. Asteroseismology has been applied to all the types of pulsating
star shown in Fig. 1.1, and has allowed their interiors to be probed to varying levels
of success (see e.g., Aerts et al. 2010).
Asteroseismology is a rapidly expanding field within astronomy with far-reaching
implications both observationally and theoretically. The success of asteroseismology
in recent years has been driven by significant improvements in techniques and instru-
mentation. This is particularly because of the high quality data produced from space




Figure 1. Luminosity-eﬀective temperature (or Hertzsprung-Russell) diagram showing the approximate locations of major pulsating variables coloured roughly
by spectral type, the zero-age main sequence and horizontal branch, the Cepheid instability strip, and evolution tracks for model stars of various masses, indicated
by small numbers (M⊙). Shadings represent heat-engine p-modes (\\\), g-modes (///) and strange modes ( | | |) and acoustically-driven stochastic modes (≡).
Approximate spectral types are indicated on the top axis. Based on figures by J. Christensen-Dalsgaard and subsequently by C.S. Jeﬀery.
environment, musical string instruments can be heard to sound in
resonance with the noise that has the right frequency.
For stars in close binary systems, tidal excitation is another
way to make stars pulsate. This occurs when multiples of the orbital
frequency come into resonance with intrinsic eigenfrequencies of
the binary components. We come back to this in Section 5 with the
new “heartbeat stars”.
2.2 What do stellar pulsation modes look like?
Stars are three-dimensional, so their natural oscillation modes have
nodes in three orthogonal directions. These are described by the
distance r to the centre, co-latitude θ and longitude φ. The nodes
are concentric shells at constant r , cones of constant θ and planes
of constant φ. For spherically symmetric stars the solutions to the
pulsation equations, hence the stellar pulsationmodes, are described
by spherical harmonics, functions that are familiar to many readers
from electrodynamics and quantum mechanics. For 3-D stars there
are three quantum numbers to specify these modes: n is the number
of radial nodes and is called the overtone of the mode; l is the degree
of the mode and specifies the number of surface nodes that are
present; m is the azimuthal order of the mode, where |m | specifies
how many of the surface nodes are lines of longitude.
So what do these modes look like?
2.2.1 Radial modes
The simplestmodes are the radialmodeswith l = 0, and the simplest
of those is the fundamental radial mode with n = 0. In this mode the
star swells and contracts, heats and cools, spherically symmetrically
with the core as a node and the surface as a displacement antinode.
It is the 3-D analogy to the organ pipe in its fundamental mode.
This is the usual mode of pulsation for Cepheid variables and for
RRLyrae stars, amongst others. The first overtone radial mode has
n = 1 with a radial node that is a concentric shell within the star.
As we are thinking in terms of the radial displacement, that shell is
a node that does not move; the motions above and below the node
move in antiphase. The surface of the star is again an antinode. And
so on for higher and higher overtones of the radial modes, with
larger and larger values of n, the number of radial nodes.
2.2.2 Nonradial modes
The simplest nonradial mode is the axisymmetric dipolemode with
l = 1, m = 0. For this mode the equator is a node; the northern
hemisphere swells up while the southern hemisphere contracts, then
vice versa; one hemisphere heats while the other cools, and vice
versa. There is no change to the circular cross-section of the star,
so from the observer’s point of view, the star seems to oscillate up
and down in space. This can only occur for n ≥ 1, so in the case of
the l = 1 dipole mode, there is at least one radial node within the
star. While the outer shell is displaced upwards from the point of
MNRAS 000, 1–9 (2016)
Figur 1.1: A schema ic HR diagram for pulsa ing st rs, dem strating the vari-
ous types of stars for which asteroseismology is possibl . The mai seq ence is
indicated by a solid red line and the boundaries of the classic l instability strip are
indicated by the long-dashed lines. Evolutionary tracks for different stellar masses
are shown as dotted lines, and pulsators are coloured by their approximate spectral
type. The κ mechanism operates in the regions with diagonal hatching, with the
direction indicating if the dominant pulsations are p modes ( \\\ ) or g modes ( /// ),
whereas horizontally hatched regions (≡ ) indicate stars with stochastically excited
pulsations. Figure from Jeffery & Saio (2016), their figure 1.
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enabled us to probe further and deeper into the physics that determines whether a
star is unstable to pulsation, and have also vastly increased our understanding of
stellar structure and evolution.
1.1.1 Pulsation modes
There are two main types of pulsation modes. The first are acoustic modes, or sound
waves, for which pressure is the restoring force and hence are called p modes. These
pulsations have vertical gas motions and are most sensitive to the surface condi-
tions within a star. The other main type of pulsation modes are gravity modes, for
which buoyancy or gravity is the restoring force and hence are called g modes. The
gas motions of g modes can be horizontal and vertical, and are most sensitive to
the conditions near the core of a star1. All g-mode pulsations are evanescent in a
convectively unstable layer as defined by the Schwarzschild criterion, which causes
runaway buoyancy and not oscillatory motion. On the other hand, p-mode pulsa-
tions can be supported in convectively unstable layers provided that the pulsation
driving is stronger than the damping.
The coherent driving of pulsations in a star produces standing waves that are
trapped within a pulsation cavity. Stars usually have spherical symmetry, with a dis-
placement node at their centres and the surface acting as an anti-node. The standing
waves inside a star are described by spherical harmonics using three quantum in-
dices: n is the radial order or overtone number, ` is the angular degree (number of
surface nodes), and m is the azimuthal order (|m| is the number of surface nodes
that are lines of longitude). The simplest example of a radial p mode is the funda-
mental radial mode where {n, `,m} = 0. In this mode of pulsation, the entire radius
of a star expands and contracts over the pulsation cycle. Thus, the fundamental
radial mode is a measure of the average density of a star, because the pulsation wave




travels from the stellar surface to the core and back again throughout the pulsation
cycle.
Analogous to musical instruments, the next overtone is called the first overtone
radial mode where n = 1 and {`,m} = 0, which has a displacement node that is
a concentric shell within the star. In this mode of pulsation, the layers above and
below the nodal shell expand and contract in anti-phase. For higher radial orders,
further concentric shells are nodes within a star.
There also exist solutions to the equations of motion for a pulsating star where
` ≥ 1, which are called non-radial modes. The simplest non-radial mode is an
axisymmetric dipole mode with ` = 1 and m = 0, for which the equator separating
the northern and southern hemispheres is a node. In this mode of pulsation, the
northern hemisphere heats and expands whilst the southern hemisphere cools and
contracts and vice versa, with no change in cross-sectional area of the star from
a distant observer’s point of view. A three-dimensional representation of octupole
(` = 3) pulsation modes with different values of m viewed from different inclination
angles, i, are shown in Fig. 1.2, in which red and blue represent the regions on the
stellar surface that are moving in (heating) and moving out (cooling), respectively,
at a given time.
The various radial and non-radial pulsations for both p and g modes can be
interpreted using wave propagation diagrams. An example of such a diagram in two
dimensions for pulsation modes in the Sun is shown in Fig. 1.3, with the left panel
containing a selection of p modes and the right panel containing a single g mode. A
radial p mode is represented by the straight line in Fig. 1.3, whose pulsation cavity
is the radius of the star, as the pulsation wave travels from the stellar surface to the
core and back again.
For the case of a non-radial p mode, the depth of the pulsation cavity is de-
termined by refraction. Since pulsations are standing waves they are sensitive to
5
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14 1 Introducing Asteroseismology
Fig. 1.4. Snapshot of the radial component of the l = 3 octupole modes. The
columns show the modes from diﬀerent viewing angles; the left column is for an
inclination of the pulsation pole of 30◦, the middle column is for 60◦, and the right
column is for 90◦. The white bands represent the positions of the surface nodes;
red and blue represent sections of the star that are moving in (out) and/or heating
(cooling) at any given time, then vice versa. The top row shows the axisymmetric
octupole mode (l = 3,m = 0) where the nodes lie at latitudes ±51◦ and 0◦. The
second row shows the tesseral (meaning 0 < |m| < l) l = 3, m = ±1 mode with two
nodes that are lines of latitude and one that is a line of longitude. The third row
is the tesseral l = 3,m = ±2 mode, and the bottom row shows the sectoral mode
(meaning l = |m|) with l = 3, m = ±3. Importantly, rotation distinguishes the sign
of m, as discussed in the Section 1.4.3.
Inclination angle (deg)
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Figure 1.2: Snapshot of the radial component of the ` = 3 octupole modes. The
columns show the modes from different viewing angles; the left column is for an
inclination of the pulsation pole of 30 deg, the middle column is for 60 deg, and
the right column is for 90 deg. The white bands represent the positions of the
surface nodes; red and blue represent sections of the star that are moving in (out)
and/or heating (cooli ) at any given time, then vice versa. The top row shows
the axisymmetric octupole mode (` = 3,m = 0) where the nodes lie at latitudes
±51 deg and 0 deg. The second row shows the tesseral (meaning 0 < |m| < `)
` = 3, m = ±1 mode with two nodes that are lines of latitude and one that is a line
of longitude. The third row is the tesseral ` = 3, m = ±2 mode, and the bottom
row shows the sectoral mode (meaning ` = |m|) with ` = 3, m = ±3. Figure and
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(a) (b)
Fig. 5 Propagation of rays of sound or gravity waves in a cross-section of the solar interior. The acoustic
ray paths (a) are bent by the increase in sound speed with depth until they reach the inner turning point
(indicated by the dotted circles) where they undergo total internal refraction, at the distance rt determined
by Eq. (14). At the surface the acoustic waves are reflected by the rapid decrease in density. Rays are shown
corresponding to modes with frequency 3, 000µHz and degrees (in order of increasing penetration depth)
l = 75, 25, 20 and 2; the line passing through the centre schematically illustrates the behaviour of a radial
mode. The gravity-mode ray path (b) corresponds to a mode of frequency 190µHz and degree 5
and the mode behaves like a g mode. This is illustrated in Fig. 4 in the case of η Boo.
Such mixed modes have a particularly interesting diagnostic potential (see Sect. 2.4.2).








also defining the mode mass Mmode, where M is the mass of the star, |δr|ph is the norm
of the photospheric displacement and the integral is over the volume V of the star.
Evidently, for modes trapped in the deep interior of the star with an extensive evanes-
cent region between the trapping region and the surface the value of E is expected to
be large. With this definition, the kinetic energy of the oscillation is given by





M EV 2rms, (16)
where Vrms is the photospheric rms velocity. On this basis one might expect that it is
more difficult to excite a mode to a given amplitude, the higher the value of E ; this is
certainly the case for stochastically excited modes which tend to be excited to roughly
the same energy at a given frequency.
2.2.2 Departures from spherical symmetry
We have so far neglected the dependence of the oscillations on the azimuthal order m.
In fact, for a spherically symmetric star the properties of the modes are independent
of m: the definition of m depends on the orientation of the coordinate system used to
describe the star and this has no physical meaning in the spherically symmetric case.
123
Figure 1.3: Propagation of rays of ound or gravity waves in a cross-s ctio of
th solar interior. The acoustic ray paths (a) a e bent by the increase in sound
speed with depth until they reach the inner turning point (indicated by the dotted
circles) where they undergo total internal refraction, at the distance rt. At the
surface the acoustic waves are reflected by the rapid decrease in density. Rays are
shown corresponding to modes with frequency 3000 µHz and degrees (in order of
increasing penetration depth) ` = 75, 25, 20 and 2; the line passing through the
centre schematically illustrates the behaviour of a radial mode. The gravity-mode
ray path (b) corresponds to a mode of frequency 190 µHz and degree 5. Figure and




the conditions within the star, specifically the local adiabatic sound speed c(r). As
a non-radial pulsation wave travels inwards from the stellar surface, it encounters
an increasing temperature and density gradient, hence a higher value of c(r). This
causes the wave to travel faster and to be continuously refracted. The depth to which
a pulsation wave probes is called its turning radius, rt, which is defined outwards
from the core and is proportional to
√
`(`+ 1). Therefore, higher degree modes
have larger values of rt, thus have smaller acoustic cavities and are more sensitive
to the stellar surface.
The upper turning point of the pulsation cavity is defined by reflection at the
stellar surface, at which a pulsation wave encounters a sharp density gradient. The
highest frequency pulsation that can be supported in a star defines an acoustic
cut-off frequency, and thus the upper limit of the acoustic cavity. Pulsations with
frequencies above the acoustic cut-off are not trapped inside the stellar interior and
do not provide a boundary condition for the creation of a standing wave.
The schematic of standing waves for the Sun in Fig. 1.3 demonstrates the sensit-
ivity of the p modes to the surface conditions and the g mode to the core conditions
within a star. Therefore, for stars that pulsate in g and p modes, the physical
conditions throughout the stellar interior can be probed, which has been utilised to
determine the surface-to-core rotation profile in main sequence B, A and F stars us-
ing asteroseismology (Kurtz et al. 2014; Saio et al. 2015; Triana et al. 2015; Murphy
et al. 2016; Schmid & Aerts 2016).
Mixed modes
For a star on the zero-age main sequence (ZAMS), there is a clear separation in
the pulsation cavities of g and p modes, with the lowest frequency p mode (i.e.,
the fundamental radial mode) having a larger frequency than the highest frequency
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g mode. As a star ages and evolves off the ZAMS, the g-mode pulsation cavity ex-
tends to higher frequencies as a result of an increasing buoyancy frequency, known
as the Brunt-Va¨isa¨la¨ frequency (Aerts et al. 2010). It was first discovered by Osaki
(1975) that this leads to a form of mode interaction called mixed modes, which are
pulsations that have g-mode characteristics in the stellar interior and p-mode char-
acteristics in the stellar envelope. The interaction of g and p mode properties takes
place through a sequence of avoided crossings, which allow the modes to interact
whilst maintaining their independent characters (Osaki 1975).
Therefore, the evolutionary state of a star, specifically if it is near the ZAMS
or terminal-age main sequence (TAMS) can influence its pulsational properties and
the presence of mixed modes in its amplitude spectrum. Mixed modes are typically
found in stars that have evolved off the main sequence and are undergoing hydrogen
shell burning, because the large density gradient outside the core couples the g- and
p-mode pulsation cavities (Aerts et al. 2010).
Asymptotic pulsation modes
For high radial order pulsation modes that satisfy n >> `, p modes become approx-
imately equally spaced in frequency and g modes become approximately equally
spaced in period, which is known as the asymptotic regime of pulsation (Tassoul
1980; Gough 1986). Asymptotic pulsation modes create regularities in the amp-
litude spectrum of a pulsating star, which simplifies mode identification. Deviations
from the regular spacings in frequency and period for p and g modes, respectively,
have been utilised to study physics within the interiors of intermediate-mass stars,
such as chemical mixing (Miglio et al. 2008) and rotation (Bouabid et al. 2013; Van
Reeth et al. 2015b, 2016).
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1.1.2 What is amplitude modulation?
The oscillations of a star can be detected using two main methods. The first method
is to use photometry to measure the periodic changes in surface flux, which are
caused by variations in surface temperature, and create a light curve for a star. The
second method is to use spectroscopy to measure the displacement variations of the
stellar surface and create a time series of radial velocity measurements. The common
practice in asteroseismology is to use Fourier analysis to calculate an amplitude (or
power) spectrum from a time series and extract the frequencies, amplitudes and
phases of the detectable pulsation modes.
Non-continuous observations produce large gaps in a stellar time series and con-
sequently complex window patterns in an amplitude spectrum, which makes it dif-
ficult to study pulsating stars. Despite this and the generally high levels of noise in
ground-based observations, some δ Sct stars have been shown to oscillate with pulsa-
tion modes that varied in amplitude over time spans of months and years (Breger
2000b, 2009, 2016). This raises the question of what physical mechanism is causing
the modulation of pulsation mode amplitudes in δ Sct stars. There are few published
examples of δ Sct stars that exhibit amplitude modulation and it is difficult to draw
any meaningful conclusions from so few examples. A useful case study of amplitude
modulation in a δ Sct star observed from the ground is 4 CVn (Breger 2000b, 2009,
2016), which is discussed further in section 1.5.
A space telescope on the other hand can provide nearly continuous observations
with a duty cycle close to 100 per cent, and a high photometric precision. The
dawn of space telescopes useful for asteroseismology provides strong motivation for
studying δ Sct stars in more detail. In this thesis, observations from the Kepler
Space Telescope (Borucki et al. 2010) are used to study amplitude modulation and
its possible causes using an ensemble of approximately 1000 δ Sct stars.
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1.2 The delta Scuti stars
The δ Sct stars are the most common group of pulsators among the A and F stars
and have been studied since the discovery of their variability about a century ago
(Campbell & Wright 1900; Fath 1935; Colacevich 1935). In this section, a review of
δ Sct stars is presented, including a historical overview, a summary of their physical
properties and a discussion of the dominant pulsation excitation mechanism. Note
that the chemically peculiar stars found in a similar location to the δ Sct stars in
the HR diagram are discussed in section 1.3.2, with the current section focusing on
the pulsations in δ Sct stars. Reviews of the physical properties of δ Sct stars are
also given by Breger (2000a), Aerts et al. (2010) and Murphy (2014).
1.2.1 Historical overview
The first detection of variability in a δ Sct star was made by Campbell & Wright
(1900), who studied nine purported spectroscopic binaries using radial velocity meas-
urements. Campbell & Wright (1900) provided no explanation for the variability,
but simply noted it. A few decades later, Fath (1935) and Colacevich (1935) used
photometry and radial velocity measurements, respectively, to accurately determine
the period of the variability in the star δ Sct itself. They placed it in the variable star
group β Canis Majoris, which are today known as β Cep stars (Aerts et al. 2010).
The few stars in this group had large photometric amplitudes as ground-based ob-
servations were restricted by high noise levels that created a strong selection bias. It
was Eggen (1956) who first suggested that a new and separate type of variable star
exists, of which δ Sct was the eponymous member. As instrumentation improved,
lower levels of noise and an improved duty-cycle allowed more pulsating stars similar
to δ Sct to be discovered and added to the group (Breger 1979).
The majority of discoveries throughout the early era of δ Sct research were based
11
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on studying high-amplitude radial pulsation modes. One of the important conclu-
sions from these studies was made by Breger & Bregman (1975), who calculated
pulsation constants (see section 1.2.5) for radial pulsation modes in δ Sct stars and
compared them to the predicted values from stellar models created by Cox et al.
(1972). From the observations, it was discovered that hotter δ Sct stars typically
have higher pulsation mode frequencies (Breger & Bregman 1975).
The focus of δ Sct research expanded to include the study of non-radial pulsation
modes, with improved instrumentation allowing dozens, and sometimes hundreds,
of low amplitude pulsations to be detected in many δ Sct stars (Baglin et al. 1973;
Breger 1979). From a larger number of stars it was demonstrated that most δ Sct
stars pulsate in low amplitude non-radial modes in addition to high-amplitude ra-
dial modes. Theoretical pulsation models were not limited by instrumentation and
predicted a rich spectrum of p, g and mixed modes for δ Sct stars (Dziembowski
et al. 1995), but only a few stars were observed to pulsate in high-degree modes
(` ≤ 20), for example τ Peg (Kennelly et al. 1998) and 4 CVn (Breger 2000b, 2009).
Today, the δ Sct stars represent a diverse group of stars that host a range of pulsa-
tional behaviour. The rich spectrum of pulsation modes excited in these stars offer
the potential of probing physics at different depths using asteroseismology, which
emphasises that δ Sct stars are useful for studying stellar structure and evolution in
a transition region between low- and high-mass stars (Breger 2000a).
1.2.2 Physical properties
The δ Sct stars are Population I stars with spectral types between A2 and F2
(Rodr´ıguez & Breger 2001). This places them within the mass range of 1.5 ≤M ≤
2.5 M and within the effective temperature range of 6900 ≤ Teff ≤ 8900 K whilst
on the ZAMS, although more evolved δ Sct stars can be as cool as Teff ' 6300 K
(Uytterhoeven et al. 2011). The δ Sct stars are found at the intersection of the main
12
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sequence and the classical instability strip in the HR diagram, which is shown by
a green hatched region in Fig. 1.1. Using ground-based observations, Rodr´ıguez &
Breger (2001) were able to constrain the location of δ Sct stars in the HR diagram by
defining observational blue and red edges of the classical instability strip. Calibrated
values of absolute visual magnitude MV, colour B − V , and effective temperature
Teff for main sequence dwarfs (i.e., luminosity class V) around spectral type A are
given in Table 1.1, which cover the expected range for δ Sct stars.
The δ Sct stars are often referred to as intermediate-mass stars as they lie in a
transition region between early- and late-type stars (i.e., high- and low-mass stars),
with the separation commonly defined at a spectral type of G0 (Gray & Corbally
2009). This separation is useful because it also corresponds to the lower limit in
stellar mass, specifically M ' 1.1 M, for a main sequence star to have a convective
core. Therefore, the pulsations in δ Sct stars provide the opportunity to study stellar
structure and evolution in the interesting transition region from radiative cores and
thick convective envelopes in low-mass stars (M . 1 M) to large convective cores
and radiative envelopes in high-mass stars (M & 2 M). Concurrently, the δ Sct
stars also represent a transition in luminosity from the high amplitude radial pulsat-
ors, such as Cepheid variables, and the non-radial multiperiodic pulsators within the
classical instability strip (Breger 2000a). Most δ Sct stars cross the instability strip
on approximately horizontal tracks (Breger 2000a), which places them in the core
hydrogen or hydrogen shell-burning stage of stellar evolution (Aerts et al. 2010).
Many δ Sct stars are multiperiodic pulsators with numerous radial and non-radial
modes with pulsation periods of order a few hours (Uytterhoeven et al. 2011), but
can be as short as 15 min (Holdsworth et al. 2014a). However, one of the difficulties
encountered when studying δ Sct stars is the issue of mode identification, which
is discussed further in section 1.2.5. If pulsation modes can be identified, the rich
amplitude spectra of δ Sct stars allow stellar structure to be studied in great detail
13
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Table 1.1: Observed parameters of the main sequence stars similar in spectral type to
the δ Sct stars. Values of the absolute visual magnitude, MV, which are calibrated to
spectral type, are from Gray & Corbally (2009), with values of colour, B−V , taken
from Fitzgerald (1970). Calibrated values of effective temperature, Teff , were taken
from Bessell (1979) and rounded to the nearest 50 K, with some values interpolated
using the colour-temperature relations from Gray (2005).
Spectral Type MV B − V Teff Comment
(mag) (mag) (K)
B8 0.0 -0.11 12 000
B9 0.7 -0.07 11 000
A0 1.4 -0.01 10 000
A1 1.6 0.02 9500
A2 1.9 0.05 9000
A3 2.0 0.08 8800 δ Sct blue edge
A4 0.12 8500
A5 2.1 0.15 8250
A6 2.2 0.17 8100
A7 2.3 0.20 7850 γ Dor blue edge
A8 2.4 0.27 7400
A9 2.5 0.30 7250
F0 2.6 0.32 7100
F1 2.8 0.34 7000 δ Sct red edge
F2 3.0 0.35 6950
F3 3.1 0.41 6650
F4 3.3 0.42 6600
F5 3.4 0.45 6500 γ Dor red edge
F6 3.7 0.48 6350
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for both main sequence and post-main sequence stars.
1.2.3 Pulsational instability: driving versus damping
There are several mechanisms that can drive pulsation in stars across the HR dia-
gram, but pulsational instability is always a balance between the driving and damp-
ing processes within a star, which are dependent on stellar structure. The tem-
perature gradient within a star’s envelope is a strong function of the effective tem-
perature. As one transitions up the main sequence from late- to early-type stars,
the depth of the surface convective envelope rapidly decreases, thus the ratio of the
convective flux to total flux also decreases. This transition in stellar structure from
low-mass stars with thick envelopes with energy transport dominated by convec-
tion to intermediate-mass stars with thin surface convective envelopes is shown in
Fig. 1.4. The top panel of Fig. 1.4 shows the temperature range within the stellar
envelope that is unstable to convection as a hatched region, as a function of effective
temperature. The bottom panel of Fig. 1.4 shows the fraction of the convective flux
to the total flux, as a function of effective temperature. Therefore, stars within
the temperature range 7000 ≤ Teff ≤ 9000 K, i.e., the early-F and late-A stars,
represent a transition in stellar structure for which convection goes from being the
dominant energy transport mechanism to a negligible contribution to the surface
flux, respectively.
This change in stellar structure is the underlying cause of pulsation in the clas-
sical instability strip in the HR diagram and has been discussed in detail by Pamy-
atnykh (1999, 2000), Christensen-Dalsgaard (2000) and Aerts et al. (2010). The
boundary between the adiabatic inner region and the non-adiabatic surface of the
stellar envelope is defined as the transition region, in which the gradient of the flux
δL/L is not constant (Aerts et al. 2010). If the energy contained within the stellar




Figure 1. Envelope structure as a function of effective temperature and mass for Zero-
Age Main Sequence models; adapted from [13]. Upper panel: Dashed area indicates sub-
surface convection as a function of effective temperature (lower abscissa) and mass (upper
abscissa). The grey region indicates the d Sct instability strip. It is obvious that, while for
the Sun all ionization zones are connected, for more massive stars they are separated.
Lower panel: The amount of energy transferred by convection as a function of effective
temperature. The grey box has the same meaning as in the upper panel. Notice the drastic
change within the instability strip.
are excited to an observable amplitude while others are not is not known [16].
Unfortunately the same applies to the mechanism that limits the amplitudes.
From data obtained with CoRoT and with Kepler, it is now clear that our
current theory for the opacity mechanism cannot explain all the observations
[30, 31, 18, 2]. On the one hand, there are pulsating Am stars, located in parts of
the instability strip where the k-mechanism is not expected to operate (because,
according to the theory, there should not be enough helium left in the He II
ionisation zone for the opacity mechanism to work due to gravitational settling
Figure 1.4: The structure of the stellar envelope in intermediate-mass ZAMS stars.
The hatched region in the upper panel represents the temperatures within the stel-
lar envelope that are unstable to convection as a function of Teff (lower abscissa)
and stellar mass (upp r abscissa). Th lower panel shows th fraction of flux that
is transported by convection in the envelope as a function of Teff . The cool and
hot boundaries of the classical instability strip are shown by red and blue lines,
respectively, which defines a transition region in between. Figure adapted from




the flux, i.e., δL, then it can contribute to damping or driving, respectively. The
classical instability strip in the HR diagram corresponds to stars within a small
range of effective temperature, such that an effective driving mechanism occurs at
the same depth as the transition region, which defines hot and cool edges shown as
blue and red lines in Fig. 1.4, respectively.
Pulsations in δ Sct stars are self-excited by the κ mechanism, resulting in a
rich spectrum of predominantly low-overtone radial and non-radial p modes (Breger
2000a). The ionisation layers of H and He i at T ' 15 000 K are too close to the
surface and are not believed to play an important role, whereas the He ii ionisation
layer at T ' 48 000 K provides increased opacity which is able to block the outward
flow of radiation (Cox 1963; Chevalier 1971). Consequently, pulsations in δ Sct stars
follow Eddington’s heat engine cycle as discussed in section 1.1, with layers of gas
in the stellar envelope periodically expanding and contracting about an equilibrium
point to allow radiation to reach the stellar surface. The asymptotic relations of
Tassoul (1980) are not applicable to the low-overtone p modes observed in δ Sct
stars, which make mode identification difficult in these stars. Methods for identifying
pulsation modes in δ Sct stars are discussed in section 1.2.5.
Synthetic amplitude spectra generated using theoretical pulsation models of δ Sct
stars are only able to reproduce observations in a schematic sense, with models often
predicting many more pulsation modes excited than are observed. For example,
Dziembowski (1977b) calculated that high-degree modes (` ≤ 1000) can be excited
in a δ Sct star in the centre of the classical instability strip. However, it is not clear
how observations of δ Sct stars with similar effective temperatures, structure and
evolutionary state can have significantly different amplitude spectra. What physics
determines which pulsation modes are excited, what their amplitudes are and how
different pulsation modes interact with each other? A mode selection mechanism
is clearly at work within δ Sct stars, as some stars pulsate in only a few radial
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modes whereas others pulsate in dozens (sometimes hundreds) of radial and non-
radial modes (Breger 2000a). Similarly, pulsation mode amplitudes in δ Sct stars
can exceed 0.1 mag, whilst others are of the order of a few µmag. There is a diverse
range of observed behaviour in δ Sct stars, so it is also possible that multiple mode
selection mechanisms occur simultaneously within a star, or different mechanisms
are dominant in different regions of the classical instability strip in the HR diagram.
The nature of what causes the diversity of pulsational behaviour in these stars is one
of the goals of asteroseismology and motivates the continued study of these stars.
Theoretical models are able to reproduce the observational blue and red edges of
the classical instability strip with differing levels of success, and thus if a star is stable
or unstable to pulsation (Pamyatnykh 1999; Houdek 2000; Dupret et al. 2004, 2005;
Grigahce`ne et al. 2010a). At the blue edge (Teff ' 8800 K), the temperature of a star
is too high to support a deep enough driving layer within the star, such that the He ii
ionisation zone is too shallow where the density of the stellar medium is insufficient
to excite pulsation (Pamyatnykh 1999, 2000; Christensen-Dalsgaard 2000; Houdek
2000; Dupret et al. 2004, 2005). Thus, damping wins over driving at the blue edge
and a star is returned to stability. Whereas at the red edge (Teff ' 6900 K), a
star is returned to stability as the surface convective envelope becomes substantial
enough such that convection damps the pulsations (Christensen-Dalsgaard 2000;
Houdek 2000; Dupret et al. 2004, 2005). At the red edge, the κ mechanism is unable
to overcome the damping from convection making the red edge more difficult to
determine theoretically than the blue edge (Pamyatnykh 1999; Houdek 2000; Dupret
et al. 2004, 2005). The interplay of convection and pulsation is crucial for our
understanding of the red edge, with models including time-dependent convection
with different treatments of mixing-length theory often needed to accurately match
observations (Houdek et al. 1999b; Houdek 2000; Dupret et al. 2005; Grigahce`ne
et al. 2005; Houdek & Dupret 2015).
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It is important to note that the structure of a star does change throughout its
evolution, including whilst it is on the main sequence (see figure 3.6 from Aerts et al.
2010). Most δ Sct stars evolve across the classical instability strip on approximately
horizontal tracks, so a star can be unstable to pulsation at the ZAMS and not be
unstable to pulsation at the TAMS, and vice versa (Breger 2000a).
Stochastic excitation of pulsation modes
Despite their thin convective envelopes, theoretical models of δ Sct stars predict that
stochastically driven pulsations should be excited in these stars (Houdek et al. 1999a;
Samadi et al. 2002). These authors used the time-dependent non-local mixing-
length formalism for convection from Gough (1977) to study the stability of solar-
like oscillations in δ Sct stars near the red edge of the classical instability strip. It
was found that turbulence from the surface convection zone was sufficient to excite
all the eigenmodes within a frequency range and excite solar-like oscillations to
observable amplitudes (Houdek et al. 1999a; Samadi et al. 2002). However, dedicated
observations have been unsuccessful in detecting solar-like oscillations in δ Sct stars
(e.g., Antoci et al. 2013).
A claim of finding stochastically excited p modes in the δ Sct star HD 187547
(KIC 7548479) using data from the Kepler Space Telescope was made by Antoci
et al. (2011), but a later analysis of the same star with a longer data set revealed
that turbulent pressure operating in the H i zone was instead responsible (Antoci
et al. 2014). In stars with solar-like oscillations, the turbulent motions in the thick
convective envelope have random phases and produce stochastic driving (see sec-
tion 1.4.2). Whereas, turbulent pressure, or the perturbation to the momentum flux
associated with a convectively unstable region (Houdek 2000), is able to produce
coherent driving in δ Sct stars. Driving from turbulent pressure in a δ Sct star is
able to excite higher radial order (7 ≤ n ≤ 10) pulsation modes (Houdek 2000),
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and is analogous to driving from the κ mechanism operating in the He ii ionisation
zone. For the case of the δ Sct star HD 187547, it was shown using theoretical
models how the phase lag between the response of the turbulent pressure to an
incoming pulsation wave or density perturbation creates coherent driving of high
frequency pulsation modes (Antoci et al. 2014). The study by Antoci et al. (2014)
of HD 187547 emphasises the importance of the interplay between convection and
pulsation in δ Sct stars, especially for those with significant surface convection zones.
1.2.4 Non-linear effects
In any simple oscillatory motion, for example a spring or a swinging pendulum, there
is no dependency of the amplitude on the oscillation period in the linear regime.
Thus we have no prediction of the pulsation amplitudes in variable stars using
linear models. The role of non-linearity in classical pulsators has been discussed in
the literature for some time (e.g., Stellingwerf 1975a,b). However, the use of non-
linear pulsation models to study δ Sct stars led to the problem now known as ‘The
Main Sequence Catastrophe’ — models predicted that pulsation amplitudes would
grow exponentially and become large enough to cause the outer layers of a star to
exceed the escape velocity (Stellingwerf 1980). Therefore, the pulsation mechanism
would cause a star’s outer layers to overcome the force of gravity and be dispersed
from the star. This is similar to the late thermal pulses caused by repeated onsets of
helium shell-burning in stars with masses between 2.3 ≤M ≤ 9 M as they ascend
the asymptotic giant branch (Aerts et al. 2010). Since observations of δ Sct stars do
not have significant mass-loss rates on the main sequence and typically pulsate with
amplitudes of order a few mmag, some physics is clearly missing from the pulsation
models.
A solution may lie in introducing stronger damping effects deep within a star,
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since the interactions between modes and the convection zone itself are not un-
derstood (Saio & Cox 1980). Alternatively, a non-linear mode selection and/or
amplitude saturation mechanism is needed to limit the growth of mode amplitudes
to explain observations (Dziembowski 1982). The mechanism(s) that determine the
amplitudes of pulsation modes are largely unknown (see e.g., Nowakowski 2005), but
a mechanism is needed to reproduce observations. This demonstrates the synergy
needed between theory and observations and the motivation for further study of
these stars.
1.2.5 Mode identification
A requirement of asteroseismology is to measure the frequency of pulsation modes,
and identify modes in terms of their radial order n, angular degree ` and azimuthal
order m. In the following subsections, different techniques for pulsation mode iden-
tification are discussed in the context of δ Sct stars.
Scaling relations
Mode identification is simplified for stars that pulsate in high-overtone p modes,
because the pulsation modes are approximately equally spaced in frequency from
being in the asymptotic regime (Tassoul 1980; Gough 1986). The separation in fre-
quency between consecutive overtone radial modes is known as the large separation
∆ν. Therefore, if multiple high overtone radial modes are excited then a comb-like
pattern of frequencies is observed in the amplitude spectrum.
Pulsation modes in δ Sct stars are typically low radial order, thus are not in the
asymptotic regime. This makes it difficult to identify pulsation modes from the lack
of obvious patterns in their amplitude spectra. For a few δ Sct stars, however, radial
modes have been identified from observing the large frequency separation. The δ Sct
star FG Vir was found to contain regularities in its amplitude spectrum that were
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conjectured to be caused by the separation between consecutive overtones of radial
modes (Breger et al. 2009).
Period ratios
The period ratios of high-amplitude pulsation modes can be used to identify radial
modes in δ Sct stars. The period ratio of the first overtone to fundamental radial
mode for δ Sct stars is between 0.756 ≤ P1/P0 ≤ 0.787, and subsequent ratios are
0.611 ≤ P2/P0 ≤ 0.632 and 0.500 ≤ P3/P0 ≤ 0.525 for the second and third radial
overtones, respectively (Stellingwerf 1979). Caution is advised when applying this
mode identification technique as mode trapping in the stellar envelope (Dziembowski
& Krolikowska 1990) or moderate to rapid rotation can lead to ambiguities in stars
with a high density of pulsation modes in their amplitude spectra (see e.g., Breger
& Pamyatnykh 2006).
Pulsation constants






where Q is the pulsation constant in days, P is the pulsation period in days, and ρ¯
is the mean stellar density, which is normalised to the solar value ρ¯. Eq. 1.1 can
be re-written as






MBol + log Teff − 6.454 , (1.2)
where log g is the surface gravity in cgs units, MBol is the Bolometric absolute mag-
nitude and Teff is the effective temperature in K. A value of MBol can be calculated
using Teff and log g values in comparison with the Pleiades main sequence stars or,
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for example, using the calibrations given in Table 1.1.
Typical values of pulsation constants for the fundamental, first and second-
overtone radial p modes in δ Sct stars lie between 0.022 ≤ Q ≤ 0.033 d (Breger
& Bregman 1975). The pulsation constant can be used to identify the overtone
number, n, of radial modes (Stellingwerf 1979), but the calculation using Eqn 1.2 is
strongly dependent on the stellar parameters used, particularly log g. For example,
Breger (1990b) quotes fractional uncertainties in Q values as high as 18 per cent,
which could cause a first overtone radial mode to be confused for either the funda-
mental or second overtone radial mode. Therefore, caution is advised when applying
this method of mode identification.
1.2.6 HADS stars
McNamara (2000) defined the subgroup of high amplitude δ Sct (HADS) stars as ra-
dial pulsators with asymmetric light curves, large pulsation amplitudes and pulsation
periods between 1 and 6 hr. The HADS stars are found in a narrow region within the
classical instability strip with effective temperatures between 7000 ≤ Teff ≤ 8000 K
and are typically slow rotators with rotational velocities of v sin i . 40 km s−1
(McNamara 2000; Rodr´ıguez et al. 2000). HADS stars are typically characterised as
δ Sct stars with peak-to-peak light amplitudes exceeding 0.3 mag (McNamara 2000),
but have similar characteristics to evolved pulsators in the classical instability strip.
For example, approximately 40 per cent of HADS stars pulsate in the fundamental
and first overtone radial modes (McNamara 2000).
The similarities between HADS stars and evolved pulsators in the classical in-
stability strip resulted in the HADS stars having a long history of being called
transitionary objects and being compared to Cepheid variables (see section 1.4.4).
Perhaps the most obvious similarity is the non-sinusoidal shape of the light curves,
with the changes between maxima and minima light excursions being similar to
23
CHAPTER 1
Cepheid variables and RRab stars (McNamara 2000). Another similarity is that
many of the double-mode HADS stars observed in the Large Magellanic Cloud have
the same period ratios as Cepheid variables (Poleski et al. 2010), and also follow
the same Period-Luminosity relationship (Soszyn´ski et al. 2008). Therefore, it is
perhaps not surprising that the HADS stars have been historically thought of as
dwarf Cepheids in the literature. For example, Eggen (1976) originally referred to
δ Sct stars as ultrashort-period Cepheids (USPC).
It was conjectured by Petersen & Christensen-Dalsgaard (1996), that HADS stars
are in a post-main sequence stage of evolution, which creates a physical parameter
space that allows HADS stars to pulsate at much higher pulsation amplitudes than
main sequence δ Sct stars. Such an evolutionary state would create large changes
in stellar structure over a relatively short period of time (Breger 2000a), but it
remains unclear if all HADS stars are in a post-main sequence stage of evolution.
Alternatively, Breger (2000a) conjectured that slow rotation is a requirement for
high-amplitude pulsations for stars within the classical instability strip. It is unclear
if the term HADS should be used other than phenomenologically, and if there is a
physical distinction in the structure or pulsational excitation mechanism of HADS
stars compared to their low-amplitude δ Sct counterparts.
The main advantage of studying HADS stars is the simplification of mode identi-
fication through period ratios because of their high amplitudes and low mode density
in their amplitude spectra. Statistical studies of intermediate-mass stars have shown
that HADS stars are rare, making up less than one per cent of all stars within the
classical instability strip (Lee et al. 2008). Clearly the HADS stars are interesting
because they are able to pulsate at much higher amplitudes than δ Sct stars, which
implies a physical difference in the structure and evolutionary stage of these stars.
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1.2.7 SX Phoenicis stars
SX Phoenicis (SX Phe) stars are Population II variable stars located within the
classical instability strip in the HR diagram, but are found below the ZAMS for
Population I stars. They have similar pulsation periods to δ Sct stars, but have
large pulsation amplitudes, low metallicities and large spatial motions, and were
proposed as a separate class of object by Frolov & Irkaev (1984). The SX Phe
stars are mostly found in globular clusters or dwarf galaxies and are considered blue
stragglers because they are brighter and bluer than the cluster population. The
origin of such objects may be from mass transfer in binary systems or the collision
of two stars (Eggen & Iben 1989).
Since their definition, SX Phe stars have been observed to be multiperiodic
pulsators with many low-amplitude non-radial modes in addition to high amplitude
radial modes (Olech et al. 2005). Therefore, the pulsation mode frequencies and
amplitudes are not enough to distinguish δ Sct and SX Phe stars, so confirmation
of low metallicity and high spatial motion is often needed (Nemec & Mateo 1990;
Balona & Nemec 2012).
A well-studied SX Phe star using data from the Kepler Space Telescope is
KIC 11754974, which was shown to pulsate with frequencies between 16 ≤ ν ≤
25 d−1, one of which had an amplitude greater than 60 mmag (Murphy et al.
2013a). From the frequency analysis, Murphy et al. (2013a) demonstrated that
KIC 11754974 was in a 343-d binary system and constrained the mass of the SX Phe
primary and non-pulsating secondary to 1.53 M and 0.63 M, respectively. The au-
thors confirmed KIC 11754974 as a SX Phe star using asteroseismic modelling, and
because spectroscopic observations indicated that the star was metal-poor through-




1.3 The inhomogeneous A stars
The A stars are possibly the most diverse spectral type of all stars in the HR dia-
gram, as the group contains many different aspects of physics including rotation,
pulsation, magnetic fields and chemical peculiarities. These properties and the in-
terplay amongst them have been studied to varying levels of success, but they are
clearly important for our understanding of stellar structure and evolution. The pre-
vious section focussed on discussing pulsations in A stars – i.e., the δ Sct stars –
but in this section the diversity of all A stars is discussed for completeness. The
incidence of non-pulsating stars in the classical instability strip is discussed in sec-
tion 1.3.1, the different types of chemically peculiar A stars in 1.3.2, and rotation
among the A stars in the context of Kepler data is discussed in section 1.3.3.
1.3.1 The incidence of non-pulsating A stars
The results from statistical studies of a large number of A and F stars by Uytterho-
even et al. (2011) and Balona & Dziembowski (2011) showed that the majority of
A stars observed by the Kepler Space Telescope are not pulsating above the detec-
tion threshold. The lack of pulsation in chemically peculiar stars is not surprising
(see section 1.3.2), but the lack of pulsation in a chemically normal star within the
classical instability strip is puzzling.
To test the purity of the classical instability strip to pulsation, Murphy et al.
(2015a) searched for a non-pulsating chemically normal star within the classical
instability strip using high-resolution spectroscopy and photometry from the Kepler
Space Telescope. The search for such a star resulted in finding only one, specifically
KIC 6128236 (HD 184521), which has stellar parameters of Teff = 7000 ± 100 K,
log g = 3.5 ± 0.1 and v sin i = 106 ± 2 km s−1 and a spectral type of F0V derived
from a detailed spectroscopic analysis (Murphy et al. 2015a). It should be noted
that the definition of whether a star is pulsating or not is dependent on the choice of
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detection threshold, with an amplitude threshold of 50 µmag used by Murphy et al.
(2015a) in their study. The lack of pulsation in KIC 6128236 remains a challenge to
pulsation theory (Murphy et al. 2015a).
On the other hand, it has not been definitively established if all of the non-
pulsating stars that lie within the classical instability strip are chemically peculiar.
Further work is still needed to address this.
1.3.2 Chemically peculiar A stars
Chemical peculiarities in A stars come in many flavours, which are characterised by
common features in spectroscopic observations. These include the non-magnetic,
metallic-lined Am stars, the magnetic Ap stars, the rapidly oscillating Ap stars and
the λ Boo stars. In the following subsections, these chemically peculiar stars are
discussed in the context of pulsating A stars.
Am stars
The first description of Am stars was provided by Titus & Morgan (1940), and later
expanded by Conti (1970) and Smith (1971a,b), who characterised Am stars as slow
rotators having a difference of at least five spectral subclasses between their Ca K
line strength and their metallic line strengths. An example of a spectral classification
for an Am star is kA3hA9mF1 V, which was taken from Murphy et al. (2015a). The
Am stars are the most common type of A star, with approximately 50 per cent of A
stars at a spectral type of A8 being classified as Am stars (Smith 1973). Marginal
Am stars (denoted as Am:) are those that show less than five subclasses between
their Ca K line strength and their metallic line strengths (Cowley et al. 1969; Kurtz
1978), but are still significantly different to normal A star abundance patterns. A




Am stars are often found in close binary systems (Abt 1961; Abt & Levy 1985),
with at least 60 per cent of all known Am stars in binary systems (Murphy 2014;
Smalley et al. 2014), which is significantly higher than the binary fraction of approx-
imately 35 per cent for all A stars (Abt 2009; Ducheˆne & Kraus 2013; Moe & Di
Stefano 2016). The short orbital periods of Am stars are between 1 ≤ Porb ≤ 10 d
(Abt 1967), and are sufficient to tidally brake Am stars into being slow rotators.
The slow rotation allows gravitational settling and radiative diffusion to occur in Am
stars, with different metallic species rising from radiative levitation or sinking from
gravity based on the number of absorption lines (Baglin et al. 1973). Mixing caused
by turbulence would prevent the separation of atomic species, but this is negligible
in the slowly rotating Am stars (Slettebak 1954, 1955), so transition metals form
clouds near the stellar surface and are observed as overabundance anomalies.
It was thought that Am stars cannot pulsate with high mode amplitudes, because
atomic diffusion depletes helium from the He ii ionisation zone preventing driving
by the κ mechanism (Baglin et al. 1973). Observations of Am stars from the ground
were in agreement with theoretical predictions of the lack of pulsation in Am stars
(Breger 1970). The first classical Am star found to pulsate was HD 1097 by Kurtz
(1989), after many attempts to find such a star (e.g., Kurtz 1976). More recently,
it has been shown by Smalley et al. (2011) that approximately 14 per cent of all
known Am stars pulsate with amplitudes of order 1 mmag, showing that these stars
are more complicated than previously thought.
An attempt at understanding how Am stars pulsate from the κ mechanism op-
erating in the metal bump (or ‘Z bump’) in opacity was made by Richer et al.
(2000), and by introducing stronger mixing mechanisms by Turcotte et al. (2000)
and The´ado et al. (2009). Pulsations in marginal Am stars can be understood us-
ing diffusion theory because residual helium in the He ii ionisation zone is able to
excite pulsations through the κ mechanism. Similarly, pulsations in evolved Am
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stars (known as ρ Pup stars) can also be understood, as the evolutionary changes
to stellar structure in these stars allow the He ii ionisation zone to be replenished
with helium. A thorough review of pulsations in Am stars is given by Kurtz (2000).
Ap stars
Chemically peculiar A stars, denoted as Ap stars, are much rarer and constitute
only 10 per cent of all A stars (Wolff 1968). The Ap stars have strong dipolar global
magnetic fields, which range from 300 G (Aurie`re et al. 2004) to as large as 34 kG
in Babcock’s star (HD 215441; Babcock 1960). The magnetic field in an Ap star is
misaligned with the rotation axis, with the angle between the magnetic and rotation
axes, known as the angle of obliquity (Stibbs 1950).
The Ap stars are slow rotators with rotation periods that can be larger than
several decades (Mathys 2015), with very few Ap stars known to exist in close
binary systems (Abt & Snowden 1973). The slow rotation in Ap stars is believed to
be caused be the interaction of the magnetic field with the circumstellar disk during
the pre-main sequence contraction phase, which effectively brakes the star (Ste¸pien´
2000).
The slow rotation and the presence of a strong magnetic field causes stratification
in the atmosphere and often leads to chemical spots on the surface of an Ap star
(Stibbs 1950), which can be stable for many decades and thus used to determine the
rotation period of the star. These chemical spots are caused by atomic diffusion with
the strong magnetic field trapping ions within the stellar atmosphere (see Kochukhov
2011 and references therein). These atmospheric overabundances are rare-earth





The rapidly oscillating Ap (roAp) stars were first discovered by Kurtz (1982), and
represent a subgroup of pulsating A stars that contain many complex aspects of
physics. They are located within a small region near the main sequence within
the classical instability strip (Cunha 2002), and pulsate with periods between 6 and
23 min with photometric amplitudes as large as 20 mmag in the B band (Kurtz 1990;
Holdsworth et al. 2014b). The exact nature of the pulsational driving mechanism
is not known in these stars, but it is thought that the κ mechanism operating in
the hydrogen ionisation zone is responsible for the high-overtone roAp pulsations,
although this may not be true for all roAp stars (Cunha et al. 2013). The roAp
stars are rare, with only around 60 confirmed stars known, which is a few per cent
of the known Ap stars (Holdsworth et al. 2014a; Smalley et al. 2015). Similarly to
the Ap stars, the roAp stars are rarely found in binary or multiple systems (e.g.,
Scho¨ller et al. 2012).
The most remarkable property of roAp stars is that they provide the opportunity
to study pulsations in the presence of a strong magnetic field within a chemically
peculiar star. Even though the roAp stars are located within the classical instability
strip (Cunha 2002), they do not pulsate in low-overtone p modes, because the dipolar
magnetic field is strong enough to suppress low overtone δ Sct pulsation modes (Saio
2005). In a roAp star, the pulsation axis is nearly aligned with the magnetic field
axis, which are misaligned with the rotation axis — this is known as the oblique
pulsator model (Kurtz 1982; Bigot & Dziembowski 2002; Bigot & Kurtz 2011), which
allows the pulsations to be viewed from different orientations as the star rotates.
The lambda Boo¨tis stars
The λ Boo stars are a rare class of Population I stars between late-B and early-F in
spectral type which make up a total of approximately 2 per cent of A stars. They
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are classified by having underabundant Fe-peak elements and approximately solar
values of lighter elements, for example C, N and O (Gray & Corbally 2009). A study
by Paunzen et al. (2002b) revealed that λ Boo stars are found at all stages of stellar
evolution, suggesting that the mechanism that causes the underabundant Fe-peak
elements occurs continuously throughout an intermediate-mass star’s lifetime.
Most λ Boo stars found within the classical instability strip are on the main se-
quence or pre-main sequence and are observed to pulsate in p modes (Paunzen et al.
2002a). Therefore, there is no clear distinction between δ Sct stars and λ Boo stars
from their observed pulsation mode frequencies, but asteroseismology is able to de-
termine if a star is metal-weak throughout its interior or if the underabundances are
limited to the star’s atmosphere (e.g., Murphy et al. 2013a). It has been suggested
that the chemically peculiar nature of λ Boo stars is caused by accretion by a star
from the interstellar medium (see Murphy et al. 2015b and references therein). A
thorough review and updated catalogue of known λ Boo stars is provided by Murphy
et al. (2015b).
1.3.3 Rotation in A stars
Eponymously named after Robert Kraft, the Kraft Break divides the main sequence
into slowly rotating low-mass stars and fast-rotating high-mass stars (Kraft 1967),
with the boundary occurring at approximately spectral type F5 (M ' 1.3 M). Ro-
tation is extremely important in high- and intermediate-mass stars, as it facilitates
the mixing of chemical abundances (Zahn 1992; Talon et al. 1997). The distribution
in the rotational velocities of A stars has been described as bimodal (Abt & Morrell
1995) with two populations of A stars: the fast-rotating chemically normal stars
and the slowly rotating chemically peculiar stars. If the chemically peculiar stars
are excluded, A and F stars generally lie above the Kraft Break and have rotational
velocities that typically lie between 100 < v sin i < 250 km s−1 (Zorec & Royer
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2012). The distribution of the fast rotating A stars peaks at A5, with stars at this
spectral type rotating at approximately two-thirds of their break-up velocity (Royer
et al. 2007).
An extensive study of rotation in A stars was carried out by Zorec & Royer
(2012), who demonstrated that the distribution is more complex than simple bimodal
populations of slowly rotating chemically peculiar stars and fast-rotating chemically
normal stars. The probability density distribution for rotational velocities as a
function of stellar mass in the range 1.6 ≤ M ≤ 3.5 M taken from Zorec & Royer
(2012) is shown in Fig. 1.5. The rotational velocities of stars with masses between
1.6 and 2.5 M – i.e., the A and F stars – only increase by a small amount over their
main sequence lifetime (Zorec & Royer 2012). A recent thorough review of rotation
among intermediate-mass stars is given by Murphy (2014).
The δ Sct stars are generally considered moderate or fast rotators (Breger 2000a),
with rotational velocities that can be as high as 300 km s−1 (see e.g., KIC 8054146;
Breger et al. 2012). From a high-resolution spectroscopic study of bright Kepler
A and F stars, Niemczura et al. (2015) determined a mean rotational velocity of
v sin i ' 134 km s−1, which supports the view that intermediate-mass stars are
generally moderate rotators. However, some δ Sct stars have been confirmed as very
slow rotators. For example, the δ Sct star 44 Tau (HD 26322) was determined to have
a rotational velocity of v sin i = 3± 2 km s−1 (Zima et al. 2006), and the δ Sct star
KIC 11145123 was determined to have a surface rotation period of approximately
100 d, which can be converted into a rotational velocity of veq ' 1 km s−1 (Kurtz
et al. 2014). Clearly there is a diverse range in rotational velocities among the δ Sct
stars, which plays an important role when interpreting their amplitude spectra.
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Fig. 7. Distribution of true rotational velocities v for normal stars as a function of the stellar mass M/M⊙. The color scale represents the density in
the one-dimensional normalized distributions. The bluer the region, the smaller the number of stars and vice versa for the red colored scale. White
solid lines follow iso-density contours.
Table 5. Parameters of the 1D velocity distributions for all stars (normal, CP and CB) as a function of the stellar mass.
Mass # Slow rotators Fast rotators
range Stars ˆh % µs µ′s dispersion %
√
2α ℓ µr µ′r dispersion
(M⊙) (km s−1) (km s−1) (km s−1) (km s−1) (km s−1) (km s−1) (km s−1) (km s−1)
1.60–2.00 283 0.196 — — — — 100 122 ± 1 40 ± 1 162 145 58
1.70–2.10 321 0.189 — — — — 100 127 ± 1 41 ± 1 168 151 60
1.80–2.20 342 0.174 — — — — 100 132 ± 1 41 ± 1 172 163 63
1.90–2.30 385 0.194 — — — — 100 142 ± 1 31 ± 1 173 175 67
2.00–2.40 429 0.207 5 50 ± 2 58 24 95 149 ± 1 32 ± 1 181 184 71
2.10–2.50 418 0.225 4 34 ± 1 58 16 96 168 ± 1 9 ± 1 177 184 80
2.20–2.60 426 0.244 10 39 ± 1 37 19 90 176 ± 1 4 ± 1 180 184 84
2.30–2.70 391 0.263 15 40 ± 1 34 19 85 201 ± 1 0 ± 1 201 187 96
2.35–2.85 455 0.261 19 43 ± 1 34 20 81 189 ± 1 0 ± 1 189 181 90
2.45–2.95 447 0.263 22 44 ± 1 37 21 78 192 ± 1 0 ± 1 192 190 92
2.55–3.05 385 0.275 23 45 ± 1 34 22 77 196 ± 1 0 ± 1 196 202 93
2.65–3.15 340 0.275 20 44 ± 1 34 21 80 190 ± 1 0 ± 1 190 193 90
2.65–3.35 415 0.274 20 42 ± 1 31 20 80 203 ± 1 0 ± 1 203 205 97
2.75–3.45 352 0.287 19 41 ± 1 31 20 81 203 ± 1 0 ± 1 203 208 97
2.85–3.55 299 0.301 16 38 ± 1 31 18 84 212 ± 1 0 ± 1 212 205 101
2.95–3.65 233 0.316 16 40 ± 1 31 19 84 211 ± 1 0 ± 1 211 205 100
3.05–3.75 209 0.337 16 36 ± 1 31 17 84 224 ± 1 0 ± 1 224 178 107
3.15–3.85 189 0.359 18 35 ± 1 28 17 82 229 ± 1 0 ± 1 229 208 109
Notes. The columns are the same as in Table 4.
from their position in the HR diagram may consequently be also
overestimated.
On the other hand, a trend is seen in the variation of the mean
age of normal stars in the first mass interval (2 < M/M⊙ < 2.4).
It increases monotonically from 53% to 68% of tMS between
v sin i = 50 and 110 km s−1, and remains constant for faster ro-
tators. This trend is less pronounced in the next mass bin, and
completely disappears for more massive stars. This trend agrees
with that postulated by Abt (2009). Moreover, the variation of
the mean age with rotation is recovered using v sin i, therefore
the projection eﬀect can lessen the slope. But the selection here
was made using mass and age. According to the evolutionary
tracks in Fig. 4, the A0–A3 spectral types will correspond to dif-
ferent stellar masses if stars are close to the ZAMS or near the
TAMS.
This trend does not seem to explain the bimodality observed
in Figs. 6 and 7. According to Table 4, the bimodality reaches its
maximum (in terms of percentage of the full distribution) in the
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Figure 1.5: The contour of deprojected rotational velocities of chemically normal
A stars excluding binary systems for the stellar mass range of 1.6 ≤ M ≤ 3.5 M,
which corresponds to an approximate spectral type range of F0 to B8, respectively.
The fewest stars are found in he dark blue regions with a large number of stars
found in the dark red regions. Figure from Zorec & Royer (2012), their figure 7.
© ESO; reproduced with permission from A&A.
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The effects of rotation on pulsation
Discussed by Ledoux (1951) and later by Dziembowski & Goode (1992), Goupil
et al. (2000) and Aerts et al. (2010), the rotational splitting of a non-radial mode
for the rest frame of an observer is commonly given by






where νn `m is the observed frequency, νn ` 0 is the unperturbed frequency (m = 0),
Ω is the angular velocity such that Ω
2pi
is the rotation frequency, Cn ` is the Ledoux
constant, and DL is a coefficient that depends on the character of a pulsation mode
(Saio 1981; Dziembowski & Goode 1992). The sign convention in Eqn 1.3 follows
Aerts et al. (2010), and is chosen such that positive values of m are prograde modes
that travel in the direction of rotation, and modes with negative values of m are
retrograde modes that travel against the direction of rotation.
Therefore, as shown by Eqn 1.3, rotation lifts the degeneracy of a non-radial
pulsation mode into its 2` + 1 components, which are observed as a multiplet in
the amplitude spectrum. The splitting among the component frequencies of this
multiplet is nearly exact but not perfectly in the cases of moderate and fast rotation
because second-order effects act as an additional perturbation to the component
frequencies (Goupil et al. 2000; Pamyatnykh 2003). For example, the Coriolis force
in a rotating star acts against the direction of rotation and causes predominantly
vertical variations to become circular (Aerts et al. 2010). The chosen sign convention
in Eqn 1.3 results in prograde modes (m > 0) having higher frequencies than the
central m = 0 component of the multiplet in the rest frame of an observer.
Using the slowly rotating δ Sct star 44 Tau as an example, a rotational splitting of
approximately 0.02 d−1 is expected for this star (Breger et al. 2009). For most δ Sct
stars, which are moderate and fast rotators, the amplitude spectrum can become
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forest-like with much larger and asymmetric rotational splittings. This complicates
the issue of mode identification and the detection of rotationally split non-radial
pulsation modes.
Radial differential rotation
In the last few years, asteroseismology has been used to measure the radial rotation
profile of stellar interiors throughout different stages of stellar evolution, from main
sequence stars (Kurtz et al. 2014; Saio et al. 2015; Triana et al. 2015; Murphy et al.
2016; Schmid & Aerts 2016) to subgiant and red giant stars (Beck et al. 2012; Mosser
et al. 2012; Deheuvels et al. 2012, 2014, 2015). The studies of interior rotation in
these stars have revealed many interesting and unexpected results. The studied
main sequence stars have almost uniform rotation, such that they are rotating ap-
proximately as a solid body. Moreover, these main sequence stars are slow rotators
for their spectral type, but this is likely a selection effect, as it is easier to identify
slowly rotating stars from the smaller rotational splitting in their amplitude spectra.
See Aerts (2015) for a thorough review of interior rotation results obtained using
asteroseismology.
Let us take the example of KIC 11145123 studied by Kurtz et al. (2014), which is
a hybrid star pulsating in many g- and p-mode frequencies. The amplitude spectrum
for KIC 11145123 is shown in Fig. 1.6, which shows a clear distinction in the g- and
p-mode frequencies in this star. The authors used Eqn 1.3 to determine an upper
constraint on the core rotation period of Pcore ≥ 105.13 ± 0.02 d using Cn ` ' 0.5
for the high-overtone g modes, and a lower constraint on the surface rotation period
of Psurface ≤ 98.57 ± 0.02 d using Cn ` ' 0.03 for the p modes (Kurtz et al. 2014).
Therefore, the surface of this star is rotating slightly, but significantly, faster than
the core. To understand a star on the main sequence with only a small gradient





Figure 1.6: Core-to-surface rotation in KIC 11145123. The distinct g- and p-mode
frequency regimes are clearly separated in the amplitude spectrum.
to redistribute angular momentum (Kurtz et al. 2014). What physical mechanism
can cause such a rotation profile in a star? Further observations of similar stars are
needed to help constrain theoretical models.
The investigation by Blomme et al. (2011) of three O stars observed by the
CoRoT mission (Auvergne et al. 2009) found an excess of red noise in their amp-
litude spectra, which has been recently interpreted in terms of internal gravity waves
(IGWs) in these stars (Aerts & Rogers 2015). These IGWs are able to efficiently
transport angular momentum throughout a star, especially in stars with large con-
vective cores and radiative envelopes (Rogers et al. 2013). Of the currently known
main sequence stars with almost uniform rotation, perhaps the most remarkable is
the Slowly Pulsating B (SPB) star KIC 10526294 studied by Triana et al. (2015).
The authors studied a series rotationally split dipole modes that were almost equally
spaced in period, and asteroseismically modelled the star to determine the radial
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rotation profile. Their analysis indicated that the stellar envelope was not only ro-
tating slightly faster than the core but was rotating in the opposite direction (Triana
et al. 2015). It was shown by Rogers (2015) using numerical models that angular
momentum transport by convectively-driven IGWs can not only cause uniform ro-
tation in intermediate- and high-mass stars, but also explain counter-rotating cores
and envelopes in a star, for example, KIC 10526294 (Triana et al. 2015). This is an
exciting prospect that can be tested for many high-mass stars using asteroseismology
in the near future.
1.4 Pulsations across the HR diagram
As shown by Fig. 1.1, pulsations can occur throughout all stages of stellar evolution,
from pre-main sequence to the white dwarf cooling track. However, observations of
the pulsation mode frequencies are not enough to fully classify a pulsating star, as
other types of pulsators may have similar pulsation periods. Therefore, the funda-
mental parameters such as mass, effective temperature (or by proxy spectral type
or colour) are also needed for a complete definition, and so that a star can be placed
in the HR diagram. In the current section, a general discussion of different variable
stars is provided in the context of amplitude modulation of pulsation modes.
1.4.1 The gamma Doradus stars
The gamma Doradus (γ Dor) stars were first considered a unique class of pulsating
star about two decades ago (Balona et al. 1994; Kaye et al. 1999). They have
similar effective temperatures and luminosities to δ Sct stars and are located on or
near the main sequence in the HR diagram (Handler 1999; Uytterhoeven et al. 2011).
The γ Dor stars are difficult to study from the ground because their long (P ' 1 d)
pulsation periods are similar to the interval between nightly observations. They also
37
CHAPTER 1
often have a high density of pulsation modes in their amplitude spectra resulting in
beat periods of several months to years. Therefore, it is difficult to resolve individual
pulsation modes in these stars without long-term continuous observations of order
a few years.
With so few γ Dor stars known from ground-based observations, the largest
increases in the number of these stars have come from space-based telescopes. For
example, Handler (1999) used multi-colour Hipparcos photometry to study 70 γ Dor
stars, which at the time was an increase in the number of known γ Dor stars by
more than a factor of two. Whilst on the ZAMS, Handler (1999) found that γ Dor
stars lie between 7200 ≤ Teff ≤ 7700 K and between 6900 ≤ Teff ≤ 7500 K if
they are more evolved. A more complete sample of pulsating A and F stars was
obtained by the Kepler Space Telescope, from which Uytterhoeven et al. (2011)
found that most γ Dor stars were between F5 and A7 in spectral type and between
6500 ≤ Teff ≤ 7800 K in effective temperature.
Pulsations in γ Dor stars are driven by the flux blocking mechanism, which oper-
ates at the base of the surface convection zone (Guzik et al. 2000; Dupret et al. 2004,
2005; Grigahce`ne et al. 2005). At the boundary between the radiative envelope and
the surface convection zone, there is an abrupt change in the dominant mechanism
for energy transport. The large opacity gradient at this boundary causes luminos-
ity to be blocked in the radiative zone. The surface convective zone is not able to
adapt quickly enough to transport the increased flux causing the luminosity to be
periodically blocked (Guzik et al. 2000). The theory of the flux blocking mechanism
makes the assumption that fluctuations in convection are negligible throughout the
pulsation cycle, because the local convective timescale at the base of the convection
zone is similar to, or longer than, the pulsation period (Grigahce`ne et al. 2005).
Thus, only stars with a non-negligible surface convection zone can be unstable from
the flux blocking mechanism. Guzik et al. (2000) estimates that the optimum depth
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spectra with respect to synthetic spectra within a relatively
large wavelength range. The synthetic spectra are computed for
different values of the listed parameters using a combination of
the synthV code (Tsymbal 1996), the LLmodels code (Shulyak
et al. 2004), and information obtained from the VALD
database (Kupka et al. 1999), i.e., similar to how the LSD
Figure 3. The period spacing patterns of the slowly rotating star KIC 9751996. Left: the pulsation series in a period échelle diagram. The prograde (black circles),
zonal (black triangles) and retrograde (black squares) dipole modes are marked separately, while the other pulsation modes are shown in gray. Top right: the prograde
(dash–dot lines), zonal (full lines), and retrograde (dashed lines) modes in the Fourier spectrum. Bottom right: the period spacing patterns, using the same symbols as
before. The dotted lines indicate missing frequencies.
Figure 4. The prograde (left) and retrograde (right) period spacing patterns of KIC 8375138. The symbols used are the same as in Figure 3.
Figure 5. The prograde (left) and retrograde (right) period spacing patterns of KIC 2710594. The symbols used are the same as in Figure 3.
6
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prograde retrograde
Figure 1.7: The asymptotic g-mode period spacing patterns in the γ Dor star
KIC 8375138. The top panels show the amplitude spectrum using 4 yr of LC Kepler
data. The bottom-left panel shows the prograde dipole modes identified as circles,
and the bottom-right panel shows the retrograde dipole modes as squares. The ver-
tical dashed grey lines are the expected location of the series (or comb) of pulsation
mode frequencies. Figure adapted from Van Reeth et al. (2015b), their figure 4.
© AAS; reproduced with permission from author and AAS.
of the convection zone as a fraction of the stellar radius should be ' 0.975, with lar-
ger conv ctive envelopes creating large enough damping to s ppress the pulsations.
Therefore, the flux blo king mechanism is dominant in a narrow ransition region
between solar-type and δ Sct stars in the HR diagram (Guzik et al. 2000; Dupret
et al. 2005).
The buoyancy-driven, high-order non-radial g modes produced by the flux block-
ing mechanism have periods that range between 8 hr and 3 d (Kaye et al. 1999;
Balona et al. 2011a; Uytterhoeven et al. 2011). These high-order g modes follow
the asymptotic approximation (Tassoul 1980; Gough 1986), such that g modes of
the same degree are equally spaced in period for consecutive radial orders. The
observed g modes and the departure from the equal period spacing have allowed the
physical conditions deep within the stellar interior, such as chemical mixing (Miglio
et al. 2008) and rotation (Bouabid et al. 2013; Van Reeth et al. 2015a, 2016), to
be probed in many γ Dor stars. Excellent examples of γ Dor stars observed by the
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Kepler Space Telescope to have ‘combs’ of g modes that are almost equally spaced
in period are given by Van Reeth et al. (2015b, 2016). The gradient of the period
spacing, ∆P , against the pulsation period, P , indicates the direction of the pulsa-
tion wave relative to the stellar rotation (Bouabid et al. 2011), with the example
of KIC 8375138 taken from Van Reeth et al. (2015b) shown in Fig. 1.7. A posit-
ive gradient indicates retrograde motion and a negative gradient indicates prograde
motion, with the gradient itself indicating the magnitude of the rotation.
On the other hand, many more γ Dor stars do not show regularities in their amp-
litude spectra consistent with asymptotic g modes that are approximately equally-
spaced in period. The γ Dor stars are promising targets to study using asteroseismo-
logy with many new and exciting discoveries expected in the near future. Although
the focus of this thesis is on amplitude modulation in δ Sct stars, the non-linearity
of a selection of γ Dor stars observed by the Kepler Space Telescope is discussed in
section 6.4.
1.4.2 Solar-type stars
Helioseismology is the specific application of studying oscillations in our nearest
star — the Sun. Pulsations in the Sun are driven by stochastic turbulence in the
convective envelope that simultaneously drives and damps the Sun to resonate in
its natural oscillation modes (Goldreich & Keeley 1977a,b; Balmforth & Gough
1990), but the κ mechanism has also been shown to play a minor role (Balmforth
1992). These stochastically driven oscillations, often called solar-like oscillations, are
expected in stars with thick convective envelopes and are predicted to be excited
in stars as massive as 1.6 M (Houdek et al. 1999a). Turbulence causes all the
eigenmodes within a particular frequency range to be excited, so a roughly Gaussian
peak of low-amplitude pulsation modes is observed. The centre of the Gaussian
distribution is centred on a particular frequency, which is denoted νmax. In the Sun,
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the value of νmax is approximately 3 mHz, with pulsation periods ranging between
approximately 3 and 15 min (Aerts et al. 2010).
Since the discovery that the Sun is a pulsating star, helioseismology has been
used to study its interior (see e.g., Gough & Toomre 1991 and Christensen-Dalsgaard
et al. 1996), including the determination of the depth of the convective envelope to
be 0.287± 0.003 R (Christensen-Dalsgaard et al. 1991). Helioseismic inversions of
observed pulsation modes in the Sun have also allowed the internal rotation profile
for a large fraction of the solar radius to be measured (Schou et al. 1998; Korzennik
& Eff-Darwich 2011). The strong rotational shear at the base of the solar convection
zone, termed the tachocline by Spiegel & Zahn (1992), is believed to be responsible
for the 11-yr Schwabe activity cycle, causing a dynamic solar magnetic field that
modulates the frequencies and amplitudes of the solar pulsation modes (Chaplin
et al. 2000, 2007). Thus, the periodic changes in the frequencies and amplitudes
of pulsation modes can be used as a proxy for magnetic activity in the Sun, and
possibly other solar-type stars (Chaplin et al. 2011a). This concept has been applied
to solar-type stars observed by CoRoT and the Kepler Space Telescope (see Re´gulo
et al. 2016).
The p mode pulsations excited from convective turbulence in solar-type stars
are high radial order, thus are in the asymptotic regime and are approximately
equally spaced in frequency (Tassoul 1980; Gough 1986). The frequency spacing
between consecutive radial order modes of the same angular degree, known as the
large frequency separation, ∆ν, creates a similar comb-like pattern of pulsation
modes in the amplitude spectra of these stars. Empirical scaling relations from the
observables ∆ν and νmax have allowed stellar parameters such as mass and radius
to be determined (Kjeldsen & Bedding 1995). The scaling relations have been
shown to be very robust with masses and radii of these stars accurate to less than
three per cent in the best cases (Chaplin & Miglio 2013). These have been applied
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to hundreds of solar-type stars (Chaplin et al. 2011b, 2014) and thousands of red
giant stars (Stello et al. 2009; Huber et al. 2011), with a thorough review given by
Chaplin & Miglio (2013).
1.4.3 Pulsating B stars
Understanding the physics at work within massive stars (M ≥ 9 M) is an import-
ant goal for asteroseismology as these stars are important in stellar evolution theory.
They also play a crucial role in the evolution of galaxies because they are super-
novae progenitors that chemically enrich the interstellar medium. It was originally
discussed by Maeder & Meynet (2000) how the insight of the internal rotation and
possible mixing processes are of vital importance in understanding the evolution of
these stars. The variety of pulsations in massive stars is interesting as the structure
of these stars is similar across a wide range of stellar masses and effective temper-
atures, between the ZAMS and the TAMS (McNamara et al. 2012).
There are two main types of pulsating B star, the β Cep stars that pulsate in p
and g modes and the Slowly Pulsating B (SPB) stars that pulsate in g modes (Aerts
et al. 2010). The instability regions of these stars overlap in the HR diagram (Miglio
et al. 2007; Paxton et al. 2015), thus hybrid stars of both pulsator type are expected
and have been observed (e.g., Handler 2009; Degroote et al. 2012). The instability
regions for high-mass stars have been investigated using the stellar evolution and
modelling code MESA (Paxton et al. 2011, 2013, 2015), and are shown in Fig. 1.8. The
MESA models calculated by Paxton et al. (2015) use different opacity tables, OPAL2
and OP3, with the latter shifting the instability regions to higher luminosities, a
result also noted by Pamyatnykh (1999) and Miglio et al. (2007). There is also
a very clear distinction between the SPB and the δ Sct instability regions, with
theoretical models predicting that the κ mechanism is unable to excite pulsations
2Opacity Project at Livermore, for more information see Iglesias & Rogers (1996)
3The Opacity Project, for more information see Seaton et al. (1994)
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phase with no unstable modes, before the instability reappears
in the range T4.288 log K 4.278eff( ). . for the g2 mode.
This alternation between instability and stability, seen as
ﬁngers in Figure 9, stems from the fact that the κ mechanism
only excites modes whose eigenfrequencies fall in a narrow
range ,lo hi[ ]s s . At frequencies Re hi( )s s> , the pulsation
period becomes comparable to the local thermal timescale in
the envelope region above the iron opacity peak, and this
region behaves as a damping zone, stabilizing the modes.
Conversely, at frequencies Re lo( )s s< , modes couple with
gravity waves trapped in the μ-gradient zone developing at the
core boundary, and are likewise damped. The intermediate
stable phase in Figure 10, between Tlog K 4.301eff( ) = and
Tlog K 4.288eff( ) = occurs when there are no modes in the
,lo hi[ ]s s range. As the star evolves, the unstable range narrows:
his decreases due to lower Teff , while los increases due to the
growth of the μ-gradient zone.
Figure 11 shows a version of the ℓ 1= panel calculated
using OP opacity tables rather than OPAL tables. There is an
overall shift of the instability strips toward higher luminosities,
an effect already noted by Pamyatnykh (1999). The ﬁngers
persist with much the same structure, supporting the fact that
they are physical effects rather than numerical artifacts.
Returning now to Figure 9, the post-MS extension of the
SPB strips has been attributed in the literature to features in the
Brunt–Väisälä frequency which reﬂect gravity waves at the
boundary of the helium core, preventing them from penetrating
into the core and being dissipated by strong radiative damping.
Saio et al. (2006) and Godart et al. (2009) argue that the
necessary feature is an intermediate convection zone (ICZ)
associated with the hydrogen-burning shell, but more recently
Daszyńska-Daszkiewicz et al. (2013) have shown that even a
local minimum in the Brunt–Väisälä frequency is sufﬁcient to
reﬂect modes. In the present case, the empirical mass threshold
M 9 M2 : required for formation of an ICZ coincides with the
lower boundaries of the SPB strip extensions. In the lowest-
mass models above this threshold, the ICZ vanishes shortly
after its appearance, but it leaves behind a narrow region with a
steep molecular weight gradient. This gradient causes a spike in
the Brunt–Väisälä frequency, which serves in a similar manner
to prevent gravity waves from entering into the core and being
dissipated.
The corresponding post-MS extension of the β Cephei strips
was ﬁrst noted by Dziembowski & Pamiatnykh (1993), but has
not received much attention in the literature. Figure 9 shows
that this extension has a well deﬁned lower boundary, much
like the SPB stars although situated at slightly higher masses,
M 10.5 M2 :. We have determined that the extension is also a
consequence of ICZ formation; the shift to higher masses arises
because it appears that multiple convection zones, rather than a
single one, are necessary to reﬂect waves at the core boundary
in the case of β Cephei pulsators.
3.2. Asteroseismic Optimization
To illustrate the updated asteroseismic capabilities of MESA,
Figure 12 plots the echelle diagram for the subgiant star
HD 49385, showing both the frequencies of ℓ 0 2–= modes
measured by Deheuvels et al. (2010), and the corresponding
frequencies of the best-ﬁt model determined using the astero
extension. The calculations follow the same procedure detailed
in Section 3.2 of Paper II; the only signiﬁcant differences are
that the initial mass, helium abundance, metal abundance and
mixing length parameter are reﬁned using the downhill simplex
algorithm rather than the Hooke–Jeeves algorithm; oscillation
frequencies are calculated using GYRE rather than ADIPLS;
and the surface corrections to frequencies are evaluated using
Equation (4) of Ball & Gizon (2014) rather than with the
Kjeldsen et al. (2008) scheme.
Comparing Figure 12 against Figure 8 of Paper II reveals
only small differences between the two. The 2c of the best-ﬁt
Figure 10. The ℓ = 1 dimensionless frequency spectrum of an 8.5M: stellar
model as it evolves from the ZAMS to the REMS. Blue (orange) dots indicate
which modes are stable (unstable); selected modes are labeled along the left/
bottom edge using their classiﬁcation.
Figure 11. Instability strips for dipole (ℓ 1= ) oscillation modes in the upper
part of the HR diagram, but calculated using OP rather than OPAL opacities
(cf. Figure 9).
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Figure 1.8: A theoretical HR diagram for the upper main sequence. The instability
regions for β Cep and SPB stars calculated using MESA for dipole (` = 1) modes
are shown in orange and blue, respectively. The zero-age main sequence (ZAMS)
and red edge of the main sequence (REMS), or TAMS, are shown as dotted and
dashed lines, respectively, and various evolutionary tracks are shown as solid black
lines labelled by stellar mass in units of M. Figure from Paxton et al. (2015), their
figure 11. © AAS; reproduced with permission from author and AAS.
in this gap (Pamyatnykh 1999).
A preliminary analysis of B stars observed by the Kepler Space Telescope was
conducted by Balona et al. (2011b), who found that 15 of 48 B stars were pulsating.
A follow-up study was performed by McNamar et al. (2012), who sel cted all stars
observed by Kepler with effective temperatures above 10 000 K and within the region
on a colour-magnitude diagram that is expected for a B star. This led to a total
of 252 B stars, which were classified as β Cep, SPB, or a hybrid (McNamara et al.
2012). There were also subdwarf B and white dwarf stars, and targets that had
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variability caused by rotation (spots) or binarity included in the sample (McNamara
et al. 2012). Further analysis of more than 100 late-B stars observed by Kepler was
conducted by Balona et al. (2015a) and extended to early-B stars by Balona (2016b),
who focussed on the occurrence of low frequency variability in these stars. These
low frequencies were often found to be non-periodic and interpreted to be caused by
rotational modulation, suggesting that spots generated by magnetic fields can exist
in stars with radiative envelopes (Balona et al. 2015a; Balona 2016b).
beta Cephei stars
The β Cep stars are high-mass (8 ≤ M ≤ 18 M) Population I stars, pulsating in
g and p modes (Stankov & Handler 2005; Aerts et al. 2010). Pulsation modes in
β Cep stars are excited by the κ mechanism operating in the Z bump in opacity
at T ' 200 000 K, which causes low-order radial and non-radial p modes with
periods between 2 and 8 hr to become unstable (Dziembowski & Pamyatnykh 1993b).
However, this is not a complete explanation of mode excitation in β Cep stars as
observations have revealed that these stars also pulsate in g modes with periods
of order a few days (Handler et al. 2004; Degroote et al. 2012). To explain the
excitation of g modes by the κ mechanism, an overabundance of Iron in the driving
zone needs to be assumed, which was demonstrated by Pamyatnykh et al. (2004) for
the β Cep star ν Eridani, but the exact nature of g-mode excitation in these stars
remains unclear.
Slowly Pulsating B stars
The group of Slowly Pulsating B (SPB) stars was originally defined by Waelkens
(1991), with seven Population I B stars with spectral types between B3 and B9. The
SPB stars are high-mass stars (2 ≤ M ≤ 7 M) with pulsation periods typically
between 1 and 3 d, which similarly to γ Dor stars are difficult to study from the
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ground without long-term multi-site observations. It is important to note that
without an effective temperature estimate, the time series alone does not distinguish
a γ Dor star from a SPB from the similar pulsation mode frequencies.
Pulsations in SPB stars are excited by the κ mechanism operating in the Z bump,
which produces high-order low-degree g modes (Dziembowski et al. 1993). A large
increase in the number of SPB stars was facilitated by the Hipparcos mission (e.g.,
Aerts et al. 1999), which allowed pulsation mode properties to be extracted and
compared to predictions from theory that these stars pulsate in predominantly dipole
modes (De Cat & Aerts 2002; Townsend 2005).
1.4.4 Evolved stars
In this section, RR Lyrae stars, Cepheid variables, white dwarfs and sdB stars are
discussed in the context of amplitude modulation of their pulsation modes.
RR Lyrae stars
RR Lyrae (RR Lyr) stars are Population II classical pulsators with masses less
than 1 M that are in a post-giant stage of evolution on the horizontal branch
(Breger 2000a; Aerts et al. 2010). RR Lyr stars were first classified by Bailey
(1902) phenomenologically into subgroups of ‘a’, ‘b’ and ‘c’. Since then, the ‘a’
and ‘b’ subgroups have been consolidated into what are now known as RRab stars,
which have non-sinusoidal light curves with the dominant light variations caused
by the fundamental radial mode. The ‘c’ subgroup contains RR Lyr stars which
have sinusoidal light curves predominantly caused by the star pulsating in the first-
overtone radial mode. The RR Lyr stars have been studied extensively since their
discovery (e.g., Preston 1959; Stellingwerf 1975a), with more than 38 000 RR Lyr
stars discovered in the bulge of the Milky Way (Soszyn´ski et al. 2014).
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RR Lyr stars are not purely periodic and exhibit a quasi-periodic form of amp-
litude and phase modulation that was first discovered by Blazˇko (1907), and is
today known as the Blazhko effect (TSesevich 1953). The cause of the Blazhko
effect in RR Lyr stars remains an unsolved problem but is a well-known example of
pulsational non-linearity in asteroseismology. Another characteristic in the pulsa-
tion modes in RR Lyr stars is period doubling, which was predicted by Moskalik
& Buchler (1990) as half-integer resonances (e.g., 3:2, 9:2) between radial overtones
and the fundamental radial mode. In the light curve, period doubling appears as
alternating maxima and minima in the brightness of the light excursions, which is
shown in the bottom panel of Fig. 1.9. In the amplitude spectrum, period doub-
ling appears as half-integer frequencies (sub-harmonics) in the form of f(n + 1
2
)
where f is the frequency of the period-doubled pulsation mode (Moskalik & Buchler
1990; Kolenberg et al. 2010b; Kolla´th et al. 2011). Period doubling is now believed
to be ubiquitous in RR Lyr stars, with the first detection made in RR Lyr itself
(KIC 7198959) and two other RRab stars observed by the Kepler Space Telescope
(Kolenberg et al. 2010a; Szabo´ et al. 2010). A thorough review of period doubling
and the Blazhko effect in RR Lyr stars is given by Szabo´ et al. (2014).
Cepheid variables
There are two flavours of Cepheid variables, which are referred to as type I and
type II Cepheids in the literature. Cepheid variables are stars that are crossing the
classical instability strip in the core helium burning stage of stellar evolution, or are
stars in a post red giant stage of evolution that are crossing the classical instability
strip for a second time (Aerts et al. 2010).
Type I Cepheids are also known as classical Cepheids and are Population I stars,
which typically pulsate in the fundamental radial mode and can have amplitudes
as large as 1 mag. They are evolved giant or supergiant stars with spectral types
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Table 1. Main properties of the observed Kepler Blazhko RR Lyrae stars showing the PD effect. Errors are given in parentheses implying
variation in the last digit only. The uncertainty of the Blazhko period is estimated to be 0.3 d.
KIC ID GCVS name R.A. Dec. Kp Puls. period A1 Blazhko period Runs
(J2000) (J2000) (mag) (d) (mag) (d)
7198959 RR Lyr 19 25 27.91 +42 47 03.73 7.862 0.566 9685(8) 0.158(2) 39.6 Q1, Q2
4484128 V808 Cyg 19 45 39.02 +39 30 53.42 15.363 0.547 8721(8) 0.299(3) 90.2 Q1, Q2
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Figure 3. Upper panel: Q1+Q2 light curve of RR Lyr. Note that the individual pulsational cycles are hardly discernible, while the long period (39.6-d) Blazhko














Figure 4. 7-d segments of the Kepler light curve of RR Lyr showing different degrees of PD effect at the same Blazhko phase. The maxima and the minima
were fitted with a ninth-order polynomial and the small horizontal bars drawn through the extrema are plotted to guide the eye.
Four other Blazhko RR Lyrae stars in the Kepler field are seen
to possibly exhibit the PD effect: V2178 Cyg (KIC 3864443),
V354 Lyr (KIC 6183128), V445 Lyr (KIC 6186029) and V360 Lyr
(KIC 9697825). In their frequency spectra, peaks were found close
to the predicted HIFs. However, our criteria for the detection of the
PD effect were the clear sign of alternating height of the pulsation
cycles as well as the simultaneous presence of a large number of
HIFs (preferably more than eight). If any of these two requirements
were not met by a star, we consider it as a possible PD object only.
We note that some of these four stars in this category show addi-
tional frequencies, making their frequency spectrum more complex.
For more details on these stars, we refer to Benko˝ et al. (2010).
From now on, we turn to our three stars that show a securely
detected PD phenomenon. We plotted the averaged amplitudes of
the HIFs of these stars in Fig. 8 taken from their frequency spectra. It
is interesting to note that in all three cases, the 3/2 f 0 frequency has
the highest amplitude among the HIF peaks; next come 5/2 f 0 and
1/2 f 0. This appears to be a general feature of the PD phenomenon
in Blazhko stars. Around the fifth HIF (i.e. k = 9), a pronounced
bump is seen in the amplitude distribution. The origin of this bump
is explained in detail in Section 4. The amplitude of the higher order
half-integer peaks is decreasing more or less steadily with the order
number k.
3.2 The transient nature of the period doubling
After discussing the time-averaged properties of the HIFs, we now
turn to investigate their temporal behaviour. The lower panels of
Figs 3 and 5 for RR Lyr and V808 Cyg, respectively, show the
temporal behaviour of the amplitude of the most prominent HIFs
in the frequency spectra. These were computed using the analytic
signal method (Kolla´th et al. 2002), a powerful method developed
to follow time-dependent signals. We note here that the method is
superior compared to other time-dependent Fourier methods but has
a drawback: in the presence of large gaps, the procedure does not
yield reliable results; therefore, we had to cut the neighbourhood of
the missing data. We found a 0.25 c/d bandwidth to give the most
stable results, and a∼2.5-d long data segment is lost in each side of
a gap. The relatively broad bandwidth means that sometimes more
than one frequency peak is contained in the computed interval, but
the insensitivity to noise compensates for this disadvantage. We
tested that the temporal behaviour of the HIFs is not flawed by the
chosen bandwidth.
It is obvious from Figs 3 and 5 that the intensity of the PD
phenomenon is changing with time. For RR Lyr, it has maximum
strength on the ascending branch of the Blazhko envelope on the
first two rising branches and is much less visible during the third
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Table 1. Main properties of the observed Kepler Blazhko RR Lyrae stars showing the PD effect. Errors are given in parentheses implying
variation in the last digit only. The uncertainty of the Blazhko period is estimated to be 0.3 d.
KIC ID GCVS name R.A. Dec. Kp Puls. period A1 Blazhko period Runs
(J2000) (J2000) (mag) (d) (mag) (d)
7198959 RR Lyr 19 25 27.91 +42 47 03.73 7.862 0.566 9685(8) 0.158(2) 39.6 Q1, Q2
4484128 V808 Cyg 19 45 39.02 +39 30 53.42 15.363 0.547 8721(8) 0.299(3) 90.2 Q1, Q2
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Figure 3. Upper panel: Q1+Q2 light curve of RR Lyr. Note that the individual pulsational cycles are hardly discernible, while the long period (39.6-d) Blazhko














Figure 4. 7-d segments of the Kepler light curve of RR Lyr showing different degrees of PD effect at the same Blazhko phase. The maxima and the minima
were fitted with a ninth-order polynomial and the small horizontal bars drawn through the extrema are plotted to guide the eye.
Four other Blazhko RR Lyrae stars in the Kepler field are seen
to possibly exhibit the PD effect: V2178 Cyg (KIC 3864443),
V354 Lyr (KIC 6183128), V445 Lyr (KIC 6186029) and V360 Lyr
(KIC 9697825). In their frequency spectra, peaks were found close
to the predicted HIFs. However, our criteria for the detection of the
PD effect were the clear sign of alternating height of the pulsation
cycles as well as the simultaneous presence of a large number of
HIFs (preferably more than eight). If any of these two requirements
were not met by a star, we consider it as a possible PD object only.
We note that some of these four stars in this category show addi-
tional frequencies, making their frequency spectrum more complex.
For more details on these stars, we refer to Benko˝ et al. (2010).
From now on, we turn to our three stars that show a securely
detected PD phenomenon. We plotted the averaged amplitudes of
the HIFs of these stars in Fig. 8 taken from their frequency spectra. It
is interesting to note that in all three cases, the 3/2 f 0 frequency has
the highest amplitude among the HIF peaks; next come 5/2 f 0 a d
1/2 f 0. T is appears to b a general feature of the PD phen menon
n B azhko stars. Around the fifth HIF (i.e. k = 9), a p on unced
bump is se n n the amplitude distribution. The origin of this bump
is explai ed in detail in Sec ion 4. T e amplitude of t e higher ord r
half-integer peaks is decreasing m re or less st adily with the order
number k.
3.2 The transient nature of the period doubling
After discussing the time-averaged properties of the HIFs, we now
turn to investigate their temporal behaviour. The lower panels of
Figs 3 and 5 for RR Lyr and V808 Cyg, respectively, show the
temporal behaviour of the amplitude of the most promi ent HIFs
in t e frequency spectra. These were computed using the analytic
signal method (Kolla´th et al. 2002), a powerful method developed
to follow time-dependent signals. We note here that the method is
superior compared to other time-dependent Fourier methods but has
a drawback: in the presence of large gaps, the procedure does not
yield reliable results; therefore, we had to cut the neighbourhood of
the missing data. We found a 0.25 c/d bandwidth to give the most
stable results, and a∼2.5-d long data segment is lost in each side of
a gap. The relatively broad bandwidth means that sometimes more
than one frequency peak is contained in the computed interval, but
the insensitivity to noise compensates for this disadvantage. We
tested that the temporal behaviour of the HIFs is not flawed by the
chosen bandwidth.
It is obvious from Figs 3 and 5 that the intensity of the PD
phenomenon is changing with time. For RR Lyr, it has maximu
strength on the scending branch of he Blazhko envelop on the
first two rising branches an is much less visible during the third
C⃝ 2010 The Authors. Journal compilation C⃝ 2010 RAS, MNRAS 409, 1244–1252
 at centlancs1 on July 22, 2015
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Figure 1.9: The Blazhko effect and period doubling in RR Lyr (KIC 7198959). The
top panel shows the long-term quasi-periodic (P ' 40 d) amplitude modulation
known as the Blazhko effect in RR Lyr using data from the Kepler Space Telescope.
The bottom panel shows a zoom-in of the three dashed-edge box s from the panel
above, in which the transient period doubling effect can be seen. Figure adapted
from Szabo´ et al. (2010), th ir figures 3 and 4.
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between F5 and G5 (Aerts et al. 2010). Typical pulsation periods are between 1 and
50 d, with the longer period Cepheids located in the top-right part of the classical
instability strip. Similarly to RRab stars, the light curves of type I Cepheids are non-
sinusoidal caused by their high-amplitude and non-linear pulsations, with maximum
brightness occurring approximately at the epoch of minimum radial velocity of the
stellar surface. Some Cepheids pulsate in the first or second radial overtone in
addition to the fundamental radial mode and are known as double-mode Cepheids,
so further properties of these star such as mass and radius can be determined from
the period ratio of the observed modes (Petersen 1973).
Type II Cepheids are Population II stars, which are crossing the classical in-
stability strip as they transition from the horizontal branch to the asymptotic giant
branch. They typically pulsate in the fundamental or first overtone radial mode,
with excitation from the κ mechanism operating in the hydrogen and helium ionisa-
tion zones (see e.g., Bono et al. 1997). Unlike their type I cousins, type II Cepheids
are not a homogenous group of stars, with subgroups defined by the observed pulsa-
tion periods: BL Herculis stars pulsate with periods between 1 and 5 d, W Virginis
stars pulsate with periods between 10 and 20 d, and RV Tauri stars pulsate with
periods longer than 20 d (Aerts et al. 2010). An extensive review of type II Cepheids
is given by Wallerstein (2002).
Amplitude modulation has also been observed among Cepheid variables (see
e.g., Breger 1981). A study of double-mode Population I Cepheids in the LMC,
which pulsate in the first and second overtone radial modes has revealed that ap-
proximately 19 per cent of these stars exhibited variable pulsation mode amplitudes
(Moskalik et al. 2006; Moskalik & Ko laczkowski 2009). This quasi-periodic form
of amplitude modulation is similar to the Blazhko effect observed in RR Lyr stars,
but had periods longer than 700 d. Furthermore, the amplitude modulation of the
two radial overtone modes in a Cepheid are always anti-correlated, such that the
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maxima of one radial mode coincides with the minima of the other (Moskalik &
Ko laczkowski 2009). Blazhko models were unable to explain the observations of
amplitude modulation in these double-mode Cepheid variables, and it was proposed
that the resonant interaction of radial and non-radial modes may be responsible
(Moskalik & Ko laczkowski 2009).
Sub-dwarf B stars
The subdwarf B (sdB) stars are low luminosity B stars with masses below 0.5 M,
effective temperatures between 28 000 ≤ Teff ≤ 35 000 K and which have weak He I
lines in their spectra (Kilkenny 2007; Aerts et al. 2010). The sdB stars are in an
unusual stage of stellar evolution having experienced significant mass loss on the
red giant branch, which strips the star of its envelope leaving a helium core. The
sdB stars are found between the giant branch and the extreme horizontal branch in
the HR diagram, which is indicated by the dashed-dot line in Fig. 1.1, and they are
progenitors of white dwarf stars.
The first sdB star observed to pulsate was EC 14026 with a pulsation period of
144 s and an amplitude of 12 mmag, which was discovered by Kilkenny et al. (1997,
1998) and is labelled in the HR diagram given in Fig. 1.1. Since their discovery,
many variable sdB (sdBV) stars have been observed to pulsate with g, p or mixed
modes with periods between 80 and 600 s and amplitudes between 1 and 300 mmag
(Kilkenny 2007). The g mode sdBV stars are slightly cooler than the p mode sdBV
stars, so these stars are analogous the SPB and β Cep stars, and also the γ Dor
and δ Sct stars. Pulsations in sdBV stars are driven by the κ mechanism operating
in the Z bump with predominantly low-overtone non-radial p modes of ` = 3 or 4
being excited (Fontaine et al. 2003; Jeffery & Saio 2006a), but g modes of ` = 3 or
4 can also be excited (Jeffery & Saio 2006b). An observational review of variable
sdB stars is given by Kilkenny (2007).
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Amplitude variations from one observing season to another were first noted for
the prototype sdBV star by Kilkenny et al. (1997), and in other sdBV stars since
(Kilkenny et al. 2007). Using follow-up observations of a selection of sdBV stars,
Kilkenny (2010) re-analysed longer data sets and found that amplitude modulation
is common amongst these stars with periods of days to years. However, there were
large gaps in the data sets so Kilkenny (2010) cautioned that the observed amplitude
variability may be the result of beating of unresolved frequencies and may not have
been astrophysical.
White dwarfs
All stars with masses below M . 9 M will eventually become white dwarf stars,
with the white dwarf cooling tracks ranging from 200 000 K to cooler than 5000 K, as
shown in Fig. 1.1. Traditionally, white dwarf stars are categorised spectroscopically
into different groups. For example, the DB and DA groups contain white dwarf stars
with similar spectral classifications to main sequence B and A stars, respectively —
the spectra of DB white dwarfs have few hydrogen lines and are dominated by
helium lines, whereas the spectra of DA white dwarfs are dominated by hydrogen
lines (Aerts et al. 2010).
The three main groups of white dwarf stars known to pulsate are the variable
DO stars (DOV; also known as GW Vir stars), the variable DB stars (DBV; also
known as V777 Her stars), and the variable DA stars (DAV; also known as ZZ Cet
stars). These groups lie in the effective temperature ranges of 75 000 ≤ Teff ≤
170 000 K, 22 000 ≤ Teff ≤ 28 000 K and 11 000 ≤ Teff ≤ 12 000 K, respectively
(Fontaine & Brassard 2008). The hottest variable white dwarf stars, the DOV
stars, are exclusively low-degree (` < 2) high-order multiperiodic g mode pulsators;
this has allowed asteroseismic studies to constrain rotation periods and inclinations,
magnetic field strengths and atmospheric stratification in these stars (Fontaine &
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Brassard 2008; Winget & Kepler 2008). The pulsations in variable white dwarf
stars are thought to be excited from outflowing energy being impeded from partial
ionisation zones of the main elements in the stellar envelope (Fontaine & Brassard
2008; Winget & Kepler 2008), although pulsations in DAV have also sometimes
been referred to as convective driving in the literature (Brickhill 1990, 1991a,b).
Thorough reviews of pulsating white dwarfs are given by Fontaine & Brassard (2008)
and Winget & Kepler (2008).
A fourth and relatively new group of white dwarf stars are the hot DQ stars,
which were discovered by Dufour et al. (2007). The hot DQ stars have carbon-
dominated atmospheres (Dufour et al. 2007, 2008), with only a few of these stars
known to pulsate (Montgomery et al. 2008; Barlow et al. 2008; Dufour et al. 2009).
The low-degree g-mode pulsations in variable hot DQ stars (DQV stars) are also
thought to be driven by a surface partial-ionisation zone (Fontaine et al. 2008).
Amplitude modulation and non-linearity in the form of harmonics and combina-
tion frequencies are well-documented for pulsating white dwarfs (Fontaine & Brass-
ard 2008; Winget & Kepler 2008). For example, combination frequencies in variable
white dwarfs were extensively studied by Brickhill (1992b) and Wu (2001), who
demonstrated mathematically that any variability in parent pulsation modes should
be mirrored by similar variability in their combination frequencies. This concept




1.5 4 CVn: a case study of amplitude modulation
in a delta Scuti star
The variability of the δ Sct star 4 CVn (HD 107904) was first discovered by Jones &
Haslam (1966), and the star has been extensively studied since, with 26 independ-
ent pulsation mode frequencies and many more combination frequencies discovered
(Breger et al. 1990, 1999; Breger 2000b, 2009; Schmid et al. 2014; Breger 2016).
This makes it one of the longest-studied δ Sct stars, with observations covering a
few decades. Many of the pulsation modes in 4 CVn show frequency and amplitude
variations, some of which can be explained by a mode coupling mechanism (Breger
2000b), the beating of two close frequencies (Breger 2009), or have an unknown
cause (Breger 2016).
The problems associated with studying amplitude modulation from the ground
were epitomised by Breger (2000b) in his study of 4 CVn. Intermittent observations
between 1966 and 1997 allowed the amplitudes of pulsation modes to be studied
over a long time span, but the large gaps between observation runs and high levels
of noise introduced an instrumental bias towards extracting only high amplitude
pulsation modes. His results are shown graphically in Fig. 1.10, in which a single
p mode at ν = 7.375 d−1 decreased in amplitude from 15 mmag in 1974 to 4 mmag
in 1976 and to 1 mmag in 1977, after which a phase jump occurred and the mode
began increasing in amplitude again (Breger 2000b). Other pulsation modes were
found to be coupled to the variable pulsation mode at ν = 7.375 d−1, and Breger
(2000b) concluded that energy was being transferred between pulsation modes by
a mode coupling mechanism. A more exhaustive list of other possible causes of
amplitude modulation in the pulsation mode at ν = 7.375 d−1 discussed by Breger
(2000b) are summarised below.
(i) Beating: a simple beating model was indicated by the observed phase change,
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Figure 1.10: Amplitude modulation in the δ Sct star 4 CVn with observations
covering 1966 – 1997. The noise level of each data set is given by ND in units of
mmag, so only peaks with amplitudes above these values are shown. Figure from
Breger (2000b), his figure 5.
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which suggested that unresolved modes of similar frequency and amplitude
were beating against each other. However, the poor quality of the beating
model and the lack of a half-cycle phase change, which was required for the
beating model, resulted in Breger (2000b) rejecting the beating hypothesis.
(ii) Mode re-excitation: multiple pulsation modes, including ν = 7.375 d−1,
were observed to decay in amplitude and then soon afterwards were re-excited
with a random phase. The observed phase change supported the hypothesis
of the amplitude modulation being caused by changeable driving or damping
in the star (Breger 2000b).
(iii) Stellar cycle: the apparent periodic behaviour of the pulsation mode amp-
litude could be evidence of a stellar activity cycle, as cyclic periodicity in mode
amplitude cannot be explained by stellar evolution, especially on time-scales
of order a few decades (Breger 2000b).
With more data, Breger (2009) concluded that the observed variability in pulsa-
tion mode amplitudes could be fitted with a period of several decades — longer
than the current data set for the star. Without observing even a single cycle for this
pulsation mode, it was difficult to test the stellar activity cycle hypothesis.
Schmid et al. (2012) obtained spectroscopic data of 4 CVn from the 2.1-m Otto
Struve telescope at McDonald observatory in Texas throughout 2010 and 2011. A
total of 767 spectra with a signal-to-noise ratio of greater than 200, a resolving power
greater than R = 60 000, covering the wavelength range of 4200 < λ < 4800 A˚ were
used to study line profile variations in 4 CVn, with the star discovered to be in a
binary system with an orbital period of Porb = 124.3 d (Schmid et al. 2012).
A couple of years later, Schmid et al. (2014) performed a follow-up spectroscopic
analysis of 4 CVn, using spectroscopic data collected between 2008 and 2011 from
the McDonald observatory. The binarity of 4 CVn was confirmed with the orbital
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Table 1.2: Stellar parameters of the δ Sct 4 CVn from the spectroscopic analysis of
Schmid et al. (2014).
Porb e Teff log g [m/H] veq sin i
(d) (K) (cgs) (dex) (km s−1)
124.44± 0.03 0.311± 0.003 6875± 120 3.30± 0.35 −0.05± 0.15 109± 3
and stellar parameters determined from the spectroscopic analysis by Schmid et al.
(2014) given in Table 1.2. The high resolution of the spectroscopy allowed mode
identification to be performed, with a resolution of at least R = 40 000 needed
to determine the order and degree of a pulsation mode (Aerts et al. 2010). After
removing the binary signature, further amplitude and phase variability of order
1 yr remained in pulsation modes (Schmid et al. 2014). A few pulsation modes
varied quasi-sinusoidally in amplitude that was explained by the beating of two
mode frequencies spaced closer than the frequency resolution (Schmid et al. 2014).
However, modes that varied on timescales longer than 1 yr could not be ruled out
as single pulsation modes with intrinsic amplitude modulation (Schmid et al. 2014).
Recently, Breger (2016) revisited the analysis of 4 CVn including further pho-
tometry taken between 2005 – 2012, and studied mode coupling in this star. He
concluded that the energy associated with variable pulsation modes in 4 CVn was
not transferred to any other visible pulsation modes, thus the amplitude modulation
in 4 CVn remains an unsolved problem.
4 CVn remains one of the longest- and best-studied δ Sct stars from the ground.
With the dawn of space telescopes, however, a vast increase in the number and
quality of photometric observations of δ Sct stars have allowed amplitude modula-
tion to be investigated in greater detail than is possible from the ground. In this
thesis, I present the results from my statistical study of 983 δ Sct stars that were
observed continuously by the Kepler Space Telescope for over 4 yr, and specifically
the incidence of amplitude modulation in this ensemble of stars.
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The Kepler space photometry
revolution
2.1 Introductory remarks
In the last few decades, the field of asteroseismology has rapidly expanded and
become a widely-known area within astronomy, primarily because of the launch of
space-based telescopes. The MOST (Walker et al. 2003) and CoRoT (Auvergne
et al. 2009) missions provided a wealth of data on a variety of pulsating stars and
paved the way for the more recent Kepler Space Telescope (Borucki et al. 2010).
These space missions were overwhelmingly successful for asteroseismology and their
data remain of great use to this day. Consequently, the decade between the launch
of the MOST telescope and the end of the Kepler mission has become known as
the start of the Space Photometry Revolution1. An argument can certainly be made
that the biggest advances in asteroseismology have been for stars with solar-like
oscillations, especially in red giant stars, with ∼ 14 000 being observed by Kepler
1This was the title of the CoRoT-3/KASC7 conference held in 2013, the first conference I atten-
ded as a postgraduate student. The conference website is http://corot3-kasc7.sciencesconf.
org. At this meeting, I presented a poster and my conference proceedings were published in the
European Physical Journal Web of Conferences (EPJWC; Bowman & Kurtz 2015).
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alone (Chaplin & Miglio 2013). Even though asteroseismology of δ Sct stars was
possible from the ground, our understanding of these stars has also undoubtedly
improved from high-quality space photometry.
This chapter provides an overview of the Kepler Space Telescope and its data
in section 2.2, with the specifics of Fourier analysis of stellar time series discussed
in section 2.3. Section 2.4 contains an overview of how I created my Kepler data
catalogues, which have formed the basis of many research projects for myself and
my collaborators.
2.2 The Kepler Space Telescope
The Kepler Space Telescope was launched on 7 March 2009 and positioned into a
372.5-d Earth-trailing orbit (Borucki et al. 2010). The field of view covered approx-
imately 115 deg2 in the constellations of Cygnus and Lyra and Kepler observed ap-
proximately 200 000 stars at an unprecedented photometric precision of a few µmag
(Koch et al. 2010). The field of view was chosen with the CCD array positioned
so that the brightest stars lie in the gaps between CCD modules, with most stars
having apparent magnitudes in the Kepler passband between 10 ≤ Kp ≤ 14 mag.
The primary goal of Kepler was to locate Earth-like planets in the habitable zone of
their host star using the transit method (Borucki et al. 2010), but these data have
also been extremely useful to asteroseismology.
To date, the Kepler mission has obtained transit signals for approximately 4700
candidate exoplanets (Borucki et al. 2011), of which more than 3300 have been ob-
served using follow-up spectroscopy and confirmed as exoplanets2. On the other
hand, an argument can be made that Kepler was more successful for stellar astro-
nomy with more discoveries and advances made in asteroseismology than exoplanet
2an up-to-date catalogue is available at: http://exoplanetarchive.ipac.caltech.edu
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science. Kepler has validated theoretical predictions and made many new and unex-
pected discoveries. For example, approximately 2900 eclipsing binary systems3 were
observed by Kepler (Prsˇa et al. 2011), which allowed the theoretical prediction of tid-
ally induced pulsations made by Kumar et al. (1995) to be tested. Tidal pulsations
were first observed in stars in eccentric binary systems using Kepler data, creating a
group of stars known colloquially as ‘Heartbeat stars’, because of the characteristic
shapes of their light curves resembling an echocardiogram (Thompson et al. 2012;
Hambleton et al. 2013; Hambleton 2016).
2.2.1 Kepler instrumentation
The design of the Kepler instrument maximises the search for solar-type stars, hence
the wavelength response peaks at ∼ 6000 A˚. The wavelength response function for
the Kepler telescope is plotted in Fig. 2.1 with Johnson filters from Johnson &
Morgan (1953) also plotted for comparison (for an extensive review of standard
photometric techniques, see Bessell 2005). Using Wien’s law, the peak in the Kepler
response function corresponds to the λmax for a star with an effective temperature of
approximately Teff ' 5000 K. Therefore, Kepler is optimised for studying F, G and K
stars. Consequently, Kepler observations of oscillations in A stars are suppressed in
amplitude from the instrument’s passband, but can be corrected for by comparison
to other observations (Bowman et al. 2015). This is demonstrated for the δ Sct star
KIC 7106205 in chapter 3.
One of the disadvantages to consider when using broad-band photometry is the
restriction of mode visibility (Aerts et al. 2010). Observations from space telescopes
such as Kepler are often only sensitive to detecting low-degree (` ≤ 2) pulsation
3an up-to-date catalogue is available at: http://keplerebs.villanova.edu
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Figure 2.1: The normalised wavelength response function for the Kepler instrument
is plotted as the solid black line and Johnson B, V , R and I filters taken from
Johnson & Morgan (1953) are shown as coloured solid lines for comparison.
modes, because the amplitudes of high-degree modes are only excited to small amp-
litudes (Balona & Dziembowski 1999), and because of geometrical cancellation ef-
fects (Dziembowski 1977a).
2.2.2 Kepler data characteristics
Kepler data are available in long and short cadence (hereafter called LC and SC,
respectively), which were created from multiple 6.02-s exposures, each with 0.52-s
readout times (Gilliland et al. 2010). The LC data comprised 270 exposures creating
a total integration time of 29.45 min, which allowed approximately 170 000 simul-
taneous observations (Jenkins et al. 2010). The SC data comprised nine exposures
creating a total integration time of 58.5 sec, which was chosen to increase the tem-
poral resolution, thus increase the number of data points per exoplanet transit of
a star. From the limited amount of data storage on board the spacecraft, only 512
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Figure 2.2: Comparison of LC and SC Kepler data spanning 1 d for the δ Sct star
KIC 7106205. The SC data have a cadence of 58.5 sec and the LC data have a
cadence of 29.45 min.
stars were observed with SC at any one time (Gilliland et al. 2010). To demonstrate
the difference in temporal resolution between LC and SC data, the light curves span-
ning 1 d of the δ Sct star KIC 71060205 using LC and SC data are shown as blue
diamonds and red circles, respectively, in Fig. 2.2.
To keep its solar panels pointing towards the Sun, the Kepler spacecraft had to
roll 90 degrees approximately every 93 d — i.e., one quarter of the Kepler orbit.
The Kepler CCD was designed with four-fold symmetry, so a star rotated on the
focal plane four times in a Kepler year, which is divided into four quarters of LC
data. Each quarter was then divided into three months and so SC data are labelled
with a quarter and month number. Kepler data were stored on board the spacecraft
and downloaded to Earth approximately every 31 d. Therefore, Kepler data are
available as SC months and LC quarters, corresponding to approximately 31 d and
93 d, respectively. At the end of the main Kepler mission in May 2013, there was
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a total of 18 LC data quarters each approximately 93 d in length, but Q0, Q1 and
Q17 were approximately 10, 30 and 30 d, respectively. The length of the complete
data set is 1470.5 d, which is just over 4 yr.
Approximately one per cent of all the targets observed by Kepler were alloc-
ated for asteroseismic research (Gilliland et al. 2010), with a 1-yr proprietary ac-
cess period given to the Kepler Asteroseismic Science Consortium (KASC) via the
Kepler Asteroseismic Science Operations Center4. Today, all Kepler light curves
in both raw and reduced formats are publicly available from the Mikulski Archive
for Space Telescopes (MAST)5, and are available in two formats. The first type
are the raw or unprocessed light curves that are produced using Simple Aperture
Photometry (SAP), and the second type are the reduced light curves that are cre-
ated using a multi-scale Maximum A Prior Pre-Search Data Conditioning (msMAP
PDC) pipeline developed by the Kepler Science Office — see Smith et al. (2012) and
Stumpe et al. (2012) for more details.
The main advantages of using the reduced light curves from the msMAP PDC
pipeline over the SAP light curves include: data quarters have been automatically
stitched together; the removal of outlying data points; and the removal of system-
atic sources of instrumental noise. The Kepler science pipeline has been developed
to optimise the light curves for the detection of exoplanet transit signals and can
suppress the amplitudes of long period signals (P ≥ 10 d). The pipeline does not,
however, modify the frequencies of these long-period signals, so the difference for as-
teroseismology of high-frequency pulsators, such as δ Sct stars, is negligible. Murphy






2.2.3 The Kepler Input Catalogue
Approximately 200 000 targets stars were selected to be observed by Kepler, with
the specific selection criteria discussed by Koch et al. (2010). These targets were
characterised with values of Teff , log g and [Fe/H] using griz and 2MASS JHK
broad-band photometry prior to the launch of the telescope and were collated into
the Kepler Input Catalogue (KIC; Brown et al. 2011). Since the end of the nominal
Kepler mission, Huber et al. (2014) revised the stellar parameters for the ∼200 000
Kepler targets and concluded that a colour-dependent offset exists compared to other
sources of photometry (e.g., Sloan). This resulted in KIC temperatures for stars
hotter than Teff & 6500 K being, on average, 200 K lower than temperatures obtained
from Sloan photometry or the infrared flux method (Pinsonneault et al. 2012). Also,
log g values for hot stars were overestimated by up to 0.2 dex. Huber et al. (2014)
stress that the Teff , log g and [Fe/H] values and their respective uncertainties should
not be used for a detailed analysis on a star-by-star basis, as they are only accurate
in a statistical sense.
2.2.4 The failure of module 3
Approximately 2 yr into the Kepler mission, two CCD arrays located on module 3
failed. This resulted in approximately 4/21 of Kepler targets not being observed
every fourth quarter after this point, because of the rotation of the telescope 90 de-
grees every ∼93 d. These stars, commonly known as module 3 stars, have significant
gaps in their light curves causing more complex window patterns in their amplitude
spectra.
2.2.5 K2
In May 2013 the Kepler Space Telescope suffered the failure of a second reaction
wheel. With only two remaining reaction wheels, the telescope could no longer
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maintain the necessary level of still-pointing without the significant expenditure of
fuel. An ingenious solution was devised by NASA, in which the field of view was
repositioned to point in the direction of the ecliptic, such that torques from the
solar radiation pressure were minimised and a smaller amount of fuel was needed to
maintain the field of view (Howell et al. 2014). Consequently, the mission parameters
have changed and a new mission called K2, Kepler’s second light, is underway. K2
data are divided into campaigns, each approximately 80 d in length, with each new
campaign observing a variety of targets, including young stars and star-forming
regions; supernovae, white dwarfs and the Galactic centre (Howell et al. 2014).
Analysis of K2 data has proved fruitful. Discoveries have included a rare triple-
mode RR Lyrae star, EPIC 201585823, with currently only 12 such objects known
(Kurtz et al. 2016); an in-depth asteroseismic analysis of O stars for the first time
(Buysschaert et al. 2015); and the continued success in finding exoplanets (Vander-
burg et al. 2016). The future is bright for K2 asteroseismology and many interesting
discoveries are expected in the next few years. Even though the Kepler mission has
been redesigned and the telescope is no longer observing the original target stars,
the 4 yr of high-quality data will remain a gold mine for scientific discoveries and
investigation for many years to come.
2.3 Fourier analysis of stellar time series
The fundamental data of asteroseismology are the pulsation mode frequencies, which
are extracted from time series photometry using Fourier analysis. The Fourier trans-






in which x(t) is a continuous infinite function. The principle of Fourier analysis is
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that any function can be represented by a summation of sine and cosine functions. In
reality, stellar time series are not infinitely long nor are they continuous functions, so
the discrete Fourier transform (DFT) described by Deeming (1975) is implemented
for finite and discrete data sets. The calculated amplitude spectrum is also convolved
with the spectral window of the data set, which is defined by gaps in the data and
deviations from a regular cadence (Deeming 1975).

















where Ai is the amplitude at the frequency νi, calculated from the summation of
sine and cosine signals for the discrete time series x(t) with N data points.
2.3.1 The Nyquist frequency
The Nyquist frequency is the highest frequency that is not undersampled for a given





where ∆t is the cadence of a discrete data set. For LC Kepler data this corresponds
to a value of νNyq = 24.47 d
−1 and for SC data this is 727.35 d−1. The Nyquist
frequency is commonly used as an upper limit in frequency when calculating the
amplitude spectrum of a discrete data set because frequencies outside of the range
0 ≤ ν ≤ νNyq are undersampled and subject to aliasing.
It has been demonstrated that pulsation mode frequencies in δ Sct stars typically
lie between 4 ≤ ν ≤ 50 d−1 (Grigahce`ne et al. 2010a; Uytterhoeven et al. 2011;
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Balona & Dziembowski 2011), thus can exceed the LC Kepler Nyquist frequency.
Before the advent of the super-Nyquist asteroseismology technique by Murphy et al.
(2013b), care was needed when extracting frequencies from an amplitude spectrum
near or above LC Nyquist frequency because they may be aliases of undersampled
frequencies above the Nyquist frequency.
Super-Nyquist asteroseismology
It was shown by Murphy et al. (2013b) using the super-Nyquist asteroseismology
(sNa) technique, that real and alias frequencies of pulsation modes can be easily
identified in an amplitude spectrum when using Kepler data. Kepler data were
sampled at a regular cadence onboard the spacecraft, but Barycentric time stamp
corrections were made to correct for the difference in light arrival time of the photons
to the barycentre of the Solar system and to the telescope, respectively, resulting in
a non-constant cadence (Murphy et al. 2013b). Thus, Nyquist aliases are subject to
periodic frequency (phase) modulation with a period equal to the Kepler satellite’s
orbital period of 372.5 d, and consequently have a multiplet structure split by the
Kepler orbital frequency in an amplitude spectrum (Murphy et al. 2013b). The total
integrated power is the same for a real peak and its alias multiplet in an amplitude
spectrum, but the power of an alias is spread between the central component of the
multiplet and its super-Nyquist sidelobes, resulting in a central component with a
smaller amplitude when compared to the real peak (Murphy et al. 2013b). Therefore,
using the sNa technique, real and alias frequencies can often be identified without
the need to calculate an amplitude spectrum beyond the LC Nyquist frequency.
To demonstrate the sNa technique described by Murphy et al. (2013b), the
amplitude spectra for simultaneous LC and SC observations of the HADS star
KIC 5950759 have been plotted in the left panel of Fig. 2.3. This HADS star acts as
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Figure 2.3: Demonstration of super-Nyquist asteroseismology using the amplitude
spectrum of the HADS star KIC 5950759. Real and alias peaks associated with the
harmonic of the fundamental radial mode are marked by ‘r’ and ‘a’, respectively, in
the LC amplitude spectrum in the left panel. The LC Nyquist frequency is indicated
by the vertical dashed line and the SC amplitude spectrum is shown below for
comparison. The right panel contains inserts of the LC amplitude spectrum showing
the real peak below and the alias peak above. The alias peak is easily identified as
its multiplet structure is split by the Kepler orbital frequency. Some peaks that
exist in the SC amplitude spectrum do not appear in the LC amplitude spectrum as
they lie close to the LC sampling frequency and are heavily suppressed in amplitude.
Figure from Bowman et al. (2016), their figure 2.
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a useful example because of the high S/N of its pulsation modes and because sim-
ultaneous LC and SC observations are available. The LC and SC amplitude spectra
for KIC 5950759 both show the fundamental radial mode at ν1 = 14.221372 d
−1,
and its harmonic 2ν1,r = 28.442744 d
−1 labelled ‘r’ for real, which lies above the LC
Nyquist frequency indicated by a vertical dashed line in Fig. 2.3. The alias of the
harmonic 2ν1,a = 20.496203 d
−1 can also be seen in the LC amplitude spectrum in
Fig. 2.3 and is labelled ‘a’. The right panel in Fig. 2.3 shows a zoom-in of the amp-
litude spectrum using LC data, showing the multiplet structure split by the Kepler
satellite’s orbital frequency of the alias peak in the top panel, compared to the real
peak shown below for comparison. Note also, how the amplitude of the alias peak is
smaller than the real peak in the LC amplitude spectrum, as predicted by Murphy
et al. (2013b).
2.3.2 Frequency resolution
It is important to note that SC Kepler data does provide a higher temporal res-
olution, as shown by Fig. 2.2, but does not provide a higher frequency resolution
compared to LC observations. The frequency resolution of a data set is given by the





where σ (ν) and ∆T are the frequency resolution and the length of the data set,
respectively. A longer time series results in a smaller frequency resolution, which is
represented by the width of the peak in an amplitude spectrum.
This is demonstrated in Fig. 2.4, in which amplitude spectra for time series
spanning 30 d, 90 d, 1 yr and 4 yr for a pulsation mode frequency at ν = 10.0323 d−1
have been plotted for comparison. As can be seen in Fig. 2.4, the width of the peak
is smaller for longer time series following Eqn 2.4. For the 4-yr Kepler data set, a
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Figure 2.4: Demonstration of frequency resolution using four different lengths of
observations for the pulsation mode frequency at ν = 10.0323 d−1 in the δ Sct star
KIC 7106205. With a longer time series, a better frequency resolution is obtained,
which corresponds to the width of the peak in the amplitude spectrum.
frequency resolution of 0.00068 d−1 (' 8 nHz) is obtained.
2.3.3 Amplitude visibility function
It was discussed in section 2.3.2 how the length of a data set determines the frequency
resolution in an amplitude spectrum and is independent of the cadence, such that
the width of a peak in an amplitude spectrum is the same for both LC and SC
observations of the same length. However, the longer integration times of the LC
data reduce the amplitudes of peaks in an amplitude spectrum compared to SC
data, which is also a strong function of frequency. The exact functional form of
the amplitude suppression caused by integration time is given by the amplitude




Figure 1.3: The Fourier transform of two peaks present in the data of KIC 5724810.
The depicted LC (red) and SC (blue) Q5 data show that the SC data have higher
amplitude peaks due to the shorter integration time and the averaging e↵ect inherent
within LC data.
Figure 1.4: If we assume the amplitude of a pulsation mode is a sinusoidal function in
time, with a frequency here of 10 d 1, then under-sampling leads to an underestimate
in amplitude. The interval,  , between two consecutive points in this example is that
of Kepler LC data.
10
Figure 2.5: Demonstration of how long r integration times lead to an underestimate
in amplitud of a periodic signal. A frequency of ν = 10.0 d−1 is shown s the solid
blue line and the interval between consecutive data points is given by δ, which is
symmetric from a reference time, t0, and has been chosen to emulate the LC Kepler
sampling frequency. With a shorter integration time, δ, less amplitude suppression
occurs as the height of the rectangle increases and approaches the true amplitude
of unity in this example. Figure from Murphy (2014), his figure 1.4.
was described by Murphy (2014).
In Fig. 2.5 a periodic flux variation of frequency ν = 10.0 d−1 is shown by
the solid blue line and the interval between consecutive data points in LC Kepler
data is shown by the width of the green-hatched rectangle, δ. The height of the
rectangle is the area divided by its width, thus for the same frequency signal a shorter
sampling would produce a taller and narrower rectangle in Fig. 2.5. Assuming that
the ν = 10.0 d−1 signal is periodic and has the form cos(ωt), then the height of the
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This can be re-written using the trigonometric identity sin(X+Y ) = sinX cosY+










































Using the relationship between angular frequency and period, ω = 2pi
P
, with P
being the period of the signal, and that the time interval between consecutive data
points is related to the number of data points per cycle, δ = P
n
, the above can be
rewritten as






where A is the observed amplitude, A0 is the true amplitude and n is the number of
data points per pulsation cycle. From the relationship in Eqn 2.5, it can be seen that
higher frequency signals are, on average, more heavily suppressed in amplitude, but
only exactly integer multiples of the sampling frequency are completely suppressed,
which is shown graphically in Fig. 2.6. Therefore, from the shorter integration times,




Figure 2.6: The amplitude visibility function as a function of frequency for LC
Kepler data. Higher frequencies are suppressed heavily in amplitude because there
are fewer data points per pulsation cycle, n, but only frequencies equal to integer
multiples of the sampling frequency are completely suppressed. The vertical red




2.4 Kepler data catalogues
One of the first tasks undertaken as part of this thesis was to identify all the pulsating
A and F stars, specifically the δ Sct stars, observed by the Kepler Space Telescope.
Although the Kepler instrument is optimised for observing solar-type stars, several
thousand A and F stars were included in the 200 000 target stars. In this section,
the downloading and processing of light curves for all A and F stars, and the meth-
odology of producing my Kepler data catalogues is discussed.
2.4.1 Creating data catalogues
To create a statistical ensemble of δ Sct stars, the light curves produced by the
msMAP PDC pipeline (Stumpe et al. 2012; Smith et al. 2012) for all Kepler targets
with effective temperatures between 6400 ≤ Teff ≤ 10 000 K in the KIC were down-
loaded from MAST. The extracted time series were stored locally in the format of
reduced Barycentric Julian Date (BJD − 2 400 000) and stellar magnitudes, which
were normalised for each quarter of LC and month of SC data to be zero in the
mean. This resulted in approximately 10 400 stars within this Teff range. Examples
of the file format for the first LC quarter and first SC month of the fictitious star
KIC 1234567 are
kic001234567_Q00_LC.txt and kic001234567_Q00_M1_SC.txt .
The time series were separated into temperature bins for parallelised computing
with the number of stars in each temperature bin shown in Table 2.1. The range of
the temperature bins is somewhat arbitrary, but was chosen to create bins with sim-
ilar number of stars and type of pulsator. For example, the overlapping region of the
δ Sct and γ Dor instability regions is approximately between 6800 ≤ Teff ≤ 8000 K,
and so it was important to separate these stars into three groups. Similarly, the hot
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Table 2.1: The number of stars downloaded from MAST for each temperature bin
as listed in the KIC (Brown et al. 2011) is given, indicating fewer hot stars than
cool stars.
KIC temperature (K) Number Spectral Type Comment
9000 ≤ Teff < 10 000 329 A1 – A3
8000 ≤ Teff < 9000 907 A3 – A6 δ Sct blue edge
7500 ≤ Teff < 8000 912 A6 – A7 γ Dor blue edge
7000 ≤ Teff < 7500 1587 A8 – F0
6800 ≤ Teff < 7000 1129 F0 – F2 δ Sct red edge
6600 ≤ Teff < 6800 1752 F3 – F4
6500 ≤ Teff < 6600 1754 F4 – F5 γ Dor red edge
6400 ≤ Teff < 6500 2025 F5 – F6
TOTAL 10 395
δ Sct and cool γ Dor stars have separate groups. Thus, considering that typical un-
certainties for stars with Teff ' 6500 K and Teff ' 9000 K are approximately ± 150
and ± 400 K, respectively, all the stars within a bin can be considered as having the
same effective temperature.
An automated pipeline was created to calculate the amplitude spectrum for
each LC quarter for each star. The method for calculating the Fourier transform of
a discrete data series is described in detail by Deeming (1975), and was optimised
for speed by Kurtz (1985). These tools were checked and found to be consistent
with the frequency software package PERIOD04 (Lenz & Breger 2005).
2.4.2 Kepler data catalogue extract
The light curves and amplitude spectra have been collated into a series of PDF
catalogues, one for each of the effective temperature bins given in Table 2.1. At the
top of each page in a data catalogue, a star’s unique Kepler ID number starting with
the characters KIC (Kepler Input Catalogue) and its stellar parameters listed in the
KIC (Brown et al. 2011) are given. Next to the KIC ID number, the LC data quarter
number is also given. The light curve is shown in the top panel, which have all been
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set to be zero in the mean and have ordinate units of mmag. The middle panel
shows the LC amplitude spectrum calculated out to the Nyquist frequency, and
the bottom panel shows a zoom-in of the low-frequency regime in the amplitude
spectrum at the same ordinate scale but a smaller abscissa scale. The frequency
range of 0 ≤ ν ≤ 6 d−1 was chosen to plot the g mode frequency regime separately
as many δ Sct stars have peaks in the low-frequency regime (see e.g., Grigahce`ne
et al. 2010a; Uytterhoeven et al. 2011; Balona 2011). The ordinate scale in every
page (i.e., for all LC data quarters) of each star is kept fixed, thus one can see
changes in amplitude of the pulsation modes more easily.
The following two pages are extracts from my 6800 ≤ Teff ≤ 7000 K Kepler data
catalogue showing Q0 and Q17 for the δ Sct star KIC 7106205. Scrolling through
the Kepler data quarters on separate pages of my catalogues allowed KIC 7106205
to be quickly identified as a δ Sct star with significant amplitude modulation, and
motivated the analysis of this star by Bowman & Kurtz (2014), which is discussed
in chapter 3. Specifically, it was the significant decrease in the amplitude of the
peak at ν ' 13.5 d−1 from Q0 to Q17 that caught my attention.
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2.5 Discussion
The advent of space-based telescopes in the last decade such as MOST (Walker
et al. 2003), CoRoT (Auvergne et al. 2009) and Kepler (Borucki et al. 2010), has
become known as the Space Photometry Revolution. The Kepler Space Telescope
provided high photometric precision, high duty cycle and data spanning years for
200 000 stars (Koch et al. 2010). Although the mission was designed to find Earth-
like exoplanets orbiting solar-type stars using the transit method, these data have
also been extremely useful for studying pulsating stars using asteroseismology.
In this chapter, a review of Kepler instrumentation has been provided, including
a discussion of the main differences in SC and LC data and the implications for
asteroseismology. Specifically, the 29.5-min integration time of LC Kepler data may
have the same frequency resolution for the same length of SC data according to the
Rayleigh resolution criterion, but it was shown that the amplitude suppression from
the longer integration time is an important factor to consider when calculating an
amplitude spectrum. From the complete 4-yr Kepler data set, a frequency resolution
of 0.00068 d−1 (' 8 nHz) and an amplitude precision of order a few µmag is obtained,
which are important for studying the changes in the pulsation modes over time –
i.e., frequency and amplitude modulation – in pulsating stars such as δ Sct stars.
In this chapter, it was discussed how a total of approximately 10 400 stars with
effective temperatures between 6400 ≤ Teff ≤ 10 000 K observed by Kepler were
downloaded and processed into Kepler data catalogues. These catalogues represent
a valuable tool for quickly and efficiently identifying different types of pulsating
stars observed by Kepler, as one is able to simply search for pulsation modes in
the frequency range of interest. The ordinate axis of the amplitude spectra was
chosen to be fixed for each LC quarter of each star, such that significant amplitude
modulation in δ Sct stars could easily be identified.
The usefulness of these data catalogue was demonstrated for the δ Sct star
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KIC 7106205 in section 2.4.2, which led to the study of amplitude modulation
in this star by Bowman & Kurtz (2014) and Bowman et al. (2015) presented in
chapter 3. The Kepler data catalogues discussed in this chapter will remain of great




KIC 7106205 — an archetypal
delta Scuti star with
amplitude modulation
3.1 Introductory remarks
In this chapter, the published studies of the δ Sct star KIC 7106205 by Bowman
& Kurtz (2014) and Bowman et al. (2015) are presented in sections 3.2 and 3.3,
respectively. KIC 7106205 represents a special case study that allows energy con-
servation of pulsation modes to be studied in a δ Sct star with significant amplitude
modulation, and provided motivation to extend this analysis to an ensemble of δ Sct
stars.
Only a single pulsation mode exhibits amplitude modulation in KIC 7106205
whilst all other statistically significant modes remain constant in amplitude, such
that the visible pulsation energy budget is not conserved over the 4-yr Kepler data
set (Bowman & Kurtz 2014). Ground-based data from the Wide Angle Search for
Planets (WASP; Pollacco et al. 2006) are used to extend the study of KIC 7106205
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and it is shown that the majority of the amplitude modulation in this variable
pulsation mode occurred prior to the launch of the Kepler Space Telescope (Bowman
et al. 2015). It is clear from these studies that time spans of years and decades are
important in δ Sct stars (Bowman & Kurtz 2014; Bowman et al. 2015), with the
4-yr Kepler data set providing only a blink-of-an-eye insight into the physics at work
in these stars.
3.2 Pulsational frequency and amplitude modu-
lation in the δ Sct star KIC 7106205
In this section, the research paper by Bowman & Kurtz (2014) is presented, which
was published in Monthly Notices of Royal Astronomical Society in October 2014.
I performed the frequency analysis of KIC 7106205, which led to the discovery of
significant amplitude modulation in this δ Sct star. I created specialised amplitude
and phase tracking routines which allowed the frequency and amplitude modulation
of multiple pulsation modes in KIC 7106205 to be studied. I wrote the majority of
the publication and D. W. Kurtz contributed to the discussion and editing of the
paper.
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KIC 7106205
Dominic M. Bowman‹ and Donald W. Kurtz
Jeremiah Horrocks Institute, University of Central Lancashire, Preston PR1 2HE, UK
Accepted 2014 August 4. Received 2014 August 4; in original form 2014 June 23
ABSTRACT
Analysis of the Kepler δ Sct star KIC 7106205 showed amplitude modulation in a single
pressure mode, whilst all other pressure and gravity modes remained stable in amplitude and
phase over the 1470 d length of the data set. The Kepler data set was divided into a series
with time bins of equal length for which consecutive Fourier transforms were calculated. An
optimum fixed frequency, calculated from a least-squares fit of all data, allowed amplitude
and phase of each pulsation mode for each time bin to be tracked. The single pressure mode at
ν = 13.3942 d−1 changed significantly in amplitude, from 5.16 ± 0.03 to 0.53 ± 0.06 mmag,
but also varied quasi-sinusoidally in phase, with a characteristic period similar to the length of
the data set. All other p and g modes were stable in both amplitude and phase, which is clear
evidence that the visible pulsation mode energy is not conserved within this star. Possible
causes of the observed amplitude and phase modulation and the missing mode energy are
discussed.
Key words: asteroseismology – stars: individual: KIC 7106205 – stars: oscillations – stars:
variables: δ Scuti.
1 IN T RO D U C T I O N
The recent revolution in space photometry, facilitated by the MOST,
CoRoT and Kepler space missions, has dramatically improved our
understanding for a variety of different types of stars. The vast
increase in high-quality data has driven remarkable advances into
understanding both convection and the mechanisms that drive stellar
pulsations in A- and F-type variable stars (Guzik et al. 2000; Dupret
et al. 2004, 2005), i.e. the δ Sct and γ Dor stars.
Asteroseismology is a rapidly expanding field of astrophysics,
in which stellar pulsations and the internal structures of stars are
studied from periodic changes in brightness and radial velocity
of their surfaces. With more than 4 yr of high duty-cycle data
from the Kepler space telescope, we are able to probe frequency
and amplitude modulation of pulsation modes in δ Sct and γ Dor
stars. The high-precision values of frequency, amplitude and phase
for individual pulsation modes in Kepler stars yield cleaner and
richer amplitude spectra than can be obtained from a ground-based
telescope and, most importantly, a better insight into the various
pulsation excitation mechanisms.
A little more than a decade ago, Rodrı´guez & Breger (2001)
commented in their catalogue of δ Sct and related stars, that ‘severe
selection effects exist’ in ground-based observations, which made
any analysis requiring high-precision values, such as mode identi-
fication, difficult. However, Kepler data are not limited by many of
 E-mail: dmbowman@uclan.ac.uk
the observational biases encountered when using ground-based sur-
veys, such as poor signal-to-noise and aliasing caused by large gaps
in the data. In this paper, we demonstrate the superiority of space
photometry, and in particular Kepler data, for asteroseismology and
the study of pulsational amplitude modulation.
1.1 The Kepler mission
The Kepler space telescope, launched in 2009 March, has recorded
photometric observations of more than 190 000 stars at the μmag
precision level (Koch et al. 2010). The Kepler telescope is in a
372.5 d Earth-trailing orbit and the field of view covered approx-
imately 115 deg2 in the constellations of Cygnus and Lyra. The
primary goal of the Kepler mission was to locate Earth-like plan-
ets in the habitable zone of their host star using the transit method
(Borucki et al. 2010).
The main mission came to an end in 2013 May when the telescope
lost the function of a second reaction wheel that was vital for the still-
pointing of the spacecraft. Since the failure, the mission parameters
have been changed and the telescope is now observing in the plane of
the ecliptic, because in this position solar torques can be balanced
so that spacecraft drift can be controlled with minimum loss of
propellant (Howell et al. 2014). The new mission has been named
‘K2’, and provides a variety of targets, such as young stars and star-
forming regions, supernovae, white dwarfs and the Galactic Centre
(Howell et al. 2014). The telescope may no longer be collecting data
on the original target list, but there is more than 4 yr of high-quality
C© 2014 The Authors
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data available to study on a variety of different stellar objects – a
goldmine for scientific discoveries.
Kepler data are available in two formats, long and short cadence
(hereafter called LC and SC, respectively). Kepler’s primary mis-
sion goal required a short integration time in order to maximize the
number of data points for each transit of a planet in front of its host
star. This was achieved by the SC data, which had an integration
time of 58.5 s. However, this limited the number of stars that were
observed at this cadence to 512 at any one time (Gilliland et al.
2010). LC data had an integration time of 29.5 min and conse-
quently, the maximum number of LC targets was 170 000 (Jenkins
et al. 2010). Therefore, a compromise between the number and tem-
poral resolution of Kepler targets was chosen for a given observing
time. Most target stars were chosen to fulfil Kepler’s primary goal
of detecting planetary transits, but approximately 1 per cent of all
targets were reserved solely for asteroseismology (Gilliland et al.
2010).
LC data are grouped in quarters, denoted by Q[n], where n =
0–17, which lasted for approximately 93 d, although Q0, Q1 and
Q17 were approximately 10, 30 and 30 d, respectively. SC data are
denoted by Q[n]M[m], where m = 1, 2 or 3. Every quarter, Kepler
had to roll 90 deg in order to keep its solar panels pointing towards
the Sun and the radiator for keeping it cool pointing into deep space.
Therefore, a star rotated its position on the focal plane four times
throughout an entire Kepler year. For a detailed review concerning
the differences in SC and LC asteroseismology using Kepler data
and also the differences in the data processing pipelines, see Murphy
(2012).
1.2 Delta Scuti stars
Delta Scuti stars are the most common group of pulsating A-type
stars, which lie at the intersection of the main sequence and the
classical instability strip on the Hertzsprung–Russell (HR) diagram.
Whilst on the main sequence, they range from A2 to F0 in spectral
type and lie between 7000 ≤ Teff ≤ 9300 K (Uytterhoeven et al.
2011).
The δ Sct pulsations are excited by the κ-mechanism, which
operates in the He II ionization zone, and consequently pressure (p)
modes and gravity (g) modes are observed (Chevalier 1971). The
changes in opacity, and therefore pressure, of a parcel of gas relative
to its surroundings are analogous to a piston in a heat engine cycle.
The result is a periodic expansion and reduction in the radius of the
parcel of gas giving rise to the nomenclature of pressure modes.
Typical periods for p-mode pulsations in δ Sct stars range from
15 min to 5 h (Uytterhoeven et al. 2011). See Breger (2000a) for a
thorough review of δ Sct stars.
1.3 Gamma Doradus stars
Gamma Doradus stars have only been recognized as a distinct cate-
gory of pulsating objects in the last two decades (Kaye et al. 2000).
They have similar effective temperatures and luminosities to δ Sct
stars such that both types of star occupy overlapping regions on the
HR diagram (Uytterhoeven et al. 2011). Most γ Dor stars observed
by Kepler lie on the main sequence and range between F5 and A7
in spectral type and between 6500 ≤ Teff ≤ 7800 K (Uytterho-
even et al. 2011). However, using Hipparcos photometry, Handler
(1999) found that γ Dor stars lie between 7200 ≤ Teff ≤ 7700 K,
which illustrates that a difference in the definition of the red edge
of the instability strip can cause confusion between distinguishing
γ Dor and δ Sct stars. Therefore, knowledge of the star’s pulsation
frequencies is essential in order to classify the pulsator type.
Even though they have similar spectral parameters to δ Sct stars,
pulsations observed in γ Dor stars are driven by a different mecha-
nism: the flux modulation or flux blocking mechanism (Guzik et al.
2000; Dupret et al. 2004; Grigahce`ne et al. 2005). Pulsation driving
requires the local convective time-scale at the base of the convec-
tion zone to be similar to, or longer than, the pulsation period such
that convection cannot adapt quickly enough to damp the pulsations
(Guzik et al. 2000). These buoyancy-driven, g-mode pulsations have
much longer periods than p modes observed in δ Sct stars and range
between 8 h and 3 d (Uytterhoeven et al. 2011).
1.4 Hybrid stars
Due to the unprecedented photometric precision, high duty-cycle
and length of Kepler data, more pulsation modes have been observed
in a variety of stellar types than was previously possible. Some
stars have been found to exhibit modes in both the γ Dor regime
(ν < 4 d−1) and the δ Sct regime (ν ≥ 5 d−1). Attempts have been
made to catalogue the many different types of behaviour that these
stars present. For example, it has been suggested that δ Sct/γ Dor
hybrids and γ Dor/δ Sct hybrids are two distinct groups (Grigahce`ne
et al. 2010).
Classifying a hybrid star often requires a visual inspection of the
light curves for the star, which can be a lengthy process. Nonethe-
less, it is clear that a significant fraction of A- and F-type stars
exhibit at least some form of hybrid behaviour. The once separate
groups of γ Dor and δ Sct stars overlap more than was previously
thought as some stars show pulsations excited by the two differ-
ent mechanisms (Uytterhoeven et al. 2011). From analysis of the
complete Kepler data set catalogue, at least 23 per cent of all A-
and F-type stars can be classed as hybrid stars (Uytterhoeven et al.
2011).
These stars are ideal test candidates to study pulsation energy
conservation between the p and g modes, and also between the
modes and the driving zones, for both opacity and convective driv-
ing. If, for example, the visible pulsation energy is conserved within
a star, then any decrease in mode amplitude in one or more modes
would result in any number of other modes increasing in amplitude
and vice versa. This concept has not been thoroughly investigated
before now, and it is important to understand whether a star’s pulsa-
tion energy budget is constant, especially on such a short time-scale
as 4 yr. If a star does not conserve its pulsation energy, then it may
be transferred to either the convection or ionization driving zones,
or to another damping region.
2 A M P L I T U D E M O D U L AT I O N
The vast number of stars available to study within the Kepler data set
has allowed the variety of observed stellar pulsations to be probed.
Prior to space-based missions that were useful to asteroseismology,
ground-based observations of variable stars had been limited to
observing pulsations with amplitudes larger than a few mmag. Even
so, some δ Sct stars contained some constant and some extremely
variable pulsation modes (Breger 2009). There are few examples
of stars that demonstrate this behaviour, and some case studies are
given below.
From theoretical studies of δ Sct stars, mode-coupling is ex-
pected between different combinations of frequencies (Dziem-
bowski 1982). Parametric resonance instability can occur in which
the instability of a linearly driven mode at ν1 causes the growth
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of two modes at ν2 and ν3 such that ν1 ≈ ν2 + ν3, satisfying the
resonance condition (Dziembowski 1982). The decay of either a
linearly driven p or g mode into two g modes is most likely as
linearly driven modes usually have low radial orders (Dziembowski
1982). Observationally, this is difficult to confirm due to the ex-
tremely low g-mode amplitudes and the complexities of different
mode-coupling mechanisms at work within a star. However, with
the high precision of the Kepler data, we can now begin to address
this question.
2.1 Case studies
In a recent paper, Breger & Montgomery (2014) analysed a rapidly
rotating A-type star, KIC 8054146, and observed mode-coupling
of two ‘parent’ modes that produced a single ‘child’ mode, as pre-
dicted by the resonance condition given by Dziembowski (1982).
The amplitude changes of a combination mode are predicted to fol-
low the product of the amplitude changes in the two parent modes,
which was subsequently used to identify which modes were the par-
ent and child modes (Breger & Montgomery 2014). KIC 8054146
contained 349 statistically significant frequencies in the range
0 < ν ≤ 200 d−1, including three separate ‘families’ of frequencies
whose amplitude variations of the low-frequency members corre-
lated with the high-frequency ones (Breger & Montgomery 2014).
Thus, energy seemed to be conserved between the visible pulsation
modes in KIC 8054146.
Analysis of the δ Sct star 4 CVn over 40 yr showed modes
that appeared and disappeared unpredictably, which illustrated
mode stability in A-type stars (Breger 2000b, 2009). A single p
mode at ν = 7.375 d−1 decreased in amplitude from 15 mmag in
1974 to 4 mmag in 1976 and to 1 mmag in 1977, after which a
phase jump occurred and the mode began increasing in amplitude
again (Breger 2000b). Observations suggested that other frequen-
cies were strongly coupled to the ν = 7.375 d−1 mode and Breger
(2000b) speculated that power was being transferred between modes
by mode-coupling and suggested a few plausible possibilities as
follows.
(i) Mode beating: a simple beating model is supported by the
observed phase change, which suggested that two modes of similar
frequency and amplitude were beating against each other. However,
the poor quality of the fit from this model led to this hypothesis
being rejected (Breger 2000b).
(ii) Re-excitation: the mode decayed and soon afterwards was
re-excited with a completely random phase. However, this does not
require the phase change of half a cycle that was observed (Breger
2000b).
(iii) Stellar cycle: the apparent periodic behaviour of the mode
amplitude could be evidence of a stellar cycle as cyclic periodicity
in mode amplitude cannot be explained by stellar evolution (Breger
2000b).
With more data, Breger (2009) found that the mode variability
could be fitted with a period of decades – far longer than the current
data set available for the star. Therefore, without seeing even a
single cycle for this mode, it was difficult to test the stellar cycle
hypothesis. Therefore, the amplitude modulation in 4 CVn remains
an unsolved problem.
A different form of amplitude modulation was seen in the Am
star KIC 3429637 (HD 178875), which showed continual growth
in mode amplitude across 2 yr of the Kepler data set (Murphy et al.
2012). It was shown that two of the three most prominent modes
grew in amplitude, whilst the other decreased – changes in all three
modes required different functional forms. Murphy et al. (2012)
demonstrated that this was not an instrumental effect, as all modes
would decrease or increase with the same functional form if the
modulation was instrumental. Murphy et al. (2012) concluded that
real-time evolution of the star across 2 yr of observations was seen.
As the star evolved, the changes in the different pulsation cavities
modulated the observed pulsation amplitudes (Murphy et al. 2012).
Even though they may act as useful case studies, it is difficult
to draw conclusions concerning amplitude modulation from a few
stars, conclusions that may have been speculative and specific to
the case study in question. This is strong motivation for studying
this phenomenon in detail using the much larger number of stars
showing amplitude modulation within Kepler data. Clearly, it is
important to understand the various interactions between different
pulsation modes, even those that are driven by different excitation
mechanisms, which reinforces the importance of studying hybrid
stars and understanding the stellar pulsations they produce. To that
end, the following hypothesis has been tested: Is the visible pulsation
energy conserved within KIC 7106205? From this, an investigation
of energy conservation and mode-coupling followed.
3 DATA R ETRI EVA L: F ROM S TA R TO SCREEN
In order to maximize the number of case studies of amplitude mod-
ulation, and to create a catalogue of modulated δ Sct and γ Dor
stars, a data retrieval and processing method has been automated
for all stars between 6500 ≤ Teff ≤ 20 000 K in the Kepler Input
Catalogue (KIC; Brown et al. 2011). Since Kepler’s launch, the
resultant photometric time series have been through several ver-
sions of the different data processing pipelines, the latest being the
multiscale Maximum A Posteriori (msMAP) implementation of the
Pre-search Data Conditioning (PDC) module.1 Data are available
from MAST2 in FITS file format, which were downloaded for stars
between 6500 ≤ Teff ≤ 20 000 K in the KIC and stored locally. These
FITS files were then processed to produce time series in reduced
Barycentric Julian Date (BJD – 2400000) and normalized magni-
tudes for each quarter of LC and month of SC data for every star.
A pipeline for producing Fourier transforms for each quarter of LC
data was also automated and stars that met the criteria of significant
amplitude modulation of at least one pulsation mode were flagged
for further study.
The light curve of KIC 7106205 in the top-left panel of Fig. 1
shows reduction in the amplitude of variability of the star on a time-
scale less than the length of the data set, which spans a total of
1470 d (4 yr). No data points have been deleted and no gaps have
been interpolated in the time series for this star.
The KIC parameters for KIC 7106025 and the revised values
from Huber et al. (2014), with their respective errors, are given in
Table 1. The values of Teff (6900 K) from both of these catalogues
are consistent and characterizes KIC 7106205 as an early F-type
star. KIC 7106205 demonstrates a conclusion stated in Huber et al.
(2014) that stars with Teff ≤ 7000 listed in the original KIC have
robust values for Teff. The revised values of log g and metallicity
are sourced from spectroscopy and demonstrate the inconsisten-
cies between spectroscopy and photometry for deriving log g and
metallicity values.
In their overview of A- and F-type stars, Uytterhoeven et al.
(2011) classify KIC 7106205 as a pure δ Sct star (i.e. shows no
1 Kepler data notes: https://archive.stsci.edu/kepler/data_release.html
2 MAST website: http://archive.stsci.edu/kepler/
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Figure 1. Top-left panel: the light curve of all LC Kepler data for KIC 7106205. Top-right panel: the light curve of KIC 7106205 with all significant peaks
pre-whitened down to 8 µmag except for ν =13.3942 d−1. Bottom panel: the discrete Fourier transform of all LC Kepler data for KIC 7106205 out to the
Nyquist frequency of 24.51 d−1. The subplot in the bottom panel shows the g-mode frequency regime which contains several low-amplitude frequencies.
Table 1. Stellar parameters listed for KIC 7106205 in the KIC (Brown et al. 2011) and the revised values given in Huber et al.
(2014).
Teff log g [Fe/H] Radius mv Contamination
(K) (cm s−2) (dex) (R) (mag) (per cent)
KIC (Brown et al. 2011) 6960 ± 150 4.05 ± 0.15 −0.01 ± 0.15 1.78 ± 0.89 11.46 0.005
Revised KIC (Huber et al. 2014) 6900 ± 140 3.70 ± 0.15 0.32 ± 0.15 3.23 ± 0.61 – –
evidence of hybrid behaviour) and also a possible binary system.
However, the analysis done by Uytterhoeven et al. (2011) used only
Q0 and Q1 of the Kepler data set and as such, the resultant frequency
resolution with only 40 d of data was 0.025 d−1(≈ 30 μHz). With
1470 d of LC data available for KIC 7106205, consisting of 65 308
data points, the frequency resolution was 6.8 × 10−4 d−1( ≈ 8 nHz),
and thus frequencies from stars with 1470 d of Kepler data are well-
resolved. As for possible binarity, the target pixel files were also
extracted from MAST, and it was clear that there was negligible
contamination from background sources. Contrary to Uytterhoeven
et al. (2011), we found in this analysis that KIC 7106205 is a single
star. There is no evidence of the pulsational frequency modulation
that would be found in a binary system (Shibahashi & Kurtz 2012).
The Nyquist frequency of LC Kepler data is 1/(2t) = 24.51 d−1,
where t = 29.5 min is the cadence of the data. On board Kepler, the
data were regularly sampled, but due to the orbit of the spacecraft,
barycentric corrections were made to the time series in order to
correct for the difference in light arrival time of the photons to the
barycentre of the Solar system and to the telescope, respectively
(Murphy, Shibahashi & Kurtz 2013). This correction modified the
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Table 2. Frequencies with their associated amplitudes, phases with respective errors, extracted
using a least-squares fit of 1470 d of data for KIC 7106205. Linear combination frequencies are
labelled and pulsation constants are given for the identified real frequencies. The table only gives
the g- and p-mode frequencies with amplitudes ≥ 0.01 mmag and ≥ 0.1 mmag, respectively.
ν Amplitude Phase Comment Pulsation constant
(d−1) (mmag) (rad) (d)
g1 0.6949 0.036 ± 0.006 0.231 ± 0.153 g1 = g8 − g7 Q = 0.3247
g2 0.8153 0.016 ± 0.006 2.993 ± 0.357 g2 = g8 − g5 Q = 0.2767
g3 0.8697 0.089 ± 0.006 2.986 ± 0.063 Q = 0.2594
g4 1.7397 0.027 ± 0.006 −3.029 ± 0.209 Q = 0.1297
g5 2.5464 0.008 ± 0.006 2.014 ± 0.659 g5 = g8 − g2 Q = 0.0886
g6 2.6108 0.016 ± 0.006 −2.280 ± 0.349 Q = 0.0864
g7 2.6669 0.015 ± 0.006 −1.791 ± 0.381 g7 = g8 − g1 Q = 0.0846
g8 3.3618 0.020 ± 0.006 0.487 ± 0.284 g8 = g7 + g1 Q = 0.0671
p1 8.0193 0.291 ± 0.006 −1.612 ± 0.019 Q = 0.0281
p2 9.0588 0.591 ± 0.006 −2.940 ± 0.009 Q = 0.0249
p3 9.9821 0.291 ± 0.006 −3.160 ± 0.019 Q = 0.0226
p4 10.0324 4.525 ± 0.006 1.602 ± 0.001 p4 = p5 − g1 Q = 0.0225
p5 10.7273 2.009 ± 0.006 −2.257 ± 0.003 p5 = p4 + g1 Q = 0.0210
p6 10.8477 1.036 ± 0.006 0.065 ± 0.005 p6 = p4 + g2 Q = 0.0208
p7 11.4421 0.205 ± 0.006 −1.008 ± 0.027 Q = 0.0197
p8 16.4530 0.144 ± 0.006 0.382 ± 0.034 Q = 0.0137
pmod 13.3942 1.444 ± 0.006 −1.007 ± 0.004 pmod = p4 + g8 Q = 0.0168
pmod = p5 + g7
pmod = p6 + g5
time stamps in the time series to be in BJD and resulted in a cadence
which was not constant. An advantage of the unequally spaced data
allows one to easily identify Nyquist aliases using super-Nyquist
asteroseismology (Murphy et al. 2013).
4 A F O U R I E R V I E W
When analysing asteroseismic data, a normal approach is to use all
data in a single Fourier transform, which maximizes the signal-to-
noise ratio and frequency resolution. In the following subsections,
we explain the differences and advantages between using all data
simultaneously compared to dividing the data into time bins, when
performing a Fourier analysis of Kepler data.
All the amplitude spectra produced in the analysis of
KIC 7106205 were discrete Fourier transforms and the method
for calculating these numerically is described in detail in Deeming
(1975). The mid-point of the entire time series, t0 = 2455688.77
(BJD), was chosen as the zero-point in time when calculating every
amplitude spectrum, in order to estimate phase errors accurately
over 1470 d when applying non-linear least-squares fitting in other
parts of the analysis. For the time-based approach, a bin length of
50 d was chosen, which was a compromise between temporal and
frequency resolution. Note that changing the bin length to another
value between 30 and 100 d did not significantly alter the results, but
only the number of data points in Fig. 4. The mid-point of each 50 d
time bin was used as the time value label on the x-axis in all plots.
The step size in frequency in the amplitude spectrum was defined
as 1/(20T), where T is the length of each data set in days, so that
every peak was fully resolved. All of the above steps ensured that
the resultant values of frequency, amplitude and phase were reliable
and consistent throughout the analysis, but also that they were of
sufficient accuracy to have been used as input into a least-squares
fit.
4.1 All data simultaneously
The amplitude spectrum for all LC data for KIC 7106205 is shown
in the bottom panel of Fig. 1. As discussed in Section 1.4, there
are two frequency regimes: g modes have frequencies ν < 4 d−1
and p modes have frequencies ν > 5 d−1. The amplitude spectrum
of KIC 7106205 contains many p modes that are clearly visible
because of their high amplitudes compared to the noise level. Due
to these strong p-mode amplitudes, the g modes were drowned
in the noise and associated window patterns of the p modes. In
order to see the g modes easily, frequencies outside of the g-mode
regime were pre-whitened down to 3 μmag. The strongest eight
g modes and nine p modes were used throughout the analysis of
KIC 7106205 and are given in Table 2. Since this was not a peak
bagging exercise, throughout this paper we refer to all peaks as the
17 peaks given in Table 2, as these have strong amplitudes for their
respective frequency regime, i.e. A ≥ 0.1 mmag for p modes and
A ≥ 0.01 mmag for g modes.
The most prominent pulsation mode has a frequency of
10.0324 d −1 with an amplitude of 4.525 ± 0.006 mmag. In or-
der to establish whether this mode was stable in frequency and
amplitude, the peak was pre-whitened with a sinusoidal function,
given as equation (1), where y is the resultant pre-whitened func-
tion, Ai is the amplitude, ν i is the optimized frequency obtained
from the non-linear least-squares fit, φi is the phase in radians and
t is the time normalized to the centre of the data set, specifically
t0 = 2455688.77 (BJD). The index i refers to a particular mode:
y = Ai cos(2πνi(t − t0) + φi). (1)
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Figure 2. The left-hand panel shows the amplitude spectrum for the strongest stable pulsation mode at ν = 10.0324 d−1 and the right-hand panel shows the
amplitude spectrum for the modulated pulsation mode at ν = 13.3942 d−1. The top and bottom parts of each panel show the amplitude spectrum before and
after pre-whitening, respectively, for each pulsation frequency. Note the change of y-axis scale for the stable mode and the fixed y-axis scale for the modulated
mode.
The amplitude spectrum of the residuals of this fit was calculated
and used to examine what periodicity remained within the data after
a frequency had been removed from the associated time series. This
process was performed for all peaks and it was found that all modes
were stable down to at most 10 μmag, except for ν = 13.3942 d−1.
A resultant pre-whitened light curve is given in the top-right panel
of Fig. 1, in which the significant amplitude modulation of the
remaining mode can be seen.
In the pre-whitened amplitude spectrum, the pulsation mode at
ν = 13.3942 d−1 is not a resolved single peak, which is shown
on the right-hand side of Fig. 2. For comparison, the strongest
stable frequency at ν = 10.0324 d−1 is shown on the left-hand
side of Fig. 2. The top and bottom panels are before and after pre-
whitening each peak, respectively. The remaining mode amplitude
after pre-whitening the peak at ν = 13.3942 d−1 was approximately
1 mmag, which was the result of the peak being unresolved over the
length of the 1470 d data set. A single frequency value output from
a least-squares fit of all the data was unable to remove the various
frequencies and corresponding amplitudes produced by this mode
over 1470 d. Hence, mode amplitude remains after pre-whitening –
a clear result of amplitude modulation. Since the p mode changed
in frequency and amplitude over the length of the data set, when all
data were used in the amplitude spectrum, an unresolved peak was
seen. It is important to note that this is the only pulsation mode that
showed this behaviour and all others were stable in frequency and
amplitude, remarkably stable to parts-per-million. This establishes
that δ Sct stars can have modes stable to this high precision over
4 yr.
4.2 Dividing the data into 50 d segments
The data were divided into 30 bins, each 50 d (except for the last one
which was 20 d) in length, which allowed amplitude and phase to
be tracked for all modes against time. An amplitude spectrum was
calculated for each bin, and the resultant values of amplitude and
phase optimized using a least-squares fit with fixed frequency. This
showed that the amplitude of the p mode at 13.3942 d−1 decreased
over the 1470 d data set, from 5.161 ± 0.031 to 0.528 ± 0.055 mmag.
This is clearly demonstrated in the right-hand panel of Fig. 3, in
which a section of the amplitude spectrum containing the modulated
p mode and other stable modes was tracked throughout the entire
data set. The left-hand panel of Fig. 3 shows the g-mode regime
tracked throughout the 1470 d data set. The g modes do show small
variations in amplitude, but these are negligible. They also show
no phase variation and thus are considered to be stable in both
amplitude and phase, as any amplitude modulation is within the
errors calculated from the least-squares fit.
The fixed frequency for each mode used for tracking amplitude
and phase throughout the data set was obtained from a least-squares
fit using the frequency, amplitude and phase of the peak from the
high-resolution amplitude spectrum for all data as input parameters.
The values of amplitude and phase were then optimized using this
fixed frequency for each time bin in turn. The corresponding am-
plitude and phase values for the mode at 13.3942 d−1 for each 50 d
bin of data are given in Table 3 and shown graphically in the right-
hand column of Fig. 4. The same method for tracking amplitude
and phase for all other frequencies given in Table 2 was performed.
The results for the mode at 10.0324 d−1 are included in the left-
hand column of Fig. 4 for comparison. 1σ uncertainties for values
of amplitude and phase are given in Tables 2 and 3, and shown in
Fig. 4, which were calculated from the least-squares fitting routine.
It is clear that the amplitude of the 13.3942 d−1 mode dropped
significantly and the phase changed over the length of the data set,
while all other mode frequencies were stable in both amplitude and
phase. We now discuss the implications of these observations.
5 D I SC U SSI ON
The hypothesis proposed in Section 2 concerning amplitude mod-
ulation has been successfully tested: Is the visible pulsation energy
conserved in KIC 7106205?
Small changes in amplitude were observed in the g modes, but
these changes were negligible as the errors on amplitudes were
relatively much larger on smaller values. Moreover, the changes
in g-mode amplitudes were not sufficient to explain the significant
decrease in amplitude of the mode at ν = 13.3942 d−1. Since the
modulated mode was decreasing in amplitude, one would expect
the g-mode amplitudes to increase, if energy were to be conserved
between the visible pulsation modes. Since, the negligible variation
in the g-mode amplitudes also show a slight decrease in amplitude
over the data set, the energy from the mode at ν = 13.3942 d−1 is
not being transferred to the g modes.
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Figure 3. Going from left to right, row by row, the left- and right-hand panels show the amplitude spectra for consecutive bins of 50 d of Kepler data for
KIC 7106205 for the g-mode and p-mode regimes, respectively. The y-axis range is kept fixed in both panels, in order to show the slight modulation in g-mode
amplitudes and the significant reduction in amplitude of the p mode at ν = 13.3942 d−1 in each successive amplitude spectrum. All other p modes remain
stable in frequency and amplitude.
Table 3. Amplitude and phase values optimized using a least-
squares fit analysis for a fixed frequency of 13.3942 d−1 for each
50 d time bin, where N is the number of data points in each
time bin. The phases are all with respect to the time zero-point
t0 = 2455688.77 (BJD).
Mid-point of bin N Amplitude Phase
BJD – 2400000 (d) (mmag) (rad)
54978.53 2121 5.161 ± 0.031 −1.284 ± 0.006
55028.53 2258 4.634 ± 0.030 −1.184 ± 0.006
55078.53 2208 4.113 ± 0.030 −1.096 ± 0.007
55128.53 2339 3.607 ± 0.029 −1.003 ± 0.008
55178.53 2179 3.126 ± 0.030 −0.908 ± 0.010
55228.53 2178 2.716 ± 0.030 −0.824 ± 0.011
55278.53 2283 2.295 ± 0.030 −0.744 ± 0.013
55328.54 2287 1.907 ± 0.030 −0.686 ± 0.016
55378.54 2315 1.576 ± 0.029 −0.656 ± 0.019
55428.54 2379 1.300 ± 0.029 −0.651 ± 0.022
55478.54 2312 1.037 ± 0.029 −0.669 ± 0.028
55528.05 2307 0.850 ± 0.029 −0.731 ± 0.035
55586.43 1391 0.705 ± 0.038 −0.858 ± 0.054
55628.54 2078 0.633 ± 0.031 −0.972 ± 0.049
55678.54 2390 0.599 ± 0.029 −1.125 ± 0.048
55728.55 2200 0.598 ± 0.030 −1.230 ± 0.050
55777.89 2310 0.603 ± 0.029 −1.304 ± 0.049
55828.66 2272 0.618 ± 0.030 −1.340 ± 0.048
55878.10 2031 0.632 ± 0.031 −1.345 ± 0.050
55929.93 2116 0.645 ± 0.031 −1.336 ± 0.048
55978.55 2077 0.653 ± 0.031 −1.309 ± 0.048
56028.54 2332 0.661 ± 0.029 −1.270 ± 0.044
56078.52 2335 0.647 ± 0.029 −1.219 ± 0.045
56128.53 1945 0.640 ± 0.032 −1.170 ± 0.050
56178.54 2379 0.626 ± 0.029 −1.120 ± 0.046
56228.54 1985 0.603 ± 0.032 −1.074 ± 0.053
56278.53 2387 0.575 ± 0.029 −1.011 ± 0.050
56328.53 1808 0.558 ± 0.033 −0.950 ± 0.059
56378.54 2062 0.545 ± 0.031 −0.910 ± 0.057
56413.77 663 0.528 ± 0.055 −0.869 ± 0.104
Table 2 lists the frequencies, amplitudes and phases with re-
spective errors of the g and p modes used in this analysis. It also
labels the frequencies most likely to be combination frequencies.
The pulsation constants were calculated using equation (2):
log Q = log P + 1
2
log g + 1
10
MBol + log Teff − 6.454, (2)
where P is the pulsation period in days, MBol is the bolometric
magnitude (a value of MBol = 1.2 was calculated using Teff and
log g in comparison with the Pleiades main sequence) and other
parameters have their usual meanings with values taken from Huber
et al. (2014). The modulated p mode at ν = 13.3942 d−1 is subject to
combination effects, but since the g-mode amplitudes are so small
and their variation is negligible, it is unlikely that these combination
effects are the cause of the significant amplitude modulation. The
strongest pulsation frequency at ν = 10.0324 d−1 has a pulsation
constant of Q = 0.0225 d, which suggests that it is a first or second
radial overtone mode (see Stellingwerf 1979). The modulated mode
at ν = 13.3942 d−1 has a pulsation constant of Q = 0.0168 d which
suggests that it is a third or fourth radial overtone mode. Since none
of the p modes have Q-values greater than the 0.033 d expected
for the radial fundamental mode, there is no evidence of any mixed
modes.
From the amplitude spectrum of all data, we found that the ampli-
tudes of the eight highest p and eight highest g modes were stable to
at most 10 μmag, and a single modulated mode at 13.3942 d−1 was
unstable. Amplitude and phase values, optimized by least-squares
fitting, for a fixed frequency were also tracked across 1470 d and
found to be stable for all modes except ν = 13.3942 d−1. The most
important point to note is that KIC 7106205 is a star that contains
pulsation modes, stable in frequency and amplitude to remarkable
levels of precision, but also contains a single pulsation mode that
is not. This behaviour is astrophysical and is not an instrumental
effect. If this were an instrumental effect, one would expect all
modes to decrease (or increase) in amplitude by the same amount
over the length of the data set. Since a significant decrease in ampli-
tude of the pulsation mode at ν = 13.3942 d−1 was observed and all
MNRAS 444, 1909–1918 (2014)
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Figure 4. The left-hand panel contains amplitude and phase plots for the strongest stable mode at a fixed frequency of 10.0324 d−1 over 1470 d. The right-hand
panel contains amplitude and phase plots for the modulated mode at a fixed frequency of 13.3942 d−1 over 1470 d. The x-axis is the mid-point of each 50 d
time bin in BJD – 2400000 d and phase values were calculated relative to the mid-point of the 1470 d time series. 1σ uncertainties for amplitude and phase
values are also plotted, which were calculated from the least-squares fitting routine. The error bars are generally smaller than the data points. Note the y-axis
scales are the same for both modes.
other modes were stable in frequency and amplitude, it is concluded
that the visible pulsation energy was not conserved. In the following
subsections, the possible causes of the amplitude modulation and
quasi-sinusoidal phase variation are discussed.
5.1 Causes of decreasing mode amplitude
Analysis of KIC 7106205 showed a single mode that decreased
in amplitude by an order of magnitude, on a time-scale less than
1470 d, with all other modes remaining stable in amplitude and
phase. This star is an example of a hybrid star within the Kepler
data set with p and g modes, but also both stable and unstable
pulsation modes, among which visible energy is not conserved. The
energy from this modulated mode has gone somewhere other than
into the visible pulsation modes, as all other modes were observed
to be stable in frequency and amplitude. The following are possible
causes of the amplitude modulation observed in KIC 7106205.
(i) Energy is lost to the convection or ionization zone: the energy
may have been lost to the convection zone or He II ionization zone,
both of which are driving regions in δ Sct and γ Dor stars. This
suggests that driving and damping are unstable processes on the
time-scale studied for some pulsation modes, but not for others. We
conjecture that this is a function of the structure of the mode cavity
with respect to the driving zones, particularly the positions of the
radial nodes. Modelling studies might shed some light on this con-
jecture, and further observational studies of the Kepler hybrid stars
will illuminate the range of mode stability characteristics observa-
tionally. Similar behaviour was reported by Breger (2000a) from
ground-based study of the δ Sct star 4 CVn. KIC 7106205 demon-
strates how much more clearly we can examine mode stability with
the nearly continuous, high-precision Kepler 4 yr data.
(ii) Mode beating: the change in amplitude of the modulated p
mode at ν = 13.3942 d−1 is unlikely to be the result of unresolved
frequencies beating. The amplitude spectrum of the full 1470 d data
set shows a broad peak not consistent with only two unresolved
modes; hence, a hypothesis of beating of unresolved mode frequen-
cies would require more than two. That is further supported by
the apparently non-periodic behaviour of the amplitude variability,
coupled with the quasi-sinusoidal phase variability. This case is not
similar to that of 4 CVn, where Breger (2000b) did suggest beating
of unresolved mode frequencies. Finally, for mode frequencies to be
unresolved in the 1470 d full Kepler data set, they have to be closer
in frequency than 8 nHz. It is an unresolved question whether two
mode frequencies can be this close in a pulsating star and still main-
tain their independent characters. Modelling studies are needed to
address this question.
(iii) Stellar evolution: pulsations are the result of the balance
between the driving and damping mechanisms in a star. Could
the modulation of the ν = 13.3942 d−1 mode be the result of
evolutionary changes in the structure of KIC 7106205, which lies
close to the red edge of the δ Sct instability strip (Uytterhoeven
et al. 2011)? The answer to that question is not known, but for it to
be true, the pulsation cavities would need to be finely tuned for all
other modes to show the high level of stability observed.
(iv) Mode-coupling: as mentioned in Section 2, theory of δ Sct
star pulsations predicts mode-coupling that can affect pulsation fre-
quencies. Dziembowski (1982) derived a parametric resonance con-
dition of ν1 ≈ ν2 + ν3, in which a low radial order, linearly driven
mode, ν1, is able to decay into two other modes, ν2 and ν3. The most
likely outcome is two g modes with low amplitudes. If the g modes
are not observable, then this hypothesis cannot be verified. Small
and negligible changes in amplitude were seen in the low-amplitude
g modes present in KIC 7106205. However, the only combination
frequencies that included the mode at ν = 13.3942 d−1 do not exclu-
sively involve two g modes that satisfy ν1 ≈ ν2 + ν3. Moreover, the
small amplitudes of the observed g modes cannot explain the am-
plitude modulation seen in the mode at ν = 13.3942 d−1 according
to the parametric resonance theory of Dziembowski (1982), as the
amplitudes of the coupled modes need to be comparable. No growth
of g mode amplitudes was observed. Breger & Montgomery (2014)
do observe parent–daughter mode-coupling in Kepler data of the
unusual δ Sct star KIC 8054146, but we see no similar behaviour
in KIC 7106205. We consider it unlikely that mode-coupling to g
modes that are not visible in the amplitude spectrum is an explana-
tion for the changes in the 13.3942 d−1 mode. However, we cannot
rule our coupling to high-degree (high-
) modes that are not visi-
ble in broad-band photometry. A hypothesis of mode-coupling to
MNRAS 444, 1909–1918 (2014)








Amplitude modulation in KIC 7106205 1917
unobservable high-degree modes is not testable with Kepler data.
This does not contradict our conclusion that we have tested the
hypothesis of energy conservation in observable modes.
5.2 Quasi-sinusoidal phase variations
A remarkable outcome of this analysis was the sinusoidal variation
in phase of the p mode at a fixed frequency of ν = 13.3942 d−1. This
cannot be the result of frequency modulation in a binary system
(Shibahashi & Kurtz 2012), since that would affect all pulsation
frequencies and would not generate amplitude modulation. The
changes in the 13.3942 d−1 mode are internal to the star. A magnetic
cycle with changes confined to the thin surface convection zone
might conceivably affect only the highest radial overtone mode.
However, the existence of lower amplitude modes with even higher
frequencies, such as the one at ν = 16.4530 d−1 listed in Table 2,
argues against this.
We know that the pulsation frequencies in the Sun are vari-
able over the solar cycle (Chaplin et al. 2000, 2007), but whether
such an effect is possible in δ Sct stars is unknown. In the case
of KIC 7106205, the lack of any indication of periodicity in the
amplitude modulation of the 13.3942 d−1 mode does not support
a hypothesis of cyclic behaviour, and we note that for the phase
variation there is only one cycle that may, or may not continue to
vary quasi-sinusoidally. The possibly periodic nature of this vari-
ation suggests that the mode may become re-excited in the fu-
ture and start to increase in amplitude once again, but with only a
single cycle observed, this is very speculative. This was not observed
in the amplitude and phase variations of 4 CVn, as the re-excited
pulsation mode in that star was preceded by a phase shift of half a
cycle (Breger 2000b, 2009). Quasi-sinusoidal phase variation was
also observed in pulsation modes in KIC 8054146, which Breger
& Montgomery (2014) interpreted as mode-coupling, since they
could observe the coupled modes in that star. We cannot do that for
KIC 7106205. We therefore reach no conclusion about the quasi-
sinusoidal phase variation of the 13.3924 d−1 mode, but simply
note it.
6 C O N C L U S I O N S
KIC 7106205 is an ideal case study of a δ Sct star that exhibits am-
plitude modulation because only a single pulsation mode is mod-
ulated over the length of the data set, whilst all other modes re-
mained highly stable in both frequency and amplitude. We showed
that this amplitude modulation is astrophysical, not instrumental.
A single p mode at ν = 13.3942 d−1 decreased in amplitude from
5.161 ± 0.031 to 0.528 ± 0.055 mmag over 1470 d. The missing
mode power was not seen to increase the amplitude of any existing
p or g mode, nor did it excite any new visible modes in either of the
low- or high-frequency regime. Hence, we conclude that the visible
pulsation energy is not conserved in KIC 7106205.
There are two possible explanations for the lost mode energy:
mode-coupling or loss of mode energy to the convection zone and/or
the pulsational p mode driving He II ionization zone. We suggested
that mode-coupling to g modes is not a likely explanation, as even
though g modes are visible in hybrid stars such as KIC 7106205,
none of the g modes observed meet the criteria specified in Dziem-
bowski (1982). We cannot rule out coupling to high-degree modes
that are not visible in broad-band photometry. Breger (2000b) spec-
ulated that power can be transferred between pulsation modes by
a mode-coupling mechanism but was unable to completely explain
the amplitude modulation observed in 4 CVn. Similarly, Breger
& Montgomery (2014) concluded that a mode-coupling mecha-
nism was operating in KIC 8054146, in which amplitude and phase
variation of many different modes was observed. A similar mode-
coupling mechanism could be at work within KIC 7106205 and such
effects are important if one is to fully understand the mechanisms
that excite pulsation modes and the physics that governs hybrid
stars within the instability strip. Alternatively, if mode-coupling is
not the explanation, then the lost energy must have been transferred
somewhere in the star; whether this is caused by a decrease in driv-
ing in the He II ionization zone or an increase in damping elsewhere
is not known.
Stellar evolution theory and convection models predict that real-
time evolution of a star can be observed with a data set as short
as a few years. Murphy et al. (2012) analysed a ρ Puppis star, in
which two pulsation modes grew in amplitude over the time span
of the data set. They concluded that the growth in mode ampli-
tude might be the result of the pulsation driving zone being driven
deeper within the He II ionization zone, which is predicted by stellar
evolution models for this star. Therefore, the star was evolving in
real time over the 2 yr of observations. Since a decline in mode
amplitude was observed in KIC 7106205, it is unlikely that this is
the same effect. It does mean that stellar evolution can operate on
short time-scales, of the order of years, but does not provide sup-
port for the amplitude modulation being caused by the outer layers
of KIC 7106205 altering the pulsation cavity for the 13.3942 d−1
mode. The mode at 13.3942 d−1 is not the highest overtone observed
in KIC 7106205, it is unlikely that stellar evolution is the solution
to the amplitude modulation seen, as a higher frequency mode at
ν = 16.4530 d−1 was observed to be stable.
Both mode-coupling to high-degree modes and energy being lost
to a damping region could explain the amplitude modulation seen
in KIC 7106205. The analysis of the star does not distinguish which
is more likely, only that the energy lost from the modulated mode
was not transferred to any of the existing observed pulsation modes.
In reality, both solutions could be operating in congruence, as both
are feasible solutions to the observed amplitude modulation, which
further complicates the issue of testing the hypothesis of energy
conservation between pulsation modes.
These conclusions are speculative, but this is a step towards un-
derstanding the phenomenon of amplitude modulation within δ Sct
and γ Dor stars using the Kepler data set. What is certain is that the
hypothesis concerning energy conservation between visible pulsa-
tion modes has been successfully tested and proved not to be the
case in KIC 7106205. This problem of mode stability is widely ob-
served in pulsating stars. For stochastically driven, solar-like and red
giant pulsators, there is no problem understanding changes in mode
amplitude and phase, given the stochastic nature of the driving. For
heat engine pulsators, the situation is unclear.
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3.3 Combining WASP and Kepler data: the case
of the δ Sct star KIC 7106205
Space-based photometry offers unprecedented photometric precision and a high
duty-cycle, which is useful for asteroseismology. However, the financial expenditure
needed to build, launch and support such missions is large and so these missions
often do not last for more than a few years. One of the major advantages of ground-
based telescopes is the relatively small maintenance and support costs, and the
accessibility that can extend the lifetime of a telescope if a problem occurs. For
studying variable stars, the pulsation mode frequencies are the main data paramet-
ers, so high frequency resolution from long observations is preferable. In section 3.2,
it was shown that 4 yr of Kepler data was not long enough to resolve the amplitude
modulation in the δ Sct star KIC 7106205 (Bowman & Kurtz 2014), so data from a
ground-based telescope have been used to extend the observations of this star.
The Wide Angle Search for Planets (WASP) project is a wide-field survey based
at two observing sites that aims to find transiting exoplanets (Pollacco et al. 2006).
The instruments use broad-band filters of 400 − 700 nm for observations, with the
WASP wavelength response function plotted in comparison to Kepler passband in
Fig. 3.1. The WASP observations of the δ Sct star KIC 7106205 from 2007 provided
the opportunity to study amplitude modulation in this star 2 yr prior to the launch
of the Kepler Space Telescope. However, the instrumentation differences between
WASP and Kepler meant that the WASP data needed to be calibrated before it
could be included in the analysis of KIC 7106205. Specifically, the WASP data
needed to be calibrated for the difference in integration time, wavelength passband
and dilution in the WASP aperture from neighbouring stars, with full details of the
methodology given by Bowman et al. (2015). Further details of the WASP project
are given by Pollacco et al. (2006).
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Figure 3.1: The normalised wavelength response functions for the Kepler and WASP
instruments are plotted as the blue and red hatched regions, respectively.
In this section, the research paper by Bowman et al. (2015) is presented, which
was published in Monthly Notices of Royal Astronomical Society in May 2015. I led
and co-ordinated the project, including the frequency analysis and calibration of the
WASP data for the δ Sct star KIC 7106205. The WASP data were kindly contributed
by D. L. Holdsworth, who assisted in the frequency analysis and calibration, and
also contributed to the writing of sections 1.2, 3 and 4 in the paper. D. W. Kurtz
provided guidance throughout the project and contributed to the discussion and
editing of the paper.
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ABSTRACT
Ground-based photometric observations from Wide Angle Search for Planets (WASP) have
been calibrated, scaled and combined with Kepler observations of the δ Sct star KIC 7106205,
allowing us to extend the time base of the study of the unexplained amplitude and frequency
variation of a single pressure mode at ν = 13.3942 d−1 by 2 yr. Analysis of the combined data
sets, spanning 6 yr, show that the amplitude modulation in KIC 7106205 has a much larger
range than a previous study of the Kepler data alone indicated. The single pressure mode
decreased from 11.70 ± 0.05 mmag in 2007, to 5.87 ± 0.03 mmag in 2009, and to 0.58 ±
0.06 mmag in 2013. Observations of the decrease in mode amplitude have now been extended
back 2 yr before the launch of Kepler. With observations over a longer time span, we have
been able to further investigate the decrease in mode amplitude in KIC 7106205 to address
the question of mode amplitude stability in δ Sct stars. This study highlights the usefulness of
the WASP data set for extending studies of some Kepler variable stars.
Key words: asteroseismology – stars: individual: KIC 7106205 – stars: oscillations – stars:
variables: δ Scuti.
1 IN T RO D U C T I O N
The Kepler mission photometric data set spans 4 yr for over 190 000
stars, with precision in the measurement of the amplitudes of pul-
sating stars of the order of a few µmag. While these data provide
unprecedented views of the light variations in variable stars, many
stars are not purely periodic, and we wonder what happened for
these stars before the Kepler data set started and after the Kepler
data set ended. In this paper, we demonstrate how including ground-
based photometric data, specifically from the Wide Angle Search
for Planets (WASP) project, alongside Kepler data allows us to
study the multiperiodic δ Sct star KIC 7106205 (TYC 3129-879-1;
1SWASPJ191157.46+424022.6) over a longer time span than the
4 yr of the Kepler data set – a total of 6 yr in this case. Our aim is
to investigate the unusual frequency and amplitude modulation in
only a single pulsation frequency, discovered by Bowman & Kurtz
(2014), and to test if this behaviour is present in other observations
of this star, specifically the WASP data set.
Periodic changes in the surface brightness and measurements of
radial velocities of pulsating stars allow us to probe stellar interiors
and have driven remarkable advances in understanding the mecha-
nisms that drive pulsations in variable stars, especially δ Sct stars
(e.g. Dupret et al. 2004, 2005). The δ Sct stars lie at the inter-
section of the main sequence and the classical instability strip on
the Hertzsprung–Russell diagram (Uytterhoeven et al. 2011). The
⋆ E-mail: dmbowman@uclan.ac.uk
pulsations are driven by the κ-mechanism, in which changes in
opacity set up a piston-like change in the radius of a shell of gas
in the He II ionization zone (Chevalier 1971). Consequently, low-
order p modes are excited, with typical periods of 15 min to 5 hr
(Uytterhoeven et al. 2011). See Breger (2000) and Murphy (2014)
for reviews of δ Sct stars.
Pulsational frequency and/or amplitude modulation are observed
in a variety of stellar types, e.g. solar-like stars (Chaplin et al. 2000,
2007), δ Sct stars (Bowman & Kurtz 2014; Breger & Montgomery
2014), roAp stars (Holdsworth et al. 2014b; Kurtz et al. 1997), and
white dwarfs (Winget et al. 1991). For stochastically driven pul-
sators, the short mode lifetimes are easy to explain, given the nature
of the driving and damping mechanisms that are competing within
the star. However, no theory exists that can explain the diversity of
behaviours observed, especially in the classical pulsators, e.g. the δ
Sct stars (see Breger & Montgomery 2014 and references therein).
1.1 The Kepler mission
The Kepler space telescope was launched in 2009 March and ob-
served more than 190 000 stars at high photometric precision and
high duty-cycle (Koch et al. 2010). The primary goal of the mission
was to observe Earth-like planets within the habitable zone of their
host star using the transit method (Borucki et al. 2010). A total of
4 yr (1470 d) of observations were collected, covering a 115 deg2
field of view in the constellations of Cygnus and Lyra. Observa-
tions, taken in the passband of 420–900 nm (Koch et al. 2010),
were made in two modes, long cadence (LC) of 29.5 min, and short
C⃝ 2015 The Authors
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cadence of 58.5 s (Gilliland et al. 2010). These excellent data have
also proved invaluable for studying pulsating stars. A frequency
resolution of 7.9 nHz (0.00068 d−1) is obtained when calculating
the Fourier transform of all 1470 d of Kepler observations, so only
since the end of the main mission has it been possible to study
frequency modulation in δ Sct stars at this precision, and to study
amplitude modulation over this time span.
1.2 The WASP project
The WASP project is a two-site wide-field survey for transiting ex-
oplanets (Pollacco et al. 2006). The instruments are located at the
Observatorio del Roque de los Muchachos on La Palma and at the
Sutherland Station of the South African Astronomical Observatory
(SAAO), and achieved first light in 2003 and 2005, respectively. The
instruments consist of eight 200-mm, f/1.8 Canon telephoto lenses
mounted in a 2× 4 configuration. Each is backed by an Andor CCD
of 2048× 2048 pixels, allowing a pixel size of about 14 arcsec. Ob-
servations are made through broad-band filters of 400–700 nm for
the eight lenses. The data pass through a reduction pipeline correct-
ing for primary and secondary extinction, the colour-response of the
instrument, the zero-point, and atmospheric extinction. The pipeline
is optimized for G stars. The data are also corrected for instrumental
systematics using the SYSREM algorithm of Tamuz, Mazeh & Zucker
(2005).
The observing strategy of WASP provides two consecutive 30 s
exposures at a given pointing, before moving to the next available
field; fields are typically revisited every 10 min. Such a strategy
has enabled the discovery of many types of variable stars, from
low-frequency binary stars (Smalley et al. 2014), to high-frequency
pulsating A stars (Holdsworth et al. 2014a). For further details
of the WASP project and the techniques used for the detection
of pulsations, we refer the reader to Pollacco et al. (2006) and
Holdsworth et al. (2014a), respectively.
1.3 Mode-coupling in δ Sct stars
The δ Sct stars demonstrate diverse pulsational behaviour, but no
theory exists to describe all the phenomena observed, especially
variable pulsation amplitudes. Mode-coupling is predicted between
frequencies in δ Sct stars (Dziembowski 1982), specifically para-
metric resonance in which the instability of a linearly driven mode at
ν1 causes the growth of two modes at ν2 and ν3, such that ν1 ≈ ν2 +
ν3. The most likely outcome of these non-linear effects is the decay
in amplitude of a linearly driven p mode, as such modes usually have
low radial orders, and the growth of two g modes (Dziembowski
1982; Nowakowski 2005). These g modes can become trapped in
a pulsation cavity close to the core of the star and are therefore
invisible at the stellar surface. Thus, these are considered internal g
modes.
Observationally, the resonant mode-coupling predictions of
Dziembowski (1982) and Nowakowski (2005) are difficult to test us-
ing broad-band photometry alone, as high-degree (high-ℓ) p modes
and internal g modes have small amplitudes at the surface of the
star. On the other hand, studies of variable amplitudes of modes of
low degree (ℓ ≤ 2) are relatively easy as a consequence of their
higher visibility.
2 PR E V I O U S ST U DY O F K I C 7 1 0 6 2 0 5
KIC 7106205 is a multiperiodic δ Sct star that was studied by
Bowman & Kurtz (2014) using Kepler data. They tracked amplitude
and phase at fixed frequency for 16 significant pulsation modes over
the 1470 d time span of the Kepler data set. All pulsation frequencies
were found to be remarkably stable except for νmod = 13.3942 d−1,
which decreased in amplitude from 5.87 ± 0.03 mmag in 2009 to
0.58± 0.06 mmag in 2013, corrected for the Kepler integration time
(see equation 1). The pulsation constant of νmod indicates it is likely a
third or fourth radial overtone mode. Higher frequencies (i.e. higher
overtones) were observed to be stable, thus the observed modulation
was not constrained to the surface of the star (Bowman & Kurtz
2014).
The loss of mode energy of νmod was not observed to excite any
new frequencies or to be transferred to any existing frequencies.
Therefore, it was concluded that energy was lost to a damping
region within the star or transferred to either high-ℓ p modes or
two internal g modes via the parametric resonance instability. Both
outcomes would result in modes that are invisible at the stellar
surface using broad-band photometry.
The 1470-d light curve for KIC 7106205 and the subsequent am-
plitude spectrum are given in the top and bottom panels of Fig. 1,
respectively. The amplitude spectrum illustrates that KIC 7106205
contains only a modest number of pulsation frequencies. Table 1
provides the stellar parameters of KIC 7106205 from both the
Kepler Input Catalogue (KIC; Brown et al. 2011) and the revised
values given in Huber et al. (2014).
3 M E T H O D : C O M B I N I N G T H E DATA
The instrumental differences between Kepler and WASP require the
data to be corrected before a direct comparison of the data sets can
be made. The pulsation amplitude correction from the difference in






where A and A0 are the observed and corrected amplitudes, re-
spectively, and n is the number of data points per pulsation cycle
(Murphy 2014).
3.1 Using the HADS star KIC 9408694 for calibration
A calculation of the effect on the measurement of pulsation am-
plitude caused by the passband differences between Kepler and
WASP was conducted using a high-amplitude δ Sct (HADS) star.
The HADS stars are a subgroup of δ Sct stars that are found in the
central region of the instability strip (McNamara 2000). They gener-
ally have pulsation amplitudes greater than approximately 0.3 mag
and pulsate in fundamental and first overtone radial modes (e.g.
see Balona et al. 2012). A HADS star was chosen for the passband
calibration, as the signal-to-noise ratio is extremely high for high-
amplitude pulsations. Moreover, the particular pulsation mode did
not vary in amplitude over time span of the 4-yr Kepler data set.
The HADS star used was KIC 9408694, which has a well-resolved
dominant peak at 5.6611 d−1. A 1-d sample of Kepler and WASP
over plotted light curves and the amplitude spectra of KIC 9408694
in 2009 and 2010 for both instruments are shown in Fig. 2.
The HADS star is not isolated in the WASP aperture, but the back-
ground objects are 3 mag fainter and added only a small amount of
flux to the photometry. The dilution suffered by the target star can
be calculated by comparing the flux of the target star and contami-
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Figure 1. The 1470 d Kepler light curve for the δ Sct star KIC 7106205 is given in the top panel and the bottom panel is the amplitude spectrum, calculated
out to the LC Nyquist frequency. The sub-plot in the bottom panel shows a zoomed-in view of the modulated mode νmod = 13.3942 d−1.
Table 1. Stellar parameters listed for KIC 7106205 in the KIC (Brown
et al. 2011) and the revised values given in Huber et al. (2014).
Teff log g [Fe/H] Kp mag
(K) (cm s−2) (dex) (mag)
KIC 6960 ± 150 4.05 ± 0.15 − 0.01 ± 0.15 11.46
Revised 6900 ± 140 3.70 ± 0.15 0.32 ± 0.15
where FT is the flux of the target and FC is the combined flux of the
contaminating stars (Holdsworth, in preparation). The dilution for
the HADS star KIC 9408694 was calculated to be 14 per cent (i.e.
the observed amplitude is reduced by 1.1400).
Simultaneous WASP and Kepler observations of KIC 9408694
were made in 2009 and 2010. The data from WASP and Kepler were
truncated to the same time period and analysed to determine their
pulsation amplitudes, A0W and A0K , respectively. The difference in
the derived amplitudes (after optimizing using linear least squares,
correcting for dilution in the WASP data and integration time effects
in both data sets) is solely a result of the difference in the passbands
and the ratio allows one data set to be scaled for comparison to the
other. The average of the ratio (A0K/A0W ) for the two years was
0.9242, i.e. the Kepler data show amplitudes 7.58 per cent smaller
than those of the WASP data due to the filter differences, which is
an expected result for an A star given the filter responses.
3.2 Application to the δ Sct star KIC 7106205
In the WASP data, KIC 7106205 was observed for three seasons,
2007, 2009, and 2010. Due to the large pixel size of the WASP
instrument, the star suffers from contamination from other sources
in the photometric aperture (see Figs 3 and 4). Therefore, a dilution
correction factor must also be calculated before comparison can be
made with Kepler data. Simultaneous observations by WASP and
Kepler of KIC 7106205 in 2009 show the νmod peak.
To perform the comparison, the Kepler data were truncated to
the same time period as the WASP data, and the pulsation peak
νmod was extracted from both data sets, optimized by linear least
squares and then corrected for the different integration times as
described previously. This gave a corrected WASP amplitude of
A0W = 2.77 mmag and a Kepler amplitude of A0K = 5.18 mmag.
To calculate the dilution effect in KIC 7106205, the Kepler peak
was transformed into the WASP passband, giving the expected
WASP amplitude if no dilution occurred, Aexp. The ratio, there-
fore, between Aexp and A0W is a result of the dilution of other stars
in the aperture; this is calculated to be 2.0212. Alternatively, if
equation (2) is used, a dilution factor of 1.7098 is obtained. The
difference in this value and the direct comparison of the two data
sets is possibly due to the bleeding of light from other nearby bright
stars into the extracted pixels. Therefore, we conclude that the most
reliable method is to compare the pulsation amplitudes from both
instruments, as this includes any residual effect and corrects for it
along with the dilution.
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Figure 2. A 1-d sample showing simultaneous WASP and Kepler observations of the HADS star KIC 9408694 is given in the top panel. The left- and right-hand
columns are the amplitude spectra, calculated out to the Kepler LC Nyquist frequency, for the Kepler (blue) and WASP (red) time series, respectively, in which
2009 and 2010 are the top and bottom rows. The sub-plots in the bottom panels show a zoomed-in view of the mode at ν = 5.6611 d−1, used for calculating
the Kepler and WASP passband differences.
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Figure 3. A 1-d sample showing simultaneous WASP and Kepler observations of the δ Sct star KIC 7106205 is given in the top panel, in which the larger
scatter of WASP observations due to a higher point noise is clearly seen. The left- and right-hand columns are the amplitude spectra, calculated out to the Kepler
LC Nyquist frequency, for the Kepler (blue) and WASP (red) time series, respectively, in which 2009 and 2010 are the top and bottom rows. The sub-plots in
panels show a zoomed-in view of the modulated mode νmod = 13.3942 d−1.
MNRAS 449, 1004–1010 (2015)
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Figure 4. The photometric aperture (dark circle) for KIC 7106205 in the
WASP data showing multiple sources of contamination. The aperture is
48 arcsec (3.5 WASP pixels) in radius. Image from Digitized Sky Survey
(DSS).
Fig. 3 shows the 2009 and 2010 Kepler and WASP data used for
the calibration study of KIC 7106205. The top panel shows an ex-
ample of simultaneous observations by WASP and Kepler in 2009.
The bottom-left column shows the amplitude spectra of the Kepler
2009 and 2010 data, with the bottom-right column showing the am-
plitude spectra of the same two of the three seasons of available
WASP data, as in the Kepler data.
Unfortunately, the 2010 WASP data do not show the νmod peak.
The amplitude of νmod in the 2010 Kepler data is 1.46 mmag, and
correcting this for integration time gives A0K = 1.66 mmag. The
passband difference and dilution factor in KIC 7106205 of 2.0212,
and the WASP integration time correction means that we would
expect an amplitude of 0.87 mmag in the 2010 WASP data. Despite
being above the nominal detection limit of 0.50 mmag (Holdsworth
et al. 2014a), νmod is not observed in the 2010 WASP data due to
higher photometric noise.
The 2007 WASP data set for KIC 7106205 is 66.1 d in length
and consists of 3322 data points. Fig. 5 shows the amplitude spec-
trum of the 2007 WASP data, from which the amplitude of νmod
was extracted, optimized by linear least squares at a fixed fre-
quency of 13.3942 d−1 and then corrected using the methodology
described previously. Due to the higher levels of noise present in
WASP data compared to Kepler data, it is not possible to track am-
plitude changes in all pulsation modes and so we were unable to
perform an analysis of all the frequencies listed in Bowman & Kurtz
(2014). However, νmod has a sufficiently high amplitude that it can
be extracted from the 2007 WASP observations and calibrated to
find its corrected amplitude.
4 R ESULTS
The 66.1 d of 2007 WASP data for KIC 7106205 were combined
into a single data bin, so that the highest possible frequency reso-
lution (0.015 d−1) was obtained when calculating a discrete Fourier
transform. The amplitude was obtained by optimizing the ampli-
tude and phase using a least-squares fit, which was normalized to
the centre of the 1470 d Kepler data set, specifically t0= 2455688.77
(BJD), and at the fixed frequency of 13.3942 d−1. This ensures that
values of amplitude can be compared to the analysis of Bowman &
Kurtz (2014).
Figure 5. The amplitude spectrum of the 2007 WASP data for KIC
7106205, calculated out to the Kepler LC Nyquist frequency. The sub-plot
shows a zoomed-in view of νmod. Note the difference in y-axis scale com-
pared to the amplitude spectra given in Fig. 3, illustrating the large decrease
in mode amplitude between 2007 and 2009.
Figure 6. Corrected and calibrated values of amplitude of νmod in KIC
7106205 for Kepler (in 50 d bins) and WASP (single 66.1-d bin) data,
marked as blue crosses (×) and a red circle (⃝), respectively. 1σ errors are
calculated from the least-squares fit at fixed frequency of 13.3942 d−1, but
are generally smaller than the data points.
The resultant amplitude from the least-squares fit was calibrated,
as described in previous sections for integration time, dilution from
other stars and passband differences (in that order). A corrected
amplitude of 11.70 ± 0.05 mmag was obtained for νmod and is
shown graphically in Fig. 6, which contains the single calibrated
WASP data point alongside 1470 d of Kepler data for KIC 7106205
adapted from Bowman & Kurtz (2014). The inclusion of the WASP
data point illustrates that the amplitude of νmod appears to have been
steadily decreasing since at least 2007.
It should also be noted that if a non-linear least-squares fit of
the 2007 WASP data of KIC 7106205 is performed, values of
ν = 13.3924 d−1 and a corrected amplitude of 11.88 ± 0.06 mmag
are obtained, which would increase the amplitude of νmod by
0.18 mmag in 2007. Therefore, νmod may also have been exhibiting
MNRAS 449, 1004–1010 (2015)
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frequency modulation since 2007 along with the amplitude modu-
lation shown in Fig. 6.
The result of the non-linear least-squares fit of the 2009 WASP
data is within the errors of the frequency obtained from Kepler data
and thus is compatible with the fixed frequency that we use. The
difference of 0.0018 d−1 between the frequencies obtained from the
linear and non-linear fits of the 2007 WASP data is smaller than our
resolution limit, and so we conclude that the linear least-squares
fit using νmod = 13.3942 d−1 is the correct approach. The linear
least-squares fit allows us to study the amplitude modulation in
KIC 7106205, but we cannot explore the frequency modulation due
to the poor frequency resolution.
5 C O N C L U S I O N S
This work highlights the success of utilizing ground-based photom-
etry, specifically WASP, to support Kepler observations. We have
calibrated and combined the data sets and have increased the total
length of the observations of KIC 7106205 and its pulsational am-
plitude modulation to 6 yr. A single p mode was extracted from the
WASP observations, specifically νmod = 13.3942 d−1, and has been
shown to decrease in amplitude from 11.70 ± 0.05 mmag in 2007,
to 5.87 ± 0.03 mmag in 2009, and to 0.58 ± 0.06 mmag in 2013.
We agree with the conclusions of Bowman & Kurtz (2014), that the
observed amplitude modulation in the single pulsation frequency
can be explained by either a loss of mode energy to a damping
region within the star; or to either invisible high-ℓ p modes or two
internal g modes facilitated by the parametric resonance instability.
We are unable to extend the study of amplitude modulation in KIC
7106205 prior to 2007 using WASP data, as there are no previous
observations of the star in the data archive. We have demonstrated
that the amplitude of νmod after 2009 is too small to be detected
above the typical WASP noise level and moreover, there are no
observations of KIC 7106205 after 2010.
The methodology we have developed for combining WASP and
Kepler data can also be used to study other stars, provided that the
time series overlap at some point thus allowing for the passband
and dilution corrections to be made. It requires time and careful
analysis to find stars that exhibit amplitude modulation, but also if
they are present in the WASP data set.
The majority of the significant decrease in mode amplitude of a
single pulsation frequency in KIC 7106205 occurred prior to the
launch of the Kepler mission. Therefore, it is important to remem-
ber that the Kepler observations provide an extremely high quality,
yet small snapshot of 4 yr of data, which is a mere blink of an
eye insight into the stellar physics at work within this star. Time
spans of the order of a decade may be more significant in δ Sct
stars than was previously thought and analyses of these so-called
coherent pulsators should take this into account. Modelling stud-
ies are needed if we are to understand the mechanisms that cause
such strong changes in pulsation mode amplitude on time-scales of
several years.
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3.4 Spectroscopic analysis of KIC 7106205
To support the photometric analysis of the δ Sct star KIC 7106205, spectroscopic
follow-up observations were made with the Intermediate dispersion Spectrograph
and Imaging System (ISIS) on the William Herschel Telescope (WHT). This tele-
scope is part of the Isaac Newton Group (ING)1 and is located at the Spanish
Observatorio del Roque de los Muchachos of the Instituto de Astrof´ısica de Ca-
narias on the island of La Palma. The spectral resolution of ISIS/WHT at 4000 A˚
using a 1 arcsec slit is given by R = λ
∆λ
' 2000, which is sufficient to classify the
spectral type of A and F stars and determine an approximate value for the effective
temperature, and constrain surface gravity and rotational velocity by comparing the
observed spectrum to synthetic spectra.
A total of 23 δ Sct stars, which included KIC 7106205, were observed using
ISIS/WHT between 30 March 2016 and 24 May 2016, with the right ascension,
declination, apparent visual magnitude, SIMBAD classification and date of obser-
vations given in Table 3.1.
3.4.1 Spectral classification
The ISIS/WHT spectrum for KIC 7106205 was reduced using STARLINK software2,
which included cleaning of cosmic rays, de-biasing and flat-fielding. The normalised
spectrum for the wavelength range 3800 ≤ λ ≤ 4600 A˚ for the δ Sct star KIC 7106205
is shown in Fig. 3.2, along with MK standard F0 V and F2 V stars above and below,
respectively, for comparison. The spectral classification of KIC 7106205 closely
followed the prescription of Gray & Corbally (2009).
It was discussed in section 1.3.2 how a significant fraction of A stars are Am stars,





Table 3.1: Parameters of the 23 δ Sct stars observed using ISIS/WHT at epoch
J2000.0 with a classification taken from the SIMBAD† data base if available.
KIC ID RA Dec mV classification Date Observed
3429637 19:08:38.04 +38:30:31.96 7.72 δ Sct 30/03/2016
5964173 19:32:12.82 +41:16:23.68 12.04 δ Sct 20/05/2016
6357702 19:18:46.72 +41:44:21.34 11.27 20/05/2016
6590403 19:05:53.36 +42:02:14.50 10.55 δ Sct 30/03/2016
6848661 19:07:53.77 +42:21:41.98 11.55 30/03/2016
7106205 19:11:57.46 +42:40:22.89 11.38 30/03/2016
7217483 19:45:57.87 +42:45:23.17 10.54 21/05/2016
7533694 19:34:12.91 +43:07:03.54 10.29 δ Sct 24/05/2016
7830684 19:38:14.07 +43:34:10.67 12.07 δ Sct 20/05/2016
8177748 19:43:13.01 +44:05:53.81 11.76 rot var 20/05/2016
8196840 20:03:12.94 +44:04:03.99 11.81 δ Sct 21/05/2016
8246833 19:45:18.48 +44:08:03.85 11.98 21/05/2016
8386122 19:52:56.59 +44:23:24.84 10.45 21/05/2016
9156808 19:30:53.18 +45:33:12.75 11.29 δ Sct 20/05/2016
9353572 19:43:58.62 +45:53:54.74 10.51 δ Sct 21/05/2016
9408694 19:34:45.59 +45:54:16.32 11.48 δ Sct 20/05/2016
9642894 19:16:18.08 +46:21:16.03 11.27 δ Sct 30/03/2016
9700322 19:07:50.71 +46:29:11.93 12.61 δ Sct 30/03/2016
9773094 19:31:35.93 +46:35:19.48 11.37 30/03/2016
10273384 19:26:19.52 +47:23:36.72 11.68 δ Sct 20/05/2016
11513155 19:38:32.33 +49:26:40.09 11.19 star 20/05/2016
11661993 19:27:55.76 +49:45:43.37 9.33 δ Sct 24/05/2016




the Ca K line strength and the metallic line strengths (Conti 1970; Smith 1971a,b).
It does not take more than a cursory study of the spectrum of KIC 7106205 in
Fig. 3.2 to note the similar line strengths of the Ca II K and hydrogen lines (H, Hδ
and Hγ), indicating that the Ca II K line strength is normal for a star of spectral
type F0 V. On the other hand, the Sr II and Ca I lines in KIC 7106025 appear
stronger than in the chemically-normal standard stars shown above and below in
Fig. 3.2. Thus KIC 7106205 does have small, yet significant, differences between its
Ca II K and metal line strengths and can be classified as a marginal Am star (i.e.,
Am:). This is not surprising considering the large fraction of A stars that are Am
and Am: stars (Conti 1970; Smith 1971a,b).
The low-to-medium resolution of the ISIS/WHT spectrum for KIC 7106205
means that the spectral type of F0 V determined from its hydrogen line strengths
is consistent with the effective temperature of Teff = 6900 ± 150 K listed in the
KIC for this star. However, the resolution of the spectrum was insufficient to de-
termine precise values of the rotational velocity and surface gravity of KIC 7106205,
but these were constrained to v sin i ≤ 100 km s−1 and log g ' 4 (cgs), respectively.
Therefore, the spectroscopic analysis of KIC 7106205 indicates that this star is likely
a slow rotator for a δ Sct star and confirms it is near the red edge of the classical
instability strip in the HR diagram.
The spectroscopic analysis of KIC 7106205 indicates that this δ Sct star is not
a classical Am star, because it does not have a difference of at least five spectral
subclasses between its Ca II K and metal lines. It does have a few relatively strong
metal lines for a F0 V star and so can be considered an Am: star, although it should
be noted that the spectrum of KIC 7106205 is noisier than the standard stars given
in Fig. 3.2. It appears that chemical peculiarity does not offer a solution to why the
δ Sct star KIC 7106205 exhibits amplitude modulation.
Further work is needed in analysing similar stars, including the remaining stars
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Figure 3.2: Normalised spectrum of the δ Sct star KIC 7106205, in the wavelength
range 3800 ≤ λ ≤ 4600 A˚. The spectra above and below are F0 V and F2 V MK
standard stars, respectively, taken from Gray & Corbally (2009).
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given in Table 3.1, to establish if chemical peculiarities in A stars are related to
amplitude modulation of pulsation modes in δ Sct stars, especially since it is only a
recent discovery that a significant fraction of Am stars have been observed to pulsate
(Smalley et al. 2011).
3.5 Discussion
The analysis of the δ Sct star KIC 7106205 revealed that a single p mode with a
frequency of νmod = 13.3942 d
−1 decreased in amplitude by more than a factor of 20
over 6 yr (Bowman & Kurtz 2014; Bowman et al. 2015). WASP data for KIC 7106205
were calibrated to Kepler observations by correcting for the difference in instrument
integration times, passband differences and dilution effects and included alongside
Kepler observations. This allowed the amplitude and frequency modulation of νmod
to be extended back to 2007, 2 yr prior to the launch of the Kepler Space Tele-
scope. The amplitude and phase tracking routine used to study the variability of
νmod showed that the mode amplitude changed from 11.70± 0.05 mmag in 2007, to
5.87± 0.03 mmag in 2009, and to 0.58± 0.06 mmag in 2013 (Bowman et al. 2015).
A modified version of figure 6 from Bowman et al. (2015) is given in Fig. 3.3, which
shows the combined WASP and Kepler observations of the observed amplitude mod-
ulation in νmod for both WASP observing seasons. The significance of the amplitude
modulation in KIC 7106205 is emphasised since all other pulsation modes in this
star had constant frequencies and amplitudes over the 4-yr Kepler data set, thus the
mode energy associated with the decrease in amplitude of νmod was not transferred
to any other visible pulsation mode, nor was it observed to excite a new pulsation
mode by a mode coupling mechanism (Bowman & Kurtz 2014).
A spectroscopic analysis of KIC 7106205 using a classification-resolution spec-
trum obtained from ISIS/WHT has revealed that KIC 7106205 does not show the
necessary difference of at least five spectral subclasses between its Ca II K and metal
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Figure 3.3: Corrected and calibrated values of amplitude modulation in the pulsation
mode νmod = 13.3942 d
−1 in KIC 7106205 for Kepler (in 50-d bins) and WASP (single
66.1-d bin) data, shown as blue crosses (×) and red circles (◦), respectively. 1σ errors
are calculated from the least-squares fit at fixed frequency, but are generally smaller
than the data points. Figure adapted from Bowman et al. (2015), their figure 6.
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line strengths to be defined as a classical Am star. KIC 7106205, however, does have
relatively strong Sr II and Ca I metal lines for a F0 V star so can be considered
an Am: star. The lack of strong chemical peculiarities in this star implies that this
is unrelated to the observed amplitude modulation. The spectroscopic analysis of
KIC 7106205 has also shown that this star is likely a slow rotator near the red edge
of the classical instability strip in the HR diagram. The spectroscopic classification
of F0 V determined from comparison of the hydrogen line strengths of KIC 7106205
to standard stars from Gray & Corbally (2009) is consistent with the KIC and Huber
et al. (2014) values for KIC 7106205 of Teff ' 6900± 150 K.
The functional form of the observed amplitude modulation in KIC 7106205 is not
consistent with stochastic excitation. On the other hand, mode coupling to high-
degree modes or internal g modes, beating of multiple unresolved close-frequency
pulsation modes and energy being lost to a damping region are all possible ex-
planations of the amplitude modulation observed in KIC 7106205. The analysis of
this δ Sct star by Bowman & Kurtz (2014) and extended using WASP observations
by Bowman et al. (2015) does not distinguish which of these possibilities is most
likely, only that the mode energy lost from νmod was not transferred to any other
observed pulsation modes. In reality, all of these mechanisms could be operating in
congruence, as they are all feasible solutions to the observed amplitude modulation,
which complicates the issue of testing the hypothesis of energy conservation amongst
pulsation modes in a δ Sct star.
KIC 7106205 is a special case study – an archetypal example of amplitude mod-
ulation in a δ Sct star – that provides strong motivation to study amplitude modu-
lation and energy conservation of pulsation modes in a large number of δ Sct stars,






This chapter focusses on the statistical properties of an ensemble of δ Sct stars
observed by the Kepler Space Telescope. It was previously discussed in section 1.2.2
how the δ Sct stars are the most common type of pulsator among main sequence
A and F stars, and are found in a transition region between low- and high-mass
stars in the HR diagram. Before the advent of space telescopes, the δ Sct stars were
well defined by the observational blue and red edges of the classical instability strip
(Rodr´ıguez & Breger 2001). These multiperiodic pulsators are interesting to study
using asteroseismology, as the various pulsation modes are sensitive to different
depths within a star.
In this chapter, the somewhat unexpected discovery of many δ Sct/γ Dor hybrid
stars amongst the A and F stars observed by Kepler is discussed in section 4.2. In
section 4.3, the so-called ‘organ pipe’ stars are discussed in the context of the incid-
ence of low-frequency peaks in the amplitude spectra of δ Sct stars. In section 4.4,
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an example of a star pulsating in g modes that lies in the no-man’s land between
the hot edge of the γ Dor instability region and the cool edge of the SPB instability
region is provided. These stars have been termed ‘hot γ Dor stars’ in the literature
(e.g., Balona 2014) and are a challenge to pulsation theory. In section 4.5, it is
discussed how an ensemble of 983 δ Sct stars that were observed continuously by
Kepler for 4 yr was created, which was large enough to characterise statistical prop-
erties of the δ Sct stars, including an evaluation of the observational blue and red
edges of the classical instability strip. Section 4.7 discusses the correlations between
the dominant pulsation mode frequency and stellar parameters using the ensemble
of 983 δ Sct stars.
4.2 Hybrid stars
The theoretical instability regions of the δ Sct and γ Dor stars overlap in the HR
diagram (Dupret et al. 2004). Hybrid pulsators from the δ Sct and γ Dor pulsational
excitation mechanisms occurring simultaneously within a star were first predicted by
Dupret et al. (2005), but only expected to comprise a small minority of A and F stars.
Prior to the recent space photometry revolution, very few hybrid δ Sct/γ Dor stars
were known (see e.g., Handler 2009). One of the first confirmed hybrid pulsators
was HD 209295, which was studied by Handler & Shobbrook (2002b). Although the
g- and p-mode frequencies in HD 209295 were confirmed to be from the same star,
it was later shown that the g modes were tidally excited from the star being in an
eccentric binary (Handler et al. 2002).
The Kepler mission data revealed that many δ Sct stars are in fact hybrid pulsat-
ors (Grigahce`ne et al. 2010a; Uytterhoeven et al. 2011; Balona 2011), exhibiting both
p modes (ν ≥ 5 d−1) and g modes (ν < 4 d−1). Attempts have been made to cata-
logue the different types of hybrid behaviour observed; for example, it has been
suggested that δ Sct/γ Dor hybrids and γ Dor/δ Sct hybrids are two distinct groups
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(Grigahce`ne et al. 2010a,b). These definitions were used to distinguish hybrid stars
that have dominant pulsation modes in the δ Sct and γ Dor frequency regimes, re-
spectively (Grigahce`ne et al. 2010a). Classifying hybrid stars into these subgroups
using these definitions is some what of a pedantic exercise as it often requires visual
inspection of the light curves and amplitude spectra of many stars, which can be
a lengthy and subjective process. Currently it is not established whether there are
any significant physical differences for why a hybrid star should exhibit higher amp-
litude pulsation modes in one frequency regime compared to the other. It is not
clear whether the definitions of Grigahce`ne et al. (2010a) are distinct groups and so
all hybrid stars in this thesis are considered a single pulsator type.
A statistical analysis of 750 A and F stars was carried out by Uytterhoeven et al.
(2011) using 1 yr (Q0 – Q4) of LC Kepler data from the start of the mission. The
authors discovered that 475 of these stars were pulsating in either g or p modes,
with 171 stars (23 per cent) being classified as hybrid pulsators. The distributions
of δ Sct, γ Dor and hybrid stars on a Teff − log g diagram from Uytterhoeven et al.
(2011) are given in Fig. 4.1, which are shown as red squares, blue stars and black
circles, respectively. The top panel in Fig. 4.1 shows the δ Sct, γ Dor and hybrid
stars studied using ground-based observations and the bottom panel shows the stars
studied by Uytterhoeven et al. (2011) using Kepler data for comparison. Using the
high-quality Kepler data, Uytterhoeven et al. (2011) demonstrated that a significant
fraction of A and F stars exhibit at least some form of hybrid behaviour and that
the hybrid stars are not restricted to where the δ Sct and γ Dor instability regions
overlap in the HR diagram.
The hybrid fraction from Uytterhoeven et al. (2011) can be considered a conser-
vative estimate of the hybrid fraction amongst all δ Sct stars observed by Kepler.
With the complete 4-yr data set, and subsequently improved frequency resolution
and amplitude precision, many more δ Sct stars are observed to have low-frequency
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K. Uytterhoeven et al.: The Kepler characterization of the variability among A- and F-type stars. I.
Fig. 10. a) (Teﬀ , log g)-diagram of the δSct, γDor, and hybrid stars detected from the ground (parameters taken from the literature).
b) (Teﬀ , log g)-diagram of the Kepler stars we classified as δ Sct, γDor, and hybrid stars in this paper. Open squares represent δSct stars, as-
terisks indicate γDor stars, and hybrid stars are marked by bullets. The black cross in the right top corner shows typical errors on the values.
c) (Teﬀ , log g)-diagram of the subsample of 69 Kepler stars for which accurate Teﬀ and log g values are available. The colour-codes are the same
as for panel b). d) (Teﬀ , log g)-diagram of the subsample of Kepler stars that show pulsations with amplitudes higher than 1000 ppm (>1 mmag).
Evolutionary tracks for MS stars with masses 1.4 M⊙, 1.7 M⊙, and 2.0 M⊙ are plotted with grey dotted lines. The evolutionary tracks have been
computed using the Code Liégeois d’Évolution Stellaire (CLES, Scuflaire et al. 2008). The input physics included is similar to the one used in
Dupret et al. (2005) with the following values for the modelling parameters αMLT = 1.8, αov = 0.2 and Z = 0.02. The solid thick black and light
grey lines mark the blue and red edge of the observed instability strips of δSct and γDor stars, as described by Rodríguez & Breger (2001) and
Handler & Shobbrook (2002), respectively. In the on-line version of the paper the symbols representing the δ Sct, γDor, and hybrid stars are red,
blue, and black, respectively.
eight stars have high v sin i values, six have moderate val-
ues (40 < v sin i < 90 km s−1), and two low values
(v sin i < 40 km s−1). Of the 20 hybrid stars almost all
have high v sin i values, with six stars having v sin i values
above 200 km s−1. Extrapolating these numbers to the full sam-
ple, we expect that many stars in the sample are moderate-to-fast
rotators.
7.2.2. Frequencies and amplitudes
Up to 500 non-combination frequencies are detected in the
Kepler time series of a single star (see Table 3). These large
numbers of frequencies are in sharp contrast with the small num-
ber of frequencies observed from the ground, e.g. up to 79 pul-
sation and combination frequencies for the δSct star FG Vir
(e.g. Breger et al. 2005) and up to 10 frequencies in the γDor hy-
brid candidate HD 49434 (Uytterhoeven et al. 2008), but are
commonly seen in space observations because of their higher
precision and sensitivity to low-amplitude variations (e.g. Poretti
et al. 2009; García Hernández et al. 2009; Chapellier et al. 2011).
However, it needs to be carefully checked whether all of the ap-
parent individual frequencies are of pulsational origin.
For the majority of stars (66%), less than 100 frequencies
were found, and 10% of the stars show variations with more than
200 frequencies. If we look at the extreme cases we find that for
29 stars (6%) fewer than 10 frequencies were detected, while for
5 stars (1%) more than 400 frequencies were found. The middle
panel of Fig. 11 shows the distribution of the number of detected
frequencies for the δSct (top, dark grey), hybrid (middle, middle
grey), and γDor (bottom, light grey) stars. The highest number
of frequencies are found for hybrid stars. It is worth mentioning
that the number of detected frequencies versus Teﬀ follows a dis-
tribution that peaks near 7700 K, 7500 K, and 7000 K for δSct,
hybrid, and γDor stars, respectively. More modes are excited
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Figure 4.1: Teff – log g diagrams for intermedi te- ass pulsators. top panel
shows all the known δ Sct stars (shown as red squares), γ Dor stars (shown as blue
stars) nd hybrid stars (shown as filled black circles) observed using ground-based
data. The bottom panels shows the same classifications of stars using the first 1 yr
of Kepler data. The black and grey solid lines indicate the observational edges of
the δ Sct and γ Dor instability regions taken from Rodr´ıguez & Breger (2001) and
Handler & Shobbrook (2002a), respectively, and the dotted lines represent evolu-
tionary tracks. Figure from Uytterhoeven et al. (2011), their figure 10. © ESO;
reproduced with permission from A&A.
110
CHAPTER 4
peaks in their amplitude spectra, but it is not established if these are always caused
by pulsation (Balona 2011; Balona & Dziembowski 2011; Balona 2014).
The hybrid stars offer the opportunity to study stellar structure throughout a
star’s interior, because the g modes excited from the flux blocking mechanism are
sensitive to conditions near the core and the p modes excited by the κ mechanism
are sensitive to conditions near the surface (Aerts et al. 2010). Understanding the
multiperiodic hybrid stars is an exciting prospect for asteroseismology as one can
make measurements of the radial rotation profile in main sequence stars (Kurtz
et al. 2014; Saio et al. 2015; Keen et al. 2015; Triana et al. 2015; Murphy et al. 2016;
Schmid & Aerts 2016).
Ideally, the hybrid stars could be used to study the pulsation excitation mechan-
isms directly, particularly the possible exchange of energy between pulsation modes
excited by the different mechanisms. This idea was explored by Chapellier et al.
(2012), who studied the interaction between 180 g-mode and 59 p-mode independent
pulsation mode frequencies in the CoRoT hybrid star ID 105733033. The authors
demonstrated that the p- and g-mode frequencies originated in the same star and
that a coupling mechanism must exist to explain the observed mode interaction
between the g- and p-mode frequency regimes (Chapellier et al. 2012).
4.2.1 Are all hybrid stars binaries?
Binarity may appear to be a simple solution to the discovery that the amplitude
spectra of many δ Sct stars contain g-mode frequencies, which are associated with a
pulsating companion star. The binary fraction of A stars is approximately 35 per cent
(Abt 2009; Ducheˆne & Kraus 2013; Moe & Di Stefano 2016), so to first order this
means that a non-negligible fraction of δ Sct stars are in binary systems. However,
for most δ Sct stars in binary systems the companion is likely to have a mass too
small for a g-mode pulsator such as a SPB or γ Dor star. Binarity cannot explain
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all hybrid stars discovered by Kepler, because the binary fraction of δ Sct stars
is similar to that of all A stars and of the order 30 per cent (S. Murphy, private
communication). Therefore, the majority of δ Sct stars are in single star systems.
It has been demonstrated by Chapellier et al. (2012), Kurtz et al. (2014) and
Van Reeth et al. (2015b) (and others) that not all hybrid stars are the result of
binary systems with a δ Sct primary and γ Dor secondary, or vice versa. Hybrid
stars have been confirmed as members of both single and multiple systems, with
p mode frequencies from the κ mechanism and g mode frequencies from the flux
blocking mechanism as predicted by Dupret et al. (2005), but in greater numbers in
the Kepler data set than were anticipated.
4.2.2 Pure delta Scuti stars
Although there are many hybrid stars in the Kepler dataset, there are also pure
δ Sct stars that show no significant low-frequency peaks in their amplitude spectra.
Balona (2014) investigated the incidence of peaks in the γ Dor frequency regime
using approximately 1800 δ Sct stars observed by Kepler for 1061 d (i.e., Q0 – Q12).
He suggested that the majority of, if not all, δ Sct stars have low-frequency peaks
in their amplitude spectra and the term hybrid should no longer be used as all δ Sct
stars are hybrid stars (Balona 2014; Balona et al. 2015b). Whilst it is true that
many δ Sct stars have low-frequency peaks in their amplitude spectra, it is not true
that they all do. Furthermore, it is not established if the low-frequency peaks are
always caused by pulsation in δ Sct stars.
An example of a δ Sct star with no g modes is KIC 5617488, with its amplitude
spectrum given in Fig. 4.2. The sub-plot in the top-left corner of Fig. 4.2 contains
a zoom-in of the low-frequency regime for this star, which shows a distinct lack
of significant peaks in the typical g-mode frequency range of 0.3 ≤ ν ≤ 4 d−1. A
commonly used criterion for whether a peak in an amplitude spectrum is statistically
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Figure 4.2: The amplitude spectrum of the pure δ Sct star KIC 5617488 with no
statistically significant low-frequency peaks in its amplitude spectrum that can be
confirmed as g-mode pulsation frequencies.
significant is if it has a signal-to-noise ratio in amplitude of S/N ≥ 4 (Breger et al.
1993). The few peaks in the g-mode frequency regime for KIC 5617488 in Fig. 4.2
have amplitudes of order a few µmag, thus do not satisfy the statistical significance
criterion from Breger et al. (1993). The low-frequency peaks in KIC 5617488 cannot
be claimed to be statistically significant, let alone represent g-mode frequencies.
Although they are uncommon, this is also demonstrably true for other δ Sct stars,
thus pure δ Sct stars pulsating only in p modes do exist, which is contrary to the
claim made by Balona (2014) and Balona et al. (2015b) that all δ Sct stars are
hybrid stars.
Therefore, various studies of hybrid stars across a range of effective temperatures
have shown that the majority of δ Sct stars have g mode pulsation frequencies, but
not all do (Grigahce`ne et al. 2010a; Uytterhoeven et al. 2011; Balona 2011). Further
work is needed to study the interplay between the flux blocking mechanism and the
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κ mechanism in A and F stars, with a focus on understanding the observed minority
of δ Sct stars pulsating in purely p modes.
4.3 Low frequencies in delta Scuti stars:
the organ pipe stars
Many δ Sct stars in the Kepler data set have low-frequency peaks in their amplitude
spectra (Balona & Dziembowski 2011; Balona 2014), but it is not established whether
these frequencies are always caused by pulsation or the effects of rotation as claimed
by Balona (2011, 2013), or have some other cause. For δ Sct stars that have high
effective temperatures, Teff ≥ 8000 K, such that they are not found within the
overlap of the δ Sct and γ Dor instability regions, these low frequencies are difficult
to explain as g modes because these stars do not have a thick enough convective
envelope to support the convective flux blocking excitation mechanism (Guzik et al.
2000; Dupret et al. 2004, 2005).
Balona et al. (2015b) investigated if increased sources of opacity within pulsation
models of δ Sct stars were able to explain the low frequencies in terms of pulsation
modes excited from the κ mechanism. Increasing the opacity at T ' 115 000 K
within the models by a factor of two caused low-degree modes at low frequency to
be excited, but also decreased the range of pulsation mode frequencies such that
the models were no longer consistent with observations (Balona et al. 2015b). It
was suggested by Balona et al. (2015b) that non-linearity may be, at least in part,
responsible for the incidence of low frequencies and the diversity in pulsational be-
haviour among δ Sct stars. This provides strong motivation for studying pulsations
in δ Sct stars as a single population, but also individual stars so that insight of the
excitation mechanisms, specifically non-linearity, can be gained.
In this section, a subgroup of δ Sct stars that have been called ‘organ pipe’
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stars is discussed. The organ pipe stars have a series of low-frequency peaks in
their amplitude spectra, which are often highly variable in amplitude and phase
in a chaotic manner. This coined the term organ pipe as the peaks appear and
disappear in an amplitude spectrum throughout the Kepler data set, analogous
to the various harmonics from an organ in a piece of music. Many δ Sct stars
have these low frequencies, but since they often have low amplitudes they are not
discovered until the high-amplitude pulsation modes and their window patterns are
removed by pre-whitening. In this section, a case study using the organ pipe δ Sct
star KIC 10407873 is used to demonstrate that these low-frequency peaks are not
necessarily always caused by rotation.
Consider a simple model of a typical δ Sct star with a mass of M = 1.8 M and
a radius of R = 2 R. To first order, a slow rotator with v sin i ' 50 km s−1 would
produce a rotational splitting of approximately 0.5 d−1, a moderate rotator with
v sin i ' 100 km s−1 would produce a rotational splitting of approximately 1.0 d−1,
and a fast rotator with v sin i ' 200 km s−1 would produce a rotational splitting
of approximately 2.0 d−1. Therefore, rotation can easily create complex amplitude
spectra with only a few non-radial modes. Now let us consider a hypothetical δ Sct
star which has two important properties:
(i) The δ Sct star pulsates in non-radial pulsation modes and is a moderate ro-
tator, with the rotation splitting non-radial pulsation modes into their 2`+ 1
components. As discussed in section 1.3.3, the Ledoux constant is very small
for p modes (e.g., Cn ` ' 0.03; Kurtz et al. 2014); therefore, to first order, the
surface rotation period can be directly inferred as the inverse of the frequency
splitting of p modes in a δ Sct star.
(ii) The δ Sct star has surface features, let us call them starspots, which are co-
rotating with the star’s rotation period. If the modulation of the stellar flux
by these starspots is large enough, then the frequencies associated with these
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co-rotating features will be present in the light curve and amplitude spectrum
of our hypothetical δ Sct star.
Thus, from the above two criteria, if a δ Sct star pulsates with a non-radial mode
in the presence of rotation and has starspots on its surface, the rotation periods must
agree to within some tolerance. KIC 10407873 is an ideal example of an organ pipe
star, which is used to demonstrate that the low-frequency peaks in this star are not
caused by rotation, as they are not consistent with the surface velocity obtained
from a rotationally split non-radial mode.
4.3.1 KIC 10407873
The only significant p-mode frequencies in the amplitude spectrum of KIC 10407873
are a mixed mode triplet split by rotation. The KIC and Huber et al. (2014) stellar
parameters for KIC 10407873 are given in Table 4.1, and its amplitude spectrum
is shown in the top panel of Fig. 4.3. The triplet consists of three pulsation mode
frequencies, 13.077173 d−1, 13.805580 d−1 and 14.520178 d−1, which have separations
of 0.714598 d−1 and 0.728407 d−1. This means that the component frequencies of the
triplet are not exactly equally split, as predicted for a rotationally split non-radial
mode. A series of low amplitude peaks is also present at low frequency, specifically
0.977732 d−1, 1.954641 d−1 and 2.933393 d−1, which are not resolved sinc functions.
The almost chaotic variability in the low-frequency peaks is shown graphically using
a series of amplitude spectra in Fig. 4.4.
The amplitude and phase variability of the low frequency peaks and the triplet
were tracked through the 4-yr Kepler data set using a similar method employed
by Bowman & Kurtz (2014) to study amplitude modulation in the δ Sct star
KIC 7106205 discussed in chapter 3. The results of the amplitude and phase track-
ing for the low frequency peaks and triplet of frequencies in KIC 10407873 are given
in the bottom-left and bottom-right panels of Fig. 4.3, respectively. Clearly, the
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Figure 4.3: The amplitude spectrum of the star KIC 10407873 is given in the top
panel, which contains a triplet of frequencies interpreted as a rotationally split dipole
mode, and a series of peaks at low frequency that are unrelated to the rotation
in this star. The bottom row shows the amplitude and phase variability of the




Figure 4.4: A series of amplitude spectra of the low-frequency peaks for the organ
pipe star KIC 10407873 using 100-d bins with a 50-d overlap, which are ordered in
time from left to right, row by row. Only the first 16 time bins are shown, which
corresponds to the first 800 d of the Kepler data set. From one spectra to the next,
the amplitudes of the low-frequency peaks change in a chaotic manner, hence coined
the name organ pipes.
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Table 4.1: Stellar parameters of the case study of the δ Sct star KIC 10407873 with
low-frequency peaks called organ pipes in its amplitude spectrum.
Teff log g [Fe/H]
(K) (cgs) (dex)
KIC (Brown et al. 2011) 7270± 250 3.42± 0.25 0.11± 0.25
Huber et al. (2014) 7510± 270 3.42± 0.28 0.07± 0.26
pulsation modes in the triplet are constant in amplitude and phase over time, but
the low frequency peaks are not.
None of the frequencies in the triplet can be understood in terms of combina-
tion frequencies, because the splitting of the triplet is asymmetric and combination
frequencies must be exactly equally-split as they are mathematical representations
of non-linearity (see e.g., Kurtz et al. 2015). Moreover, the low-frequency peaks
cannot be understood as combination frequencies of the triplet, because of the sig-
nificant difference in frequency values. Therefore, the logical inference is that the
triplet is likely a rotationally split dipole mode. From theoretical modelling, the
central frequency of the triplet was matched to a mixed mode using a model of a
1.8-M δ Sct star, but the asymmetry of the triplet was smaller than expected for
the inferred rotation of this star (H. Saio, private communication). Using the simple
model of a δ Sct star with a mass of 1.8 M, a radius of R ' 2 R, and the average
of the rotational splitting in the triplet, 0.7215025 d−1, a surface rotation velocity
of veq ' 70 km s−1 is indicated.
On the other hand, if the low-frequency peaks are assumed to represent har-
monics of the star’s rotation frequency caused by spot modulation, the rotational
velocity calculated from the lowest-frequency is veq ' 100 km s−1, which implies that
the triplet cannot be caused by rotation. These hypotheses are inherently mutually
exclusive, unless spots on the surface of this star have significantly different rota-
tional velocities than the value calculated from the rotationally split dipole modes.
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For the low frequencies and the triplet to both be explained by rotation, a significant
latitudinal differential rotation is needed in this star, which is unlikely.
The organ pipe star KIC 10407873 remains a useful case study for studying
rotation and low frequency peaks in the amplitude spectra of δ Sct stars observed
by the Kepler Space Telescope. Follow-up spectroscopy of KIC 10407873 and other
organ pipe stars that have low-frequency peaks in their amplitude spectra is needed
to determine a true surface rotational velocity and test if the low frequency peaks
are caused by, or are unrelated to, the rotation of the star.
4.4 Hot gamma Doradus stars
In this section, stars that pulsate with only g-mode frequencies and lie between the
cool edge of the SPB and the hot edge of the γ Dor instability regions are discussed.
Balona (2014) identified a dozen of these stars in the Kepler data set, which have
effective temperatures between 8100 ≤ Teff ≤ 9200 K and were pulsating purely in
g modes. He termed these stars ‘hot γ Dor stars’ as they are located in a region of
the HR diagram where neither the κ mechanism (Pamyatnykh 1999, 2000) or the
flux blocking mechanism (Dupret et al. 2004, 2005) is predicted to excite g modes.
4.4.1 KIC 5130890
One such hot γ Dor star is KIC 5130890, which has an effective temperature and
surface gravity that places it beyond the ZAMS blue edge of the classical instability
strip, with the KIC and Huber et al. (2014) stellar parameters for KIC 5130890
given in Table 4.2. The amplitude spectrum of KIC 5130890 is shown in the bottom
panel of Fig. 4.5, in which there only significant pulsation mode frequencies below
ν < 5 d−1 and are interpreted as g modes.
The simplest interpretation is that KIC 5130890 and other hot γ Dor stars have
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Table 4.2: Stellar parameters of KIC 5130890, which is too hot to be within the
γ Dor instability region and too cool to be within the SPB instability region.
Teff log g [Fe/H]
(K) (cgs) (dex)
KIC (Brown et al. 2011) 9020± 350 4.03± 0.25 0.04± 0.25
Huber et al. (2014) 9250± 340 4.01± 0.24 0.07± 0.36
Figure 4.5: KIC 5130890 is a g mode pulsator characterised by an effective temper-
ature that is too hot to place the star within the γ Dor instability region and too
cool to place the star within the SPB instability strip. The 4-yr LC Kepler light
curve is shown in the top-left panel and a 12-d insert of the LC light curve is shown
in the top-right panel. The bottom panel is the LC amplitude spectrum between
0 ≤ ν ≤ 6 d−1, which contains many g-mode frequencies.
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incorrect Teff values in the KIC and Huber et al. (2014) catalogues, which could
be caused by the flux from the target star being contaminated from a background
star. If, for example, the target star is a SPB star with Teff ' 11 000 K, then a cool
contaminant star could dilute the target temperature to the observed Teff value.
A spectroscopic study of these hot γ Dor stars is needed for the determination of
accurate effective temperatures.
On the other hand, if the effective temperature of KIC 5130890 and other hot
γ Dor stars are accurate, and these stars are located outside of the SPB and γ Dor
instability regions, then it is interesting how these stars can pulsate purely in g modes
in a region in the HR diagram where g modes are not predicted to be excited
(Pamyatnykh 1999, 2000; Dupret et al. 2004, 2005). Even though these hot γ Dor
stars are rare, the discovery of pure g mode pulsators in the classical instability
strip implies that our understanding of the interaction between the δ Sct and γ Dor
excitation mechanisms is far from complete.
4.5 Creating an ensemble of delta Scuti stars
Using the Kepler data catalogues of∼10 400 stars that were discussed in section 2.4.1,
an ensemble of δ Sct stars was created of the stars that met all of the following cri-
teria:
1. Characterised by 6400 ≤ Teff ≤ 10 000 K in the KIC;
2. Observed continuously in LC from Q0 (or Q1) to Q17;
3. Contain peaks in the amplitude spectrum in the sub-Nyquist p-mode frequency
regime (4 ≤ ν ≤ 24.5 d−1) with amplitudes greater than 0.10 mmag.
This resulted in 983 δ Sct and hybrid stars. This ensemble was created for
two purposes. First so that the statistical properties of the δ Sct stars could be
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investigated, which is discussed in the remaining sections of this chapter. Secondly,
to study amplitude modulation in a large sample of δ Sct stars, which is discussed in
chapter 5. The following paragraphs justify the motivation for each of the selection
criteria.
The lower temperature limit of Teff ≥ 6400 K was chosen because this is the
observational red edge of the classical instability strip for δ Sct stars from Rodr´ıguez
& Breger (2001). The ZAMS red edge was calculated to be approximately 6900 K by
Dupret et al. (2004), but cooler high-luminosity δ Sct stars are found below 6900 K
and so the lower limit of 6400 K was chosen to include these targets. Few δ Sct
stars are found between 6400 ≤ Teff ≤ 6500 K, supporting this as the observational
red edge defined by Rodr´ıguez & Breger (2001). An upper limit of Teff ≤ 10 000 K
was chosen to exclude pulsators that do not lie within the classical instability strip,
such as SPB and β Cep stars (e.g., see Balona et al. 2011b and McNamara et al.
2012).
The use of LC data gives the largest number of stars that were observed over the
longest possible time span of 4 yr. Only a small fraction of intermediate (and high)
mass stars were observed in SC and even fewer for many consecutive SC months.
Using LC data is motivated by previously studied δ Sct stars that exhibit amplitude
modulation over time-scales of order years and decades (e.g., 4 CVn was observed to
exhibit amplitude and frequency variability of order a few decades by Breger 2000b,
2016), and so complete data coverage over the maximum of 4 yr is most useful. It
was also decided to exclude the stars that fall on module 3 of the Kepler CCD,
because of the complicated window patterns in these stars.
The stars that contain pulsation mode frequencies within 4 ≤ ν ≤ 24.5 d−1 were
selected because the LC Nyquist frequency is νNyq = 24.5 d
−1. Although δ Sct stars
can pulsate with frequencies higher than νNyq (e.g., Holdsworth et al. 2014a), Nyquist
alias peaks are subject to frequency (phase) variations and amplitude suppression
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(Murphy et al. 2013b), thus real and alias frequency peaks can be identified without
the need to calculate an amplitude spectrum beyond the Nyquist frequency.
It should be noted that this ensemble of 983 δ Sct stars includes many hybrid
stars, but does not include any pure γ Dor stars because these stars do not pulsate
in p modes with frequencies ν ≥ 4 d−1. Thus, when referring to this ensemble of 983
δ Sct stars, the terms δ Sct and hybrid can be used interchangeably, as the criteria
given above selected stars that pulsate in p modes.
4.5.1 Ensemble limitations
It was discussed in section 2.3.3 and shown graphically in Fig. 2.6 how pulsation
mode amplitudes are heavily suppressed for higher frequency signals and completely
suppressed at integer multiples of the LC sampling frequency in Kepler data. There-
fore, it is important to note that this ensemble of δ Sct stars is biased towards low
pulsation mode frequencies, hence more evolved and cooler δ Sct stars. This is
explored in more detail in section 4.7.
An example of a δ Sct star that was not included in the ensemble is KIC 10977859,
which has an effective temperature of Teff = 8180 ± 170 K (Huber et al. 2014)
and pulsates with high frequency pulsation modes between 50 ≤ ν ≤ 60 d−1.
KIC 10977859 was observed continuously by Kepler for 4 yr in LC and between
Q8 – Q17 in SC, with the amplitude spectra for approximately 90 d of simultaneous
LC and SC observations shown in the top and bottom panels of Fig. 4.6, respectively.
The amplitude visibility function has resulted in significant amplitude suppression
of this star’s pulsation mode amplitudes from A ' 1 mmag in the SC amplitude
spectrum to A ' 0.2 mmag in the LC amplitude spectrum.
To study the δ Sct star KIC 10977859, and other high frequency pulsators in
the Kepler data set, it is necessary to use SC observations because the amplitude
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Figure 4.6: The LC and SC amplitude spectra for the δ Sct star KIC 10977859,
calculated out to 100 d−1, are shown in the top and bottom panels, respectively.
Integer multiples of the LC Nyquist frequency are shown as vertical dashed lines.
The pulsation mode frequencies between 50 ≤ ν ≤ 60 d−1 are clearly visible in
the SC amplitude spectrum, but are heavily suppressed in the LC amplitude spec-
trum because of the longer integration time. Nyquist aliases of the pulsation mode
frequencies can also be seen throughout the LC amplitude spectrum.
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visibility function suppresses mode amplitudes at high frequency in LC data. Fur-
thermore, amplitudes at integer multiples of the Nyquist frequency are completely
suppressed when using LC data. Very few δ Sct stars were observed by Kepler in
SC for more than a couple of consecutive months. As discussed previously, it was
important to maximise both the number of stars in the ensemble and the length of
observations to obtain the highest possible frequency resolution.
4.6 Revisiting the delta Scuti instability strip
The δ Sct stars are a diverse group of pulsators, with no obvious consistency in the
number of excited pulsation modes, their amplitudes or range in observed frequen-
cies. Balona & Dziembowski (2011) used a subset of 418 d of Kepler data (i.e., Q0
– Q5) to study 1568 δ Sct stars, particularly the occurrence of pulsation within the
classical instability strip in the HR diagram. They concluded that no more than
50 per cent of stars between 7000 ≤ Teff ≤ 8000 K in the Kepler data set were
δ Sct stars. The lack of pulsation in chemically peculiar stars is not surprising,
which explains why many A stars are not observed to pulsate; this was discussed in
section 1.3.2.
In this section, the observed boundaries of the classical instability strip are revis-
ited using the ensemble of 983 δ Sct stars that were observed continuously by Kepler
for over 4 yr. The distribution of these stars in a Teff – log g diagram using values
from the KIC is shown in Fig. 4.7. In this figure, the location of each star is shown
by a black cross, with stellar evolutionary tracks calculated from the ZAMS for 1.4,
1.8 and 2.2 M stars shown as solid purple lines. The stellar evolutionary tracks
were calculated using time-dependent convection (TDC) models and are courtesy
of S. Murphy (private communication). The solid black lines in Fig. 4.7 indicate
the observed blue and red edges of the classical instability strip from Rodr´ıguez &
Breger (2001), and the typical uncertainty for each star is shown by the error bar
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Figure 4.7: Teff – log g diagram for the ensemble of 983 δ Sct stars. The distribution
of KIC parameters for the ensemble of 983 δ Sct stars is shown as black crosses, with
the typical point uncertainties shown by the error bars in the bottom right. The
observational hot and cool borders of the classical instability strip are taken from
Rodr´ıguez & Breger (2001) and are shown as solid black lines. Stellar evolutionary
tracks calculated using time-dependent convection (TDC) models, courtesy of S.
Murphy (private communication), are shown as solid purple lines. A subgroup of
δ Sct stars for which accurate spectroscopic values of Teff and log g from Niemczura
et al. (2015) are plotted as filled red circles.
in the bottom-right corner of the plot.
A study using high-resolution spectroscopic data from the HERMES spectro-
graph on the Mercator Telescope by Niemczura et al. (2015) characterised 117 bright
(V ≤ 10 mag) A and F stars observed by the Kepler Space Telescope. Accurate
values for fundamental stellar parameters including Teff , log g, rotational and micro-
turbulent velocities and their respective uncertainties were determined for each star
(Niemczura et al. 2015). The stars studied by Niemczura et al. (2015) that are
included in the ensemble are shown as filled red circles in Fig. 4.7. Therefore, these
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stars represent a subsample of all the δ Sct stars observed by Kepler for which accur-
ate spectroscopic values of Teff and log g are known, with uncertainties for individual
stars that range between 100 ≤ σ (Teff) ≤ 200 K and 0.1 ≤ σ (log g) ≤ 0.2 (cgs),
respectively.
The majority of δ Sct stars in Fig. 4.7 are cooler than the blue edge of the
classical instability strip, especially if the uncertainties in effective temperature are
taken into account. In section 2.2.3, it was discussed how the effective temperatures
listed in the KIC are accurate in a statistical sense, but are underestimated by
approximately 200 K (Pinsonneault et al. 2012; Huber et al. 2014). This was also
noted by Niemczura et al. (2015) in their study, and explains the systematic shift to
higher temperatures for the stars in the Niemczura et al. (2015) subsample compared
to the ensemble of 983 δ Sct stars. If this systematic error is included, then the
majority of δ Sct stars in Fig. 4.7 are within 1σ of being within the classical instability
strip. What is clear from the distribution of stars in Fig. 4.7 is that almost all
δ Sct stars lie within the observational edges of the classical instability strip taken
from Rodr´ıguez & Breger (2001) if 3σ uncertainties in Teff and log g are taken into
account. For stars within the classical instability strip, it is not surprising that they
are observed to pulsate for the reasons discussed in section 1.2.3.
On the other hand, a minority of δ Sct stars in the ensemble have effective
temperatures that are hotter than the blue edge or cooler than the red edge of
the classical instability strip by more than 3σ, so further investigation is needed to
study these stars. There is also a high density of stars near the red edge in Fig. 4.7
indicating there is not an abrupt transition in temperature for whether a star is
stable or unstable to pulsation by the κ mechanism. The edges of the instability
strip from Rodr´ıguez & Breger (2001) shown in Fig. 4.7 are purely observational, so
could be moved to take into account the outlying δ Sct stars in the Kepler data set.
The majority of the δ Sct stars in Fig. 4.7 have surface gravities between 3.5 ≤
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log g ≤ 4.0 with few stars around log g ' 4.4, thus the TAMS is better sampled
than the ZAMS for δ Sct stars observed by the Kepler Space Telescope. This result
was also found for the subsample of bright A and F stars studied by Niemczura
et al. (2015) using spectroscopy.
In summary, it can be concluded that the observed blue and red edges from
Rodr´ıguez & Breger (2001) remain a reasonable indicator for the location of δ Sct
stars observed by the Kepler Space Telescope. However, a few δ Sct stars lie beyond
the blue edge of the classical instability strip, some of which have been studied spec-
troscopically by Niemczura et al. (2015) and have accurate effective temperatures
and surface gravities. These stars will be interesting to study further, as they lie
in a region where the excitation of p modes by the κ mechanism is not expected to
occur (Pamyatnykh 1999, 2000; Dupret et al. 2005). Also, a significant fraction of
δ Sct stars are located near the red edge of the classical instability strip and so the
observed boundaries may need to be moved to take these stars into account.
4.7 Correlations in the stellar parameters of
delta Scuti stars
In this section, correlations between pulsation and different stellar parameters are
investigated using the ensemble of 983 δ Sct stars. The amplitude spectrum for each
star in the ensemble was calculated to 98 d−1, which is four times the LC Nyquist
frequency, or twice the sampling frequency. The highest amplitude peak in the
p mode frequency regime (4 ≤ ν ≤ 98 d−1) was extracted and values of frequency,
amplitude and phase were optimised using non-linear least-squares.
In this analysis, only a single frequency is extracted per star to ensure that
it is a pulsation mode frequency and not an Nyquist alias peak, as real pulsation
mode frequencies have higher amplitudes than their Nyquist aliases (Murphy et al.
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2013b). It was discussed in section 2.3.1 and demonstrated in Fig. 2.3 how the
Barycentric time stamp corrections made to Kepler data produce a non-constant
cadence, which causes Nyquist aliases to experience a periodic frequency modulation
and amplitude suppression (Murphy et al. 2013b). Therefore, the frequency of the
highest amplitude peak (i.e., the frequency of Amax) in the amplitude spectrum
cannot be an alias of a pulsation mode frequency, as a real frequency has a larger
amplitude (Murphy et al. 2013b).
The amplitude spectrum for each star is not corrected for the amplitude vis-
ibility function given in Eqn 2.5, because it would then be possible for Nyquist
aliases to have higher amplitudes than pulsation mode frequencies. This is demon-
strated graphically in Fig. 4.8 using the LC amplitude spectrum of the δ Sct star
KIC 7106205. In this figure, integer multiples of the LC Nyquist frequency are shown
as dashed lines and the amplitude visibility function is shown as a red line. The
highest amplitude peak, which corresponds to a pulsation mode at ν = 10.0323 d−1
is labelled ‘r’ for real, and its Nyquist aliases are labelled a1, a2 and a3. If the
amplitude spectrum is corrected for the amplitude visibility function, then the alias
frequencies would have larger amplitudes than the real pulsation mode.
By not correcting the amplitude spectra of 983 δ Sct stars for the amplitude
visibility function, it is ensured that the extracted frequency is a pulsation mode
frequency and not a Nyquist alias frequency. The disadvantage of this approach is
that the distribution of frequencies will be biased towards, on average, lower values,
but this is a compromise that yields the most meaningful results.
Restricting this search to the p-mode frequency regime also ensures that variab-
ility from longer period phenomena such as rotation is excluded. The histogram for
the distribution of the frequency of the highest amplitude pulsation mode is shown
by the black region in Fig. 4.9, which demonstrates that the dominant pulsation
mode frequency typically lies below ν . 40 d−1 for most δ Sct stars. This agrees
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Figure 4.8: Application of amplitude visibility function using the δ Sct star
KIC 7106205. The normalised amplitude spectrum using LC Kepler data has been
calculated to four times the Nyquist frequency, with integer multiples of νNyq shown
as dashed lines. The highest amplitude peak, which corresponds to a pulsation mode
at ν = 10.0323 d−1 is labelled ‘r’ for real, and its Nyquist aliases are labelled with
ai. The normalised amplitude visibility is shown as a red solid line. If the amplitude
spectrum was corrected for the amplitude visibility function, then the alias peaks,
a1, a2 and a3 would have higher amplitudes than the real peak, thus justifying why
frequencies are extracted without correcting for the Kepler integration time.
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Figure 4.9: The histogram of the frequency of maximum amplitude for the ensemble
of 983 δ Sct stars. The frequency of maximum amplitude is extracted from the
frequency range of 4 ≤ ν ≤ 98 d−1, and is optimised using non-linear least-squares
fit to the data set for each star. The subgroup of bright A and F stars studied by
Niemczura et al. (2015) is also plotted in red for comparison.
with the analysis by Balona & Dziembowski (2011). However, the bias introduced
by the amplitude visibility function means that stars with pulsation modes at or
near the Kepler sampling frequency have been included, and explains the dearth of
δ Sct stars with frequencies ν & 40 d−1 in the Kepler data set.
4.7.1 Pulsation and effective temperature
A semi-empirical relationship exists between the effective temperature and the ob-
served pulsation mode frequencies in a δ Sct star. As discussed in section 1.2.3,
the depth of the He ii ionisation zone is a function of Teff in the stellar envel-
ope. A hot δ Sct star near the blue edge will typically pulsate in higher radial
overtone modes, resulting in higher pulsation mode frequencies (Pamyatnykh 1999,
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2000; Christensen-Dalsgaard 2000; Dupret et al. 2004, 2005). Thus, hotter δ Sct
stars typically have higher pulsation mode frequencies, a relationship that has been
observed from the ground (see e.g., Breger & Bregman 1975; Breger 2000a).
Theoretically, there are predictions of where the δ Sct instability region is loc-
ated in the HR diagram (Pamyatnykh 1999; Dupret et al. 2004, 2005; Grigahce`ne
et al. 2010a), but the predictions depend on the numerical treatment of convection
used in stellar models, especially for determining the red edge of the classical in-
stability strip (see e.g., Dupret et al. 2004, 2005). Observationally, the blue and red
edges are well-constrained using ground-based data (Rodr´ıguez & Breger 2001), but
with less accuracy when using space-based observations (Grigahce`ne et al. 2010a;
Uytterhoeven et al. 2011; Balona & Dziembowski 2011; Bowman et al. 2016).
The frequency of the highest amplitude pulsation mode is plotted against Teff
using the KIC parameters for the ensemble of 983 δ Sct stars in Fig. 4.10. A
linear regression of these two parameters, shown as a black line in Fig. 4.10, and a
Pearson coefficient of R = 0.282 indicate a weak correlation between the frequency
of the highest amplitude pulsation mode and effective temperature in δ Sct stars
observed by the Kepler Space Telescope. The subsample of bright A and F stars
from Niemczura et al. (2015) are also plotted in Fig. 4.10 as filled red circles for
comparison, for which a separate linear regression is plotted as a red line.
The amplitude suppression of high frequency pulsation modes in LC Kepler
data may explain why only a weak correlation was found between pulsation and
effective temperature as very few δ Sct stars with pulsation mode frequencies above
40 d−1 are included in the ensemble of 983 δ Sct stars. For example, the δ Sct
KIC 10977859 discussed in section 4.5.1 has an effective temperature of Teff = 8180±
170 K (Huber et al. 2014) and pulsates with pulsation mode frequencies between
50 ≤ ν ≤ 60 d−1, so clearly at least one hot, high-frequency δ Sct star has not
been included in the ensemble, which would improve the correlation in Fig. 4.10.
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Figure 4.10: A linear regression of the frequency of maximum amplitude against Teff
using the KIC parameters for the ensemble of 983 δ Sct stars is shown as a black line.
The Pearson coefficient is shown in the top-left corner of the plot indicating a weak
correlation, and a typical error bar for each data point is shown in the bottom-right
corner of the plot. The subsample of δ Sct stars for which accurate spectroscopic
values of Teff obtained from Niemczura et al. (2015) are plotted as filled red circles,
with a separate linear regression of these values plotted as the red line.
134
CHAPTER 4
Despite this, the observed correlation is in agreement with the expectation that
hotter δ Sct stars have higher pulsation mode frequencies (Breger & Bregman 1975;
Breger 2000a).
4.7.2 Pulsation and surface gravity
Another semi-empirical relationship exists between the evolutionary state and the
observed pulsation mode frequencies in a δ Sct star. As discussed previously in
section 1.1.1, the evolutionary state of a star influences its pulsations with post-
main sequence stars exhibiting mixed modes (Osaki 1975), which are the result of
the coupling of the g- and p-mode pulsation cavities (e.g., Lenz et al. 2010). The
δ Sct stars are interesting as they include main sequence and post-main sequence
stars, with models of δ Sct stars predicting that mixed modes can be excited in these
stars (Dziembowski et al. 1995; Christensen-Dalsgaard 2000).
The evolutionary state of a star can be inferred from its log g value, with the
more evolved stars having lower log g values. This is caused by the increase in radius
after as star has evolved beyond the TAMS. Therefore, a more-evolved δ Sct star in
a post-main sequence stage of stellar evolution will generally have lower pulsation
mode frequencies than its ZAMS counterpart for a given effective temperature.
The frequency of the highest amplitude pulsation mode is plotted against log g
using the KIC parameters for the ensemble of 983 δ Sct stars in Fig. 4.11. A linear
regression of these two parameters, shown as a black line in Fig. 4.11, and a Pearson
coefficient of R = 0.075 indicate almost no correlation between the frequency of the
highest amplitude pulsation mode and surface gravity in δ Sct stars observed by the
Kepler Space Telescope. The subsample of bright A and F stars from Niemczura
et al. (2015) are also plotted in Fig. 4.11 as filled red circles for comparison, for
which a separate linear regression is plotted as a red line. The lack of correlation in
Fig. 4.11 is likely because of the previously discussed bias towards lower frequencies
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Figure 4.11: A linear regression of the frequency of maximum amplitude against
log g using the KIC parameters for the ensemble of 983 δ Sct stars is shown as
a black line. The Pearson coefficient is shown in the top-left corner of the plot
indicating almost no correlation, and a typical error bar for each of the data points
is shown in the bottom-right corner of the plot. The subsample of δ Sct stars for
which accurate spectroscopic values of log g obtained from Niemczura et al. (2015)
are plotted as filled red circles, with a separate linear regression of these values
plotted as the red line.
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resulting in only a narrow range of extracted frequencies. Furthermore, there is
degeneracy in the observed pulsation mode frequencies between evolved stars and
cool main sequence stars, with both groups of δ Sct stars typically having lower
pulsation mode frequencies.
4.7.3 Pulsation across the Teff – log g diagram
The relationships between pulsation and effective temperature, and pulsation and
surface gravity are degenerate, making it difficult to distinguish cool main sequence
δ Sct stars and evolved δ Sct stars. Therefore, using a Teff – log g diagram is a
sensible way to investigate these correlations further. The ensemble of 983 δ Sct stars
observed by Kepler are plotted in a Teff – log g in Fig. 4.12, which is colour-coded
to denote the frequency of the highest amplitude pulsation mode. As expected, the
δ Sct stars with higher pulsation mode frequencies (ν ≥ 40 d−1) typically lie at
higher effective temperatures in Fig. 4.12.
The ensemble of 983 δ Sct stars shown in Fig. 4.12 are divided into three pop-
ulations and plotted separately in Fig. 4.13 for comparison. In this figure, the top,
middle and bottom panels correspond to the stars with low-frequency pulsations
(4 < ν < 18 d−1), mid-range pulsation frequencies (18 < ν < 32 d−1), and high-
frequency pulsations (32 < ν < 60 d−1), respectively. Although, there is a dearth of
high-frequency δ Sct stars, a shift from lower log g and Teff to higher values of log g
and Teff can be seen from the top to bottom panels in Fig. 4.13.
The relationships between the frequency of the highest amplitude pulsation mode
and the stellar parameters Teff and log g presented in this thesis may not be com-
pletely representative of δ Sct stars, as only a single pulsation mode frequency was
used for each star. Many δ Sct stars have a large range of pulsation mode frequen-
cies, which is not taken into account in Figs 4.9 – 4.13. Moreover, the degeneracy
between evolved and cool main sequence δ Sct stars complicates the method for
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Figure 4.12: Pulsation across the Teff – log g diagram. This figure is the same as
Fig. 4.7, but each filled circle has been coloured by the frequency of its highest amp-
litude pulsation mode. High densities of δ Sct stars with low-frequency pulsations
(ν ≤ 25 d−1) are found near the ZAMS red edge and the TAMS, whereas δ Sct stars
with high-frequency pulsations (ν > 25 d−1) are found closer to the blue edge.
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Figure 4.13: Distribution of pulsation across the Teff – log g diagram. This figure
is similar to Fig. 4.12, but the ensemble of 983 δ Sct stars has been split into three
populations based on the frequency of the highest amplitude pulsation mode. The
top, middle and bottom panels show the 4 < ν < 18 d−1, 18 < ν < 32 d−1 and
32 < ν < 60 d−1 populations, respectively.
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determining general properties of an ensemble of δ Sct stars. Nonetheless, the high-
frequency δ Sct stars are typically located near the blue edge of the instability strip
and the ZAMS as shown in Figs 4.12 and 4.13. This relationship has been pre-
dicted by theoretical models (Pamyatnykh 1999, 2000; Christensen-Dalsgaard 2000;
Dupret et al. 2004, 2005) and studied using ground-based observations of δ Sct stars
(Breger & Bregman 1975; Breger 2000a), and so the results presented in this thesis
are consistent with previous analyses.
4.7.4 Pulsation and rotation
The frequency of the highest amplitude pulsation mode is plotted against v sin i
using the subsample of δ Sct stars from Niemczura et al. (2015) in Fig. 4.14, for
which accurate values of v sin i were obtained from high-resolution spectroscopy.
The effects of rotation modify the pulsation mode frequencies of a star by lifting
the degeneracy of non-radial modes into their 2` + 1 components, but there is no
expectation for either slow or fast rotating δ Sct stars to have dominant high or
low pulsation mode frequencies, or vice versa. As shown in Fig. 4.14, there is no
correlation between the rotational velocity of a δ Sct star and the frequency of the
highest amplitude pulsation mode.
4.8 Discussion
From ground-based observations, the δ Sct stars are found on or near the main se-
quence within the classical instability strip, and are well-defined by the observational
blue and red edges from Rodr´ıguez & Breger (2001). The γ Dor stars are located in
a nearby and overlapping region in the HR diagram (Dupret et al. 2004), but only a
small minority of stars were predicted to be simultaneously unstable to both δ Sct
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Figure 4.14: The frequency of the highest amplitude pulsation mode plotted against
v sin i using the subsample of δ Sct stars from Niemczura et al. (2015), which reveals
no correlation between these two parameters.
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and γ Dor excitation mechanisms (Dupret et al. 2005). However, Kepler observa-
tions have revealed that many pulsating A and F stars are hybrid stars pulsating in
both p and g modes (Grigahce`ne et al. 2010a; Uytterhoeven et al. 2011; Balona &
Dziembowski 2011), which is shown in Fig. 4.1.
From the in-depth studies of individual hybrid stars, it has been shown that
p modes from the κ mechanism and g modes from the flux blocking mechanism can
be simultaneously excited and be intrinsic to a single star (see e.g., Chapellier et al.
2012 and Kurtz et al. 2014). Also, it has been shown that hybrid stars can exist in
binary systems, with all pulsations originating in the primary (see e.g., Van Reeth
et al. 2015b). Therefore, binarity does not offer a ubiquitous solution for why many
δ Sct stars are hybrid pulsators. It has been suggested that all δ Sct stars are hybrid
stars (Balona 2014; Balona et al. 2015b), but stars pulsating in purely p modes with
no statistically significant peaks in the g-mode frequency regime do exist. This was
demonstrated using KIC 5617488 in section 4.2.2.
In section 4.3, it was discussed how a diverse range of yet unexplained phenomena
can exist in δ Sct stars, including the incidence of low-frequency peaks in δ Sct
stars. These so-called organ pipe stars have a series of low-frequency peaks in their
amplitude spectra that are highly variable in amplitude and phase throughout the
Kepler data set, and it has been claimed that these low-frequency peaks are caused
by rotation (Balona 2011, 2013). The δ Sct star KIC 10407873 was shown to contain
a rotationally-split dipole mode, which was used to calculate a rotational velocity of
veq ' 70 km s−1 for this star. This value is not consistent with the rotational velocity
of veq ' 100 km s−1 calculated using the low-frequency peaks. Therefore, rotational
modulation from starspots is not always the cause of low-frequency peaks in δ Sct
stars. Further work is clearly needed to investigate the cause of these low-frequency
peaks in δ Sct stars.
In this chapter, 4 yr of continuous Kepler data have been used to create an
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ensemble of 983 δ Sct stars to study the statistical properties of these stars, including
the correlations between the fundamental stellar parameters and the frequency of
the highest amplitude pulsation mode in each star. The majority of the 983 δ Sct
stars are located inside the classical instability strip, as shown in Fig. 4.7, especially
if the uncertainties in Teff and log g, and the 200 K systematic underestimation of
KIC effective temperatures (Pinsonneault et al. 2012; Huber et al. 2014; Niemczura
et al. 2015) are taken into account. However, a small fraction of stars are located
outside the classical instability strip, and if the effective temperatures and surface
gravities of these stars are accurate, then the observational blue and red edges from
Rodr´ıguez & Breger (2001) may need to be revised.
The correlations between the frequency of the highest amplitude pulsation mode
and effective temperatures and surface gravities were investigated using the ensemble
of 983 δ Sct stars in section 4.7. For a hot δ Sct star near the blue edge of the
classical instability strip, a high effective temperature facilitates the excitation of
higher overtone modes because the κ mechanism operating in the He ii ionisation
zone is closer to the surface of the star (Pamyatnykh 1999; Christensen-Dalsgaard
2000; Dupret et al. 2004, 2005). A linear regression of the frequency of the highest
amplitude pulsation mode against effective temperature is shown in Fig. 4.10, which
indicates a weak correlation between these two parameters. This relationship was
also found in ground-based observations of δ Sct stars (Breger & Bregman 1975;
Breger 2000a).
Similarly, there is an expectation for post-main sequence δ Sct stars to exhibit
lower pulsation mode frequencies from the presence of mixed modes (Osaki 1975) and
the increase in radius caused by stellar evolution. A linear regression of the frequency
of the highest amplitude pulsation mode against surface gravity is shown in Fig. 4.11,
which reveals no significant correlation between these parameters. However, the
degeneracy in pulsation mode frequencies for cool main sequence and evolved stars
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makes finding any correlation difficult.
In Figs 4.7, and 4.9 – 4.11, a subsample of δ Sct stars from Niemczura et al.
(2015) are also shown, for which accurate Teff and log g values obtained from high-
resolution spectroscopy are known. The spectroscopic observations of v sin i for
the subsample of δ Sct stars from Niemczura et al. (2015) are plotted against the
frequency of the maximum amplitude pulsation mode in Fig. 4.14, which shows
no correlation between the frequency of the highest amplitude pulsation mode and






The various causes of why δ Sct stars exhibit variable pulsation mode amplitudes
(and/or frequencies) can be loosely grouped as intrinsic and extrinsic, i.e., those
physical and interior to the star and those caused by external effects, respectively.
The motivation for a statistical search for amplitude modulation in a large number
of δ Sct stars, which is presented in this chapter, is primarily motivated by studies
of the δ Sct star KIC 7106205 discussed in chapter 3. The Kepler data set offers the
opportunity to test if this phenomenon is common among a large number of δ Sct
stars. Further motivation comes from well-studied δ Sct stars observed from the
ground. The δ Sct star 4 CVn, which was discussed in section 1.5, epitomises the
diversity among all δ Sct stars, because it has been shown to be part of a binary
system (Schmid et al. 2014), has beating of close-frequency pulsation modes (Breger
& Bischof 2002), has a mode coupling mechanism (Breger 2000b), and exhibits
amplitude modulation from an unknown mechanism (Breger 2016).
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In this chapter, inspired by the extensive literature on the δ Sct star 4 CVn and
the previous analyses of KIC 71026205, two research questions are tested using the
ensemble of 983 δ Sct stars discussed in chapter 4, which are:
(i) Is amplitude modulation common among δ Sct stars?
(ii) Is the pulsational energy budget conserved?
5.2 Amplitude modulation in δ Sct stars:
statistics from an ensemble of Kepler targets
In this section, the research paper by Bowman et al. (2016) is presented, which
was published in Monthly Notices of Royal Astronomical Society in August 2016.
I created an automated amplitude and phase tracking pipeline that produced an
amplitude modulation catalogue of 983 δ Sct stars observed by the Kepler Space
Telescope. This catalogue is available as a PDF online and an electronic version
of Table 1 has been placed on CDS. The beating and coupling models discussed in
sections 5 and 6 of the paper, respectively, were created using a selection of example
stars that I chose myself. I wrote the majority of the publication and D. W. Kurtz
contributed to the discussion throughout. M. Breger contributed to the writing of
sections 2.2 and 6, and S. J. Murphy kindly contributed the binary periods of the
four stars identified as binaries in section 4.6, and contributed to the writing of
section 2.3. All co-authors were involved in editing the paper.
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ABSTRACT
We present the results of a search for amplitude modulation of pulsation modes in 983 δ
Sct stars, which have effective temperatures between 6400 ≤ Teff ≤ 10 000 K in the Kepler
Input Catalogue and were continuously observed by the Kepler Space Telescope for 4 yr. We
demonstrate the diversity in pulsational behaviour observed, in particular non-linearity, which
is predicted for δ Sct stars. We analyse and discuss examples of δ Sct stars with constant
amplitudes and phases; those that exhibit amplitude modulation caused by beating of close-
frequency pulsation modes; those that exhibit pure amplitude modulation (with no associated
phase variation); those that exhibit phase modulation caused by binarity; and those that exhibit
amplitude modulation caused by non-linearity. Using models and examples of individual stars,
we demonstrate that observations of the changes in amplitude and phase of pulsation modes can
be used to distinguish among the different scenarios. We find that 603 δ Sct stars (61.3 per cent)
exhibit at least one pulsation mode that varies significantly in amplitude over 4 yr. Conversely,
many δ Sct stars have constant pulsation amplitudes so short-length observations can be used
to determine precise frequencies, amplitudes and phases for the most coherent and periodic
δ Sct stars. It is shown that amplitude modulation is not restricted to a small region on the
HR diagram, therefore not necessarily dependent on stellar parameters such as Teff or log g.
Our catalogue of 983 δ Sct stars will be useful for comparisons to similar stars observed by
K2 and TESS, because the length of the 4-yr Kepler data set will not be surpassed for some
time.
Key words: asteroseismology – stars: oscillations – stars: variables: δ Scuti.
1 IN T RO D U C T I O N
Almost a century ago, Sir Arthur Eddington proposed that a star
could act as a heat engine and become unstable to pulsation
(Eddington 1917, 1926). For mono-periodic radial pulsators such
as classical Cepheid variables and RR Lyrae stars (e.g. RRab stars
using the classification of Bailey 1902), a piston-like driving mech-
anism in which layers of gas in the stellar atmosphere periodically
expand and contract about an equilibrium point is relatively simple
to envisage. Conversely, multiperiodic pulsators with many excited
pulsation modes can be more complicated. The amplitude spec-
tra of multiperiodic pulsators are often forest-like with a greater
likelihood of mode interaction among the pulsation modes (e.g.
E-mail: dmbowman@uclan.ac.uk
Chapellier et al. 2012). The reward of studying a multiperiodic
pulsator is a greater insight into a star’s interior, because different
pulsation mode frequencies probe different depths within a star (e.g.
Kurtz et al. 2014). The process of identifying and modelling pulsa-
tion mode frequencies is called asteroseismology, with an in-depth
review given by Aerts, Christensen-Dalsgaard & Kurtz (2010).
1.1 Delta Sct stars
The multiperiodic pulsators known as delta Scuti (δ Sct) stars are
the most common group of variable A and F stars, and are found
at the intersection of the classical instability strip and main sequence
on the Hertzsprung–Russell (HR) diagram. On the main-sequence,
δ Sct stars typically range from A2 to F2 in spectral type (Rodrı´guez
& Breger 2001) and within the effective temperature range of
6300 ≤ Teff ≤ 8600 K (Uytterhoeven et al. 2011). The δ Sct stars can
C© 2016 The Authors
Published by Oxford University Press on behalf of the Royal Astronomical Society







Amplitude modulation in Kepler δ Sct stars 1971
be considered intermediate-mass stars, as they lie in a transition-
region from radiative cores and thick convective envelopes in low-
mass stars (M . 1 M), to large convective cores and thin con-
vective envelopes in high-mass stars (M & 2 M). Concurrently,
they also represent a transition from the high-amplitude radial pul-
sators, such as Cepheid variables, and the non-radial multiperiodic
pulsators within the classical instability strip (Breger 2000a).
Pulsations in δ Sct stars are excited by the κ-mechanism op-
erating in the He II ionization zone at T ∼ 50 000 K (Cox 1963;
Chevalier 1971) producing low-order pressure (p) modes. Typical
pulsation periods observed in δ Sct stars are of order a few hours
(Breger 2000a), but can be as short as 15 min (Holdsworth et al.
2014). Hotter δ Sct stars generally have shorter pulsation periods
(i.e. higher pulsation mode frequencies) than cooler δ Sct stars. Pul-
sational instability is a balance between driving and damping within
a star; for example, the depth of the convective envelope is predicted
to be large enough at the red edge of the classical instability strip
to damp the δ Sct pulsations (Christensen-Dalsgaard 2000; Houdek
2000; Grigahce`ne et al. 2010). Thorough reviews of δ Sct stars are
provided by Breger (2000a), Aerts et al. (2010) and Murphy (2014).
The evolutionary state of a star, specifically if it is near the
zero-age main-sequence (ZAMS) or terminal-age main-sequence
(TAMS), can influence its pulsational characteristics. The δ Sct
stars are interesting as they lie on and beyond the main sequence
and so experience large changes in their interiors in a relatively
short period of time after the hydrogen in their cores is exhausted.
Evolved stars often are observed to show a form of mode interaction
called mixed modes, which are pulsation modes that exhibit gravity
(g) mode characteristics near the core and p-mode characteristics
near the surface (Osaki 1975). Mixed modes are often observed in
evolved stars because the large density gradient outside the core
couples the g- and p-mode pulsation cavities (e.g. Lenz et al. 2010).
For a given Teff, a more-evolved δ Sct star near the TAMS will
generally have lower pulsation mode frequencies than its ZAMS
counterpart.
Another strong influence on stellar pulsations is rotation. The
Kraft Break (Kraft 1967) divides the main sequence into slowly
rotating low-mass stars and fast-rotating high-mass stars, with
the boundary occurring at approximately spectral type F5 (M 
1.3 M). If the chemically peculiar Am and Ap stars are excluded,
A and F stars lie above the Kraft Break and have typical values
between 150 < vsin i < 200 km s−1 (Zorec & Royer 2012). From a
high-resolution spectroscopic study of bright Kepler A and F stars,
a mean vsin i value of 134 km s−1 was obtained by Niemczura et al.
(2015). Therefore, δ Sct stars are generally considered moderate,
and often, fast rotators (Breger 2000a). Rotation lifts the degeneracy
of a non-radial ( > 0) pulsation mode into its 2 + 1 components,
which are observed as a multiplet with nearly exact splitting among
its component frequencies (Pamyatnykh 2003).
The relationship between rotation and mode density is demon-
strated by the high-amplitude δ Sct (HADS) stars. The HADS stars
were first classified by McNamara (2000), who defined a sub-group
of slowly rotating δ Sct stars with peak-to-peak light amplitude
variations of more than 0.3 mag. These HADS stars have few pulsa-
tion mode frequencies in their amplitude spectra, with the dominant
light variation usually being associated with the fundamental radial
mode (McNamara 2000). The slow rotation seems to be a require-
ment for high-amplitude pulsations (Breger 2000a). The HADS
stars are found in a very narrow region within the classical instabil-
ity strip with effective temperatures between 7000 ≤ Teff ≤ 8000 K
(McNamara 2000), and offer an opportunity to study non-linearity
in high-amplitude pulsations for which mode identification is rela-
tively simple. We explore the non-linearity of HADS stars observed
by Kepler in Section 4.6.
1.2 Hybrid stars
Near the red edge of the classical instability strip and the main se-
quence on the HR diagram, is another group of variable stars called
gamma Doradus (γ Dor) stars, which pulsate in high-order low-
degree non-radial g modes driven by the convective flux blocking
mechanism operating at the base of the convective zone (Guzik et al.
2000; Dupret et al. 2005). Typical g-mode pulsation frequencies in
a γ Dor star lie between 0.3 < ν < 3 d−1 (Uytterhoeven et al.
2011). Reviews of γ Dor stars are provided by Balona, Krisciunas
& Cousins (1994), Kaye et al. (2000) and Aerts et al. (2010).
The theoretical instability regions of the δ Sct and γ Dor stars
have been shown to overlap on the HR diagram (Dupret et al. 2004).
Hybrid pulsators from the δ Sct and γ Dor pulsational excitation
mechanisms occurring simultaneously within a star were first pre-
dicted by Dupret et al. (2005), but only expected to comprise a
small minority of A and F stars. The Kepler mission data revealed
that many δ Sct stars are in fact hybrid pulsators (Balona 2011;
Uytterhoeven et al. 2011), exhibiting both p and g modes. Although
it is common for the amplitude spectra of δ Sct stars to contain low-
frequency peaks, it is not established whether these frequencies are
always caused by pulsation, the effects of rotation or have some
other cause. Often low-frequency peaks in δ Sct stars can be as-
sociated with combination frequencies of high-frequency pulsation
modes.
Understanding the multiperiodic hybrid stars is an exciting
prospect for asteroseismology as one can gain insight into sub-
surface conditions, such as measurements of the rotation profile in
main-sequence stars (Kurtz et al. 2014; Keen et al. 2015; Saio et al.
2015; Schmid et al. 2015; Triana et al. 2015; Murphy et al. 2016).
Ideally, the hybrid stars could be used to study the pulsation excita-
tion mechanisms directly, particularly the possible exchange of en-
ergy between pulsation modes excited by the different mechanisms.
This idea was explored by Chapellier et al. (2012), who studied the
interaction between 180 g-mode and 59 p-mode independent pul-
sation frequencies in the CoRoT hybrid star ID 105733033. The
authors demonstrated that the p- and g-mode frequencies originated
in the same star and that a coupling mechanism must exist to explain
the observed mode interaction (Chapellier et al. 2012).
1.3 The Kepler mission
The Kepler Space Telescope has revolutionised our understanding
of pulsating stars, including δ Sct and γ Dor stars (Uytterhoeven
et al. 2011; Balona 2014). The Kepler spacecraft was launched in
2009 March into a 372.5-d Earth-trailing orbit with a primary goal
to locate Earth-like exoplanets orbiting solar-like stars using the
transit method (Borucki et al. 2010). A high photometric precision
of order a few μmag, a high duty-cycle (Koch et al. 2010) and data
spanning 1470.5 d (4 yr) for more than 150 000 stars, allow us
to probe the structure of stars with a significantly higher precision
than any ground-based telescope. Observations were made using a
29.5-min long cadence (LC) and 58.5-s short cadence (SC)
(Gilliland et al. 2010).
Approximately 200 000 targets stars were observed by Kepler,
many of which were characterized with values of Teff, log g and
[Fe/H] using griz and 2MASS JHK broad-band photometry prior
to the launch of the telescope. These parameters were collated into
the Kepler Input Catalogue (KIC; Brown et al. 2011) and allowed
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stars to be placed on the HR diagram. Since the end of the nominal
Kepler mission, Huber et al. (2014) revised the stellar parameters for
the ∼200 000 Kepler targets and concluded that a colour-dependent
offset exists compared to other sources of photometry (e.g. Sloan).
This resulted in KIC temperatures for stars hotter than Teff > 6500 K
being, on average, 200 K lower than temperatures obtained from
Sloan photometry or the infrared flux method (Pinsonneault et al.
2012). Also, log g values for hot stars were overestimated by up
to 0.2 dex. Huber et al. (2014) stresses that the log g and [Fe/H]
values and their respective uncertainties should not be used for a
detailed analysis on a star-by-star basis, as they are only accurate in
a statistical sense.
The 4-yr Kepler observations provide a Rayleigh resolution crite-
rion in frequency of 1/T = 0.000 68 d−1 (8 nHz). Using signal-to-
noise ratios of the most stable frequencies, an amplitude precision
of 1 μmag is achievable with Kepler data (Kurtz et al. 2014). This
unprecedented frequency and amplitude precision has been utilized
to study frequency and amplitude modulation in δ Sct stars (e.g.
Bowman & Kurtz 2014; Barcelo´ Forteza et al. 2015; Bowman,
Holdsworth & Kurtz 2015). In this paper, we extend the search for
amplitude modulation to a large number of δ Sct stars observed
by the Kepler mission, and use case studies to demonstrate how to
distinguish among different physical causes.
In this paper we discuss the various causes of amplitude modu-
lation in Section 2 and our method of identifying the δ Sct stars in
our ensemble that exhibit amplitude modulation in Section 3. We
present our catalogue of δ Sct stars and demonstrate the diversity in
pulsational behaviour using case studies of individual stars in Sec-
tion 4. We discuss beating models in Section 5 and coupling models
in Section 6. Finally, we discuss statistics from the ensemble study
in Section 7 and our conclusions in Section 8.
2 C AU S E S O F A M P L I T U D E M O D U L AT I O N
The various causes of why δ Sct stars exhibit variable pulsation
amplitudes (and/or frequencies) can be loosely grouped as intrinsic
and extrinsic, i.e. those physical and interior to the star and those
caused by external effects, respectively. In the following subsec-
tions, we discuss examples of the different mechanisms that can
cause variable pulsation amplitudes and/or frequencies.
2.1 Intrinsic: beating
A study of seven well-known δ Sct stars by Breger & Bischof (2002)
found that pairs of close-frequency pulsation modes, with spacings
less than 0.01 d−1, were not uncommon. Moreover, these pairs of
close-frequency modes were found near the expected frequencies
of radial modes in these stars (Breger & Bischof 2002). Such close-
frequency pulsation modes are unlikely to be explained by rotational
effects as most δ Sct stars are fast rotators. For example, even the
slowly rotating δ Sct star 44 Tau (HD 26322) with v sin i = 3 ±
2 km s−1 (Zima et al. 2006) would produce a rotational splitting of
approximately 0.02 d−1 (Breger, Lenz & Pamyatnykh 2009). The
study by Breger & Bischof (2002), however, only included a small
sample of δ Sct stars limited by the frequency precision obtained
from intermittent ground-based data spanning a few decades.
Later, it was shown that pulsation mode frequencies in δ Sct stars
are not distributed at random, and that many non-radial modes had
frequencies near radial mode frequencies (Breger et al. 2009). These
regularities in the amplitude spectra were explained by mode trap-
ping in the stellar envelope (Dziembowski & Krolikowska 1990),
which was clearly demonstrated as the cause of regularities in the
amplitude spectrum of the δ Sct star FG Vir (HD 106384) by Breger
et al. (2009).
The variability of the δ Sct star 4 CVn (HD 107904) was first
discovered by Jones & Haslam (1966), and the star has been exten-
sively studied since, with 26 independent pulsation mode frequen-
cies and many more combination frequencies discovered (Breger
et al. 1990, 1999; Breger 2000b, 2009, 2016; Schmid et al. 2014).
This makes it one of the longest- and best-studied δ Sct stars. Many
of the pulsation mode frequencies show frequency and amplitude
variations, some of which can be explained by a mode coupling
mechanism (Breger 2000b) or the beating of two close frequencies
(Breger 2009). The two pulsation mode frequencies, 6.1007 d−1 and
6.1170 d−1, were highly variable in amplitude over the observations
(Breger 2010). The changes in frequency and amplitude of these two
pulsation mode frequencies were used to construct beating models,
which were matched to the observations of amplitude modulation
in 4 CVn (Breger 2010).
These investigations of δ Sct stars may not contain a large number
of stars, but they do demonstrate the diverse pulsational behaviour.
In our study, we use the definition from Breger & Bischof (2002)
of close frequencies having a separation of less than 0.01 d−1. We
emphasize that it is only studying the changes in amplitude and
frequency (i.e. phase at fixed frequency) of pulsation modes that al-
lows one to construct beating models of close-frequency pulsation
modes and pure amplitude modulation of a single pulsation mode
(Breger & Bischof 2002). This cannot be achieved from simple in-
spection of the light curve or amplitude spectrum of a pulsating star,
regardless of the data precision, because the convolved amplitude
and frequency modulation signals cannot be disentangled.
The beating of a pair of close and resolved pulsation mode fre-
quencies appears as periodic amplitude modulation, with a charac-
teristic sharp change in phase at the epoch of minimum amplitude
for each frequency in the pair (e.g. Breger & Pamyatnykh 2006).
The simplest scenario is the example of two similar frequency cos-
inusoids with equal amplitude, each of the form
y = A cos(2πνt + φ), (1)
where A is the amplitude, ν is the frequency and φ is the phase.
Using the sum rule in trigonometry for two equal-amplitude cosi-
nusoids with frequencies ν1 and ν2, each with a phase of 0.0 rad, a
summation is given by
y1 + y2 = A cos 2πν1t + A cos 2πν2t






from which, the beat frequency is defined by
νbeat = |ν1 − ν2|, (3)
which is the absolute difference in frequency of the two cosinusoids.
The characteristic behaviour of beating is most easily recognized
with two cosinusoids of equal amplitude. In such a case the visible
(and assumed single) frequency will vary sinusoidally in amplitude
with a period equal to the beat period, but also vary in phase: a
half cycle (i.e. π rad) change in phase will occur at the epoch of
minimum amplitude (Breger & Pamyatnykh 2006), and the am-
plitude will modulate between 2A and 0. If the cosinusoids have
increasingly different amplitudes, the amplitude and phase changes
get progressively smaller. However, the amplitude and phase must
always vary synchronously with a phase lag (shift) close to π/2 rad,
such that the epoch of minimum amplitude in the beat cycle occurs
at the time of average and most rapid change in phase (Breger &
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Pamyatnykh 2006). We construct beating models for δ Sct stars
observed by Kepler in Section 5.
2.2 Intrinsic: non-linearity and mode coupling
There are different non-linear effects that can create combination
frequencies in the amplitude spectrum of a pulsating star. Combi-
nation frequencies are mathematical sum and difference frequen-
cies of pulsation mode frequencies, ν i and ν j, that have the form
nν i ± mν j, in which n and m are integers. Possible mechanisms to ex-
plain combination frequencies in variable DA and DB white dwarfs
discussed by Brickhill (1992) were that the stellar medium does
not respond linearly to the pulsation wave, or that the dependence
of emergent flux variation is not a linear transformation from the
temperature variation (F = σT4), which are often grouped into what
is termed a non-linear distortion model (e.g. Degroote et al. 2009).
Combination frequencies are common in δ Sct stars, for example
KIC 11754974 (Murphy et al. 2013b) and KIC 8054146 (Breger
et al. 2012b; Breger & Montgomery 2014), but also in SPB, Be
and γ Dor stars (Kurtz et al. 2015; Van Reeth et al. 2015). Identi-
fying which peaks are combination frequencies and which are real
pulsation mode frequencies is important, so that the amplitude spec-
tra of pulsating stars can be greatly simplified (e.g. Pa´pics 2012;
Kurtz et al. 2015); the real pulsation mode frequencies are the main
parameters used for asteroseismic modelling. One method of iden-
tifying combination frequencies is by mathematically generating
all the possible combination terms from a small number of parent
frequencies, fitting them by least-squares and removing them by
pre-whitening. Alternatively, iterative pre-whitening can be used
to extract all statistically-significant frequencies and then exclude
those that satisfy a combination frequency relation (e.g. Van Reeth
et al. 2015). However, the physical mechanism that causes these
frequencies is not immediately obvious.
At this juncture, it is important to note that there is a subtle dif-
ference between combination frequencies and coupled frequencies.
Combination frequencies and harmonics occur due to the mathe-
matical representation of the summation of sine and cosine terms
when calculating the Fourier transform caused by pulsational non-
linearity. This effect differs to families of pulsation mode frequen-
cies that are resonantly excited due to the coupling of modes inside
the star (e.g. Breger & Montgomery 2014). Mode coupling through
the resonant interaction of pulsation modes has been discussed the-
oretically in detail by Dziembowski (1982) and Buchler, Goupil &
Hansen (1997). This form of pulsational non-linearity gives rise to
variable frequencies and amplitudes in pulsation modes over time
(Buchler et al. 1997), which will appear as a cluster of unresolved
peaks in the amplitude spectrum if the length of observations is
shorter than the modulation cycle. From the unresolved behaviour,
it is difficult to determine if a cluster of peaks represents a sin-
gle pulsation mode with frequency and/or amplitude variability, or
multiple independent close-frequency pulsation modes.
Theoretical models of δ Sct stars often predict much larger pul-
sation mode amplitudes than are observed, which suggests that an
amplitude limitation mechanism or limit cycle is required (Breger
2000a). An example of how non-linearity can act as an ampli-
tude limitation mechanism in δ Sct stars is the parametric reso-
nance instability (Dziembowski 1982), which states that two lin-
early unstable low-frequency modes (i.e. parent modes) can damp
a high-frequency unstable mode (i.e. child mode) once it reaches
a critical amplitude. Resonant mode coupling has been suggested
as the amplitude limitation mechanism operating in δ Sct stars but
not in HADS stars, which explains the large difference in pulsa-
tion mode amplitudes between the two subgroups (Dziembowski &
Krolikowska 1985).
Coupled frequencies are grouped into families of child and parent
modes (e.g. Breger & Montgomery 2014), and this coupling can
facilitate the exchange of energy between different members of
the family (Dziembowski 1982; Buchler et al. 1997; Nowakowski
2005). Coupled child and parent modes must satisfy the resonance
condition of
ν1  ν2 ± ν3, (4)
where ν1 is the child mode, and ν2 and ν3 are the parent modes.
The δ Sct star KIC 8054146 was found to exhibit several fami-
lies of pulsation modes (Breger et al. 2012a), some of which were
later suggested to be caused by resonant mode coupling (Breger &
Montgomery 2014). The authors commented that it is difficult to
distinguish physically coupled modes from combination frequen-
cies, emphasizing the need to study the frequency, amplitude and
phase of the members within each family.
However, the frequency resonance criterion given in equation (4)
does not solely distinguish which frequency within a family is a
combination or coupled mode frequency of the other two. To make
this distinction, Breger & Montgomery (2014) modelled the ampli-
tude of a child mode as a product of the two parent mode amplitudes
using
A1 = μc(A2A3), (5)
and the linear combination of the parent phases
φ1 = φ2 ± φ3, (6)
where Ai and φi represent amplitude and phase of the child and
parent modes, respectively, and μc is defined as the coupling factor.
For combination frequencies arising from a non-linear distortion
model, small values of μc are expected and thus the amplitude and/or
phase variability in combination frequencies will simply mimic the
parent modes that produce them (Brickhill 1992; Wu 2001; Breger
& Lenz 2008). However, for resonant mode coupling, one expects
the amplitudes of the three modes to be similar and values of μc to be
larger because mode energy is physically being exchanged between
the child and parent modes. In the case of KIC 8054146, μc was of
the order 1000 for coupled modes for parent mode amplitudes of
order 0.1 mmag (Breger & Montgomery 2014).
For the case of resonant mode coupling discussed by
Dziembowski & Krolikowska (1985), the most likely outcome in δ
Sct stars is two linearly damped g-mode parents coupling with an
unstable p-mode child. The coupling of these modes would cause
the growth and decay of the child p mode in anti-correlation with
the parent modes, as energy is exchanged among the family mem-
bers (Dziembowski & Krolikowska 1985). Furthermore, the parent
g modes may not be excited to observable amplitudes at the surface
of the star and are thus undetectable. This was suggested as a plau-
sible mechanism for the observed amplitude modulation in the δ Sct
star KIC 7106205 by Bowman & Kurtz (2014), who showed that a
single p-mode frequency decreased significantly in amplitude over
4 yr with no change in amplitude or phase in any other visible pul-
sation mode. Further work by Bowman et al. (2015) extended this
study back to 2007 using archive data from the Wide Angle Search
for Planets (WASP; Pollacco et al. 2006). It is possible that the ob-
served amplitude modulation in KIC 7106205 could be caused by
an amplitude limitation mechanism, i.e. resonant mode coupling,
transferring energy from the child p mode to undetectable parent
g modes in the core of the star; otherwise, the p-mode pulsation
energy was lost to an unknown damping region. It was concluded
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for the case of KIC 7106205 that the visible pulsation energy was
not conserved (Bowman & Kurtz 2014).
In their analysis of KIC 8054146, Breger et al. (2012b) stated that
even if three frequencies within a family obey the frequency, am-
plitude and phase relations outlined in equations (4)–(6), it does not
prove that they are combination frequencies, but merely behave like
combination frequencies, thus variable modes can be interpreted as
being caused by non-linearity from a non-linear distortion model
or resonant mode coupling. The coupling coefficient μc in equa-
tion (5) represents the strength of non-linearity in a star and thus
how much coupling exists among the different members within a
family. Therefore, the testable prediction for resonant mode cou-
pling between a child and two parent modes in δ Sct stars is large-
scale amplitude modulation in three similar-amplitude modes with
large values of μc (Breger & Montgomery 2014). Using a similar
approach, we test the coupling hypothesis in Section 6 for the δ
Sct star KIC 4733344, which contains families of pulsation modes
satisfying equations (4)–(6).
2.3 Extrinsic: binarity and multiple systems
A spectroscopic study of 4 CVn by Schmid et al. (2014) revealed
that it is in an eccentric binary with Porb = 124.44 ± 0.03 d and
e = 0.311 ± 0.003. After removing the binary signature, further
amplitude and phase variability on time-scales of the order 1 yr
remained in pulsation modes. This variability could not be explained
by the beating of two (or more) close-frequency modes, because
the beating cycle was unresolved in the length of the observations
(Schmid et al. 2014).
Binarity in a system can also be tested with photometric data us-
ing the Frequency Modulation technique (FM; Shibahashi & Kurtz
2012; Shibahashi, Kurtz & Murphy 2015) and the Phase Modulation
technique (PM; Murphy et al. 2014; Murphy & Shibahashi 2015).
The FM technique uses the fact that the motion of a pulsating star
about the Barycentre of a binary (or multiple) system will perturb
a pulsation mode frequency throughout the orbit and introduce a
small frequency shift. If observations are longer than the orbital
period, then the perturbation on a pulsation mode frequency is re-
solved and produces sidelobes on either side of the pulsation mode
frequency in the amplitude spectrum (Shibahashi & Kurtz 2012).
The orbital period, can be directly measured as the inverse of the
separation in frequency between the central peak and the sidelobes
of a multiplet in the amplitude spectrum.
Similarly, the PM technique uses the fact that there will be a differ-
ence in the light travel time across the orbit in a multiple system and
thus the phases of pulsation modes will vary on the same time-scale
as the orbit (Murphy et al. 2014). The amplitude of the observed
phase modulation is a function of frequency when expressed as light
travel time delays (see equation 3 from Murphy et al. 2014). If all
the pulsation modes in a star vary in phase with the same period,
this can be explained by the Doppler effect modulating the signal
throughout the orbital period (Murphy et al. 2014). The significance
of the FM and PM techniques is made evident as not only can the
orbital period be determined, but also e, a sin i, f(m) and argument
of periastron without obtaining radial velocity measurements. An
excellent example of the PM technique used to study hybrid pul-
sators using Kepler data was that of Schmid et al. (2015) and Keen
et al. (2015), who demonstrated that KIC 10080943 is an eccentric
binary system containing two hybrid pulsators with masses M1 =
2.0 ± 0.1 M and M2 = 1.9 ± 0.1 M. From the common phase
modulation, Schmid et al. (2015) were able to identify which pulsa-
tion modes originated from each hybrid star and confirm the orbital
period of Porb = 15.3364 ± 0.0003 d for KIC 10080943.
3 M E T H O D
To study amplitude modulation using a statistical ensemble, the time
series for all Kepler targets with effective temperatures between
6400 ≤ Teff ≤ 10 000 K in the KIC (Brown et al. 2011) were
downloaded. We used the publicly available (msMAP) PDC data
(Stumpe et al. 2012; Smith et al. 2012), which can be downloaded
from the Mikulski Archive for Space Telescopes (MAST).1 The
extracted time series were stored locally in the format of reduced
Barycentric Julian Date (BJD − 2 400 000) and magnitudes, which
were normalized to be zero in the mean, for each quarter of LC
and month of SC data. Amplitude spectra for each quarter of LC
data were calculated using the methodology described by Deeming
(1975), which produced a data catalogue for all of the ∼10 400 stars
in this Teff range.
3.1 Creating an amplitude modulation catalogue
To maximize the outputs from this study, the final ensemble of stars
comprised the targets that met all of the following criteria.
(i) Characterized by 6400 ≤ Teff ≤ 10 000 K in the KIC;
(ii) Observed continuously in LC from Q0 (or Q1) to Q17;
(iii) Contain peaks in the amplitude spectrum in the sub-Nyquist
p-mode frequency regime (4 ≤ ν ≤ 24 d−1) with amplitudes greater
than 0.10 mmag;
which resulted in 983 δ Sct and hybrid stars. In the following para-
graphs, we justify the motivation for each of these criteria.
We chose the lower Teff limit of 6400 K for our search for ampli-
tude modulation, because this is the observational red edge of the
classical instability strip for δ Sct stars (Rodrı´guez & Breger 2001).
The ZAMS red edge was calculated to be approximately 6900 K
by Dupret et al. (2004), but cooler high-luminosity δ Sct stars are
found below 6900 K and so we chose a lower limit of 6400 K to
include these targets. Only about 10 δ Sct stars were found in the
KIC effective temperature range of 6400 ≤ Teff ≤ 6500, supporting
the observational red edge defined by Rodrı´guez & Breger (2001).
An upper limit of Teff ≤ 10 000 K was chosen to exclude pulsators
that do not lie within the classical instability strip, such as SPB and
β Cep stars (e.g. see Balona et al. 2011; McNamara, Jackiewicz &
McKeever 2012).
We chose to use LC data as this gives the largest number of stars
in our ensemble observed over the largest possible time span of 4 yr.
Only a small fraction of intermediate (and high) mass stars were
observed in SC and even fewer for many consecutive SC months.
We do not include any δ Sct stars that lie on module 3 because of
the lower duty-cycle. Module 3 of the Kepler CCD failed during
the 4-yr mission, thus these stars have every fourth data quarter
missing in their light curves and have complex window patterns
in their amplitude spectra. This choice is motivated by previously
studied δ Sct stars that have amplitude modulation of the order of
years and decades (Breger et al. 1999; Breger 2000b, 2016), and so
complete data coverage over the maximum of 4 yr is most useful.
We selected stars that contain pulsation mode frequencies
within 4 ≤ ν ≤ 24 d−1, because the LC Nyquist frequency is
1 MAST website: http://archive.stsci.edu/kepler/
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νNyq = 24.4 d−1. Even though δ Sct stars can pulsate at higher fre-
quencies than νNyq (e.g. Holdsworth et al. 2014), we made this selec-
tion because alias peaks are subject to frequency (phase) variations
and amplitude suppression (Murphy, Shibahashi & Kurtz 2013a).
Kepler data were sampled at a regular cadence on board the space-
craft, but Barycentric time stamp corrections were made resulting
in a non-constant cadence. Therefore, real and alias frequencies can
be identified without the need to calculate an amplitude spectrum
beyond the LC Nyquist frequency. Note that if a star pulsates with
frequencies that lie above and below the LC Nyquist frequency, it
was included in our sample as some of its extracted frequencies
will not be super-Nyquist aliases. We chose an amplitude cut-off
of 0.10 mmag, which is much higher than the typical noise level in
Kepler data of order a few μmag. This choice is so that reasonable
phase uncertainties are generated as they are dependent on the am-
plitude signal-to-noise ratio (Montgomery & O’Donoghue 1999).
3.2 Identifying pulsation modes with variable amplitudes
After identifying the ensemble of 983 δ Sct stars for this project,
an automated tracking routine was used to determine amplitude and
phase variations (at fixed frequency) for the 12 highest amplitude
peaks in the amplitude spectrum using the 4-yr data set for each star.
The choice of tracking specifically 12 peaks is somewhat arbitrary.
The main motivation was to identify the dominant (changes in)
pulsational behaviour in δ Sct stars. For a star that pulsates in only
a few modes, extracting 12 peaks was more than sufficient. On the
other hand, for a star that pulsates in dozens of modes and has
hundreds of combination frequencies in its amplitude spectrum,
12 frequencies may not be enough to fully disentangle the star, but
does provide vital information on the most dominant behaviour.
Note that only peaks with amplitudes greater than 0.10 mmag were
extracted in our analysis, so fewer than the maximum number of
12 frequencies can be extracted for a star.
After extracting the appropriate number of frequencies by se-
quentially pre-whitening a star’s amplitude spectrum, the frequen-
cies were optimized using a simultaneous multifrequency non-linear
least-squares fit to the 4-yr data set, ensuring the highest possible
frequency and amplitude precision were obtained. We then divided
the data set into 30 time bins, each 100 d in length (except the last
bin) with a 50-d overlap, and optimized amplitude and phase at fixed
frequency using linear least-squares in each bin for each frequency.
This approach has previously been used to study the amplitude and
phase variability in the δ Sct star KIC 7106205 (Bowman & Kurtz
2014). The amplitudes and phases of each time bin for the frequen-
cies were plotted against time in what we term tracking plots, which
allowed us to investigate similar variability in different frequencies
within each star.
3.3 Defining significant amplitude modulation
Classifying a significant change in amplitude for each frequency in
each star by visual inspection is straightforward, but time consuming
for a large sample. Therefore we automated this process using the
following methodology. A mean amplitude was calculated from the
time bins2 for each frequency and any bins that were more than
±5σ in amplitude away from this mean were flagged. An example
of this is shown in Fig. 1 using a solid line as the mean value and
dashed lines as the ±5σ significance interval, for the three highest
2 For clarity, the last time bin is often excluded from the tracking plots, as it
contains fewer data points.
Figure 1. Amplitude tracking plot for KIC 7106205 showing pulsation
mode frequencies ν1 = 10.032 366 d−1, ν2 = 10.727 317 d−1 and ν3 =
13.394 175 d−1 as diamonds, triangles and squares, respectively. The solid
line for each frequency is the mean of 30 time bins and the dashed lines rep-
resent the ±5σ amplitude significance interval from the mean. A frequency
is flagged as exhibiting significant amplitude modulation if 15 (half) of its
bins lie outside the ±5σ amplitude from the mean.
amplitude pulsation modes in KIC 7106205. We chose to define
a frequency as exhibiting significant amplitude modulation if at
least 15 (i.e half) of its amplitude bins were more than ±5σ from its
mean value. For example, only ν3 = 13.394 175 d−1 in KIC 7106205
satisfied the significant amplitude modulation criterion described,
which is shown in Fig. 1. All other frequencies were flagged as
having constant amplitudes.
This method was applied to each of the extracted frequencies and
the number of amplitude-modulated peaks was noted for each star
in our ensemble. We use the abbreviations of AMod (Amplitude
Modulated) to describe the δ Sct stars that exhibit at least a single
pulsation mode that is variable in amplitude over the 4-yr Kepler
data set, and NoMod (No Modulation) for those that do not.
3.4 Phase adjustment
For the purpose of calculating phases in the tracking plots, a zero-
point in time was chosen as the centre of the 4-yr Kepler data
set, specifically t0 = 2455 688.770 BJD, in the cosinusoid function
y = A cos(2πν(t − t0) + φ). Phase is defined in the interval −π ≤
φ ≤ π rad, and so can be adjusted by adding or subtracting integer
values of 2π rad. If the difference between consecutive phase bins
exceeded 5 rad in a tracking plot, then a 2π rad phase adjustment
was made. As previously discussed in Section 2.1, the phase change
for beating cannot exceed π rad so this phase adjustment did not
remove any beating signals in pulsation mode frequencies.
3.5 Pulsation mode identification
For high-amplitude pulsators, the period ratios of pulsation modes
can be used to identify modes. The period ratio of the first overtone
to fundamental mode for δ Sct stars is between P1/P0 = (0.756
− 0.787), and subsequent ratios of P2/P0 = (0.611 − 0.632) and
P3/P0 = (0.500 − 0.525) for the second and third overtones, re-
spectively (Stellingwerf 1979).
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where Q is the pulsation constant in days, P is the pulsation period
in days, and ρ¯ is the mean stellar density. Equation (7) can be
re-written as
log Q = log P + 1
2
log g + 1
10
MBol + log Teff − 6.454, (8)
where log g is the surface gravity in cgs units, MBol is the Bolo-
metric absolute magnitude and Teff is the effective temperature in
K. A value of MBol can be calculated using Teff and log g val-
ues in comparison with the Pleiades main-sequence stars. Typical
values of pulsation constants for the fundamental, first and second-
overtone radial p modes in δ Sct stars lie between 0.022 ≤ Q ≤
0.033 d (Breger & Bregman 1975). The pulsation constant can
be used to identify the order (overtone number, n) of radial modes
(Stellingwerf 1979), but the calculation using equation (8) is depen-
dent on the stellar parameters used, particularly log g. For example,
Breger (1990) quotes fractional uncertainties in Q values as high
as 18 per cent, which could cause a first overtone radial mode to
be confused for the fundamental or second overtone radial mode.
Therefore, caution is advised when applying this method of mode
identification.
4 C ATA L O G U E D I S C U S S I O N
The analysis of 983 δ Sct stars have been collated into a single
catalogue.3 In the following subsections, individual stars are used
as case studies to demonstrate the diversity of pulsational behaviour
in δ Sct stars. For each star presented in this paper, Table 1 lists the
stellar parameters from Huber et al. (2014), the number of AMod
and NoMod frequencies, and the pulsator type as either δ Sct or
hybrid based on its frequencies.
4.1 Super-Nyquist asteroseismology
To demonstrate the super-Nyquist asteroseismology (sNa) tech-
nique described by Murphy et al. (2013a), we have applied our
amplitude and phase tracking method to a real frequency peak and
its super-Nyquist alias in the HADS star KIC 5950759. This HADS
star acts as a useful example because of the high S/N in its pul-
sation mode frequencies and because simultaneous LC and SC are
available. The LC and SC amplitude spectra for KIC 5950759 are
given in the left-hand panel of Fig. 2, which contain the fundamen-
tal radial mode at ν1 = 14.221 372 d−1, and its harmonic 2ν1, r =
28.442 744 d−1 labelled with ‘r’, which lies above the LC Nyquist
frequency indicated by a vertical dashed line. The alias of the har-
monic ν1, a = 20.496203 d−1 is labelled ‘a’. The middle panel in
Fig. 2 shows a zoom-in of the amplitude spectrum using LC data,
showing the multiplet structure split by the Kepler satellite’s orbital
frequency of the alias peak in the top panel, compared to the real
peak shown below for comparison.
The right-hand panel of Fig. 2 shows the results of the track-
ing method for the real and alias harmonics of the fundamental
radial mode frequency. The alias peak experiences phase modula-
tion with a peak-to-peak amplitude of approximately π/2 rad and
a period equal to the Kepler satellite orbital period (372.5 d). The
Barycentric correction to the data time stamps creates a variable
Nyquist frequency. The reflection of a peak across the variable
Nyquist frequency causes a variable alias peak with sidelobes split
3 The amplitude modulation catalogue containing the amplitude spec-
tra and tracking plots of all 983 δ Sct stars can be obtained from
http://uclandata.uclan.ac.uk/id/eprint/42 as a PDF.
by the Kepler orbital frequency and reduced central peak amplitude
(Murphy et al. 2013a). The example of KIC 5950759 in Fig. 2 acts as
a useful case study for other stars with sNa peaks that are extracted
using the method described in Section 3. Aliases of real frequencies
are easily identified from the 372.5-d periodic phase modulation
(see also, fig. 2 from Murphy et al. 2014). Frequencies identified as
super-Nyquist aliases are labelled as sNa in figure captions and in
Table 1.
4.2 Constant amplitudes and phases: NoMod stars
There are 380 δ Sct stars that have been classified as NoMod stars
within our ensemble, thus 38.7 per cent of stars exhibit little or no
change in their pulsation mode amplitudes. This subset supports
the view that δ Sct stars are coherent and periodic pulsators. Four
examples of NoMod δ Sct stars that exhibit constant-amplitude and
constant-phase pulsation modes are shown in Fig. 3.
The δ Sct star KIC 2304168 was studied by Balona &
Dziembowski (2011), who used a subset of Kepler data and as-
teroseismic modelling to identify the two principal pulsation mode
frequencies (which they term f1 = 8.1055 d−1 and f2 = 10.4931 d−1)
as the fundamental and first overtone radial modes, respectively.
With a much longer data set available, we have re-analysed this star
and calculated that the period ratio from 4 yr of Kepler data for ν1 =
8.107 739 d−1 and ν2 = 10.495495 d−1 is 0.7725, which is typically
associated with the ratio of the first overtone and fundamental ra-
dial modes. We calculate pulsation constants for ν1 and ν2 as 0.028
and 0.022, respectively, which are consistent with the mode identi-
fication by Balona & Dziembowski (2011) considering the typical
uncertainties discussed by Breger (1990). The first harmonic of ν1 is
also present with significant amplitude, labelled as ν6 in the second
row of Fig. 3. KIC 2304168 is an excellent example of a NoMod
δ Sct star, as its amplitude spectrum has low mode density and
mode identification is possible, but most importantly, all pulsation
mode frequencies in its amplitude spectrum are completely stable
over 4 yr. This raises the question: for stars of similar Teff, log g
and [Fe/H], what mechanism is driving amplitude modulation and
non-linearity in some δ Sct stars, yet is absent in others?
4.3 Amplitude and phase modulation due to beating
of close-frequency modes
We find two δ Sct stars in our ensemble, KIC 4641555 and
KIC 8246833, that are AMod from the beating of pulsation modes
spaced closer than 0.001 d−1. This emphasises the superiority of Ke-
pler data purely because of the length: 4 yr is only just long enough
to resolve these pulsation mode frequencies. The amplitude spectra
and tracking plots for KIC 4641555 and KIC 8246833 are shown in
the left and right columns of Fig. 4, respectively. We discuss how
beating models of close-frequency pulsation modes can be used
to distinguish between pure amplitude modulation and beating in
Section 5.
4.4 Pure amplitude modulation with no phase variability
In this subsection, we present four examples of δ Sct stars that
exhibit amplitude modulation with no change in phase in at least
one pulsation mode. This pure form of amplitude modulation is
unlikely to be caused by beating of unresolved pulsation modes or
mode coupling because no phase modulation is observed, which is
required by both mechanisms. This subgroup contains perhaps the
most interesting δ Sct stars, with no obvious selection effect that
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Table 1. Stellar parameters for the δ Sct stars discussed in this paper, as listed in Huber et al. (2014). For each star, the number of constant-amplitude and
variable-amplitude pulsation mode frequencies, Nν , above our amplitude cut-off of 0.10 mmag are listed under the columns NoMod and AMod, respectively.
Super-Nyquist alias peaks are identified using sNa. Orbital periods obtained using the PM technique (Murphy et al. 2014) are consistent with the phase
modulation in the four example stars identified as binary systems. Each star is labelled as either a δ Sct or a hybrid in the pulsator type column based on its
frequencies. A version of this table for all 983 stars is given as online-only material as a PDF, with a machine-readable version available through CDS.
KIC ID Teff log g [Fe/H] Kp Pulsator type Nν Comments
(K) (cgs) (dex) (mag) NoMod AMod
NoMod (constant amplitude) stars:
1718594 7800 ± 270 3.97 ± 0.22 0.07 ± 0.30 10.37 δ Sct 8 0 ν4 is sNa
2304168 7220 ± 270 3.67 ± 0.19 −0.06 ± 0.30 12.41 δ Sct 11 0 Balona & Dziembowski (2011)
6613627 7310 ± 280 4.14 ± 0.24 −0.02 ± 0.31 12.55 δ Sct 5 0
9353572 7420 ± 280 3.95 ± 0.21 −0.40 ± 0.31 10.62 δ Sct 5 0
AMod explainable by the beating of close-frequency pulsation modes:
4641555 7170 ± 250 4.22 ± 0.25 −0.12 ± 0.32 12.61 δ Sct 8 1 Pbeat = 1166 ± 1 d
8246833 7330 ± 270 3.96 ± 0.22 −0.32 ± 0.30 11.87 δ Sct 9 3 Pbeat = 1002 ± 1 d
AMod explainable by non-linearity:
4733344 7210 ± 260 3.50 ± 0.23 −0.12 ± 0.28 10.08 hybrid 3 9
Stars with pure AMod:
2303365 7520 ± 270 3.64 ± 0.18 0.00 ± 0.28 11.14 δ Sct 10 2 ν10 has a ∼250-d beat signal
5476273 7430 ± 280 4.17 ± 0.23 −0.22 ± 0.35 13.62 δ Sct 11 1 ν9 is sNa
7685307 7690 ± 270 3.80 ± 0.20 −0.20 ± 0.31 12.14 δ Sct 5 2
8453431 7180 ± 270 3.63 ± 0.19 −0.06 ± 0.29 12.53 δ Sct 2 1
Stars with phase modulation explainable by binarity and confirmed using the PM technique:
3650057 7320 ± 280 4.06 ± 0.22 −0.10 ± 0.32 13.92 δ Sct 9 3 Porb = 804.6 ± 2.0 d
4456107 7250 ± 280 4.08 ± 0.24 0.06 ± 0.28 13.83 δ Sct 11 1 Porb = 335.5 ± 0.5 d
5647514 7410 ± 280 4.13 ± 0.23 −0.04 ± 0.32 12.43 δ Sct 10 2 Porb = 1123 ± 6 d
9651065 7010 ± 150 3.83 ± 0.13 −0.10 ± 0.15 11.07 hybrid 12 0 Porb = 272.7 ± 0.8 d
HADS stars:
5950759 8040 ± 270 4.05 ± 0.22 −0.10 ± 0.33 13.96 HADS 2 10 ν4, 6, 9, 10, 12 are sNa
9408694 6810 ± 140 3.78 ± 0.11 −0.08 ± 0.15 11.46 HADS 7 5 Balona et al. (2012)
Other special cases:
7106205 6900 ± 140 3.70 ± 0.13 0.32 ± 0.13 11.46 δ Sct 8 1 Bowman & Kurtz (2014)
Figure 2. Demonstration of super-Nyquist asteroseismology with the HADS star KIC 5950759. Real and alias peaks associated with the harmonic of the
fundamental radial mode are marked by ‘r’ and ‘a’, respectively, in the LC amplitude spectrum given in the left-hand panel. The LC Nyquist frequency is
indicated by the vertical dashed line and the SC amplitude spectrum is shown below for comparison. The middle panel contains inserts of the LC amplitude
spectrum showing the real peak below and the alias peak above. The alias peak is easily identified as its multiplet structure is split by the Kepler orbital
frequency. The right-hand panel shows the amplitude and phase tracking plot revealing the periodic phase modulation of the alias peak created from the
Barycentric time-stamp corrections made to Kepler data, whereas the real peak has approximately constant phase. Some peaks that exist in the SC amplitude
spectrum do not appear in the LC amplitude spectrum as they lie close to the LC sampling frequency and are heavily suppressed in amplitude.
determines why some stars do this and others do not. At this stage,
we conjecture that pure amplitude modulation could be caused by
variable driving and/or damping within a star. Therefore, it remains
an unsolved problem why this occurs. Four examples of pure AMod
δ Sct stars are shown in Fig. 5.
A good example of a pure AMod star is KIC 8453431, which is
shown in the bottom row of Fig. 5, as it only contains three pul-
sation mode frequencies with amplitudes greater than 0.01 mmag,
specifically ν1 = 13.859 080 d−1, ν2 = 22.154 964 d−1 and ν3 =
10.380 567 d−1. The period ratio of ν2 and ν1 gives 0.6256 and the
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Figure 3. Four examples of NoMod δ Sct stars in the KIC range 6400 ≤ Teff ≤ 10 000 K that show constant amplitudes and phases over the 4-yr Kepler
data set. From top to bottom: KIC 1718594 (ν4 is a super-Nyquist alias), KIC 2304168, KIC 6613627 and KIC 9353572. The left-hand panels are the 4-yr
amplitude spectra calculated out to the LC Nyquist frequency. The right-hand panels show the amplitude and phase tracking plots which demonstrate the lack
of variability in pulsation amplitudes and phases over 4 yr in each of these four NoMod stars.
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Figure 4. Two examples of AMod δ Sct stars in the KIC range 6400 ≤ Teff ≤ 10 000 K that show variable pulsation amplitudes and phases over the 4-yr
Kepler data set from beating of extremely close-frequency modes. The left and right columns are KIC 4641555 and KIC 8246833, respectively. From top to
bottom are the 4-yr amplitude spectrum calculated out to the LC Nyquist frequency; a zoom-in of the pair of close-frequency modes in the amplitude spectrum;
the amplitude and phase tracking plots; and the accurate beating model (shown as crosses) matching the observed amplitude modulation (shown as diamonds).
The dashed vertical line indicates the centre of the Kepler data set that has been chosen as the zero-point in time, specifically t0 = 2455 688.770 BJD. In each
of these two example stars, KIC 4641555 (left column) and KIC 8246833 (right column), a pair of high-amplitude pulsation mode frequencies lie closer than
0.001 d−1 in frequency, resulting in beat periods of 1166 ± 1 d and 1002 ± 1 d, respectively.
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Figure 5. Four examples of pure AMod δ Sct stars in the KIC range 6400 ≤ Teff ≤ 10 000 K that show variable pulsation amplitudes with constant phases
over the 4-yr Kepler data set. From top to bottom: KIC 23093365 (ν1 is pure AMod and ν10 contains a ∼250-d beat signal), KIC 5476273 (ν2 is pure AMod
and ν9 is a super-Nyquist alias), KIC 7685307 (ν1 and ν2 are pure AMod) and KIC 8453431 (ν2 is a pure AMod frequency). The left-hand panels are the
4-yr amplitude spectra calculated out to the LC Nyquist frequency. The right-hand panels show the amplitude and phase tracking plots which demonstrate the
modulation in pulsation amplitudes but constant phases over 4 yr.
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period ratio of ν3 and ν1 gives 0.7490, but calculation of pulsation
constants using equation (8) suggest that neither ν3 or ν1 is the
fundamental radial mode. Therefore, we conclude that these three
mode frequencies are likely low-overtone radial modes consider-
ing the typical uncertainties associated with calculating Q values
(Breger 1990). Regardless of the method for mode identification,
only a single pulsation mode frequency, ν2, slowly increases in
amplitude whilst staying at constant phase.
4.5 Phase modulation due to binarity
Binarity within a stellar system causes all the pulsation modes to
be phase modulated with the same period, i.e. the orbital period of
the star. A previously confirmed binary δ Sct star included in our
study is KIC 9651065, which was analysed using the PM technique
by Murphy et al. (2014), who calculated an orbital period of Porb =
272.7 ± 0.8 d. Later, Shibahashi et al. (2015) used the FM technique
to study KIC 9651065 and found pulsation mode frequencies with
first, second and third FM sidelobes in the amplitude spectrum,
meaning that the star is highly eccentric. An eccentricity of e =
0.569 ± 0.030 was calculated from the amplitude ratio of the FM
sidelobes (Shibahashi et al. 2015).
Four examples of stars identified as binary systems from this
study are shown in Fig. 6. These stars are also AMod stars which
appears unrelated to the phase modulation caused by the presence of
a companion object. The bottom row of Fig. 6 shows the amplitude
spectrum (left-hand panel) and the tracking plot (right-hand panel)
of the well-studied star KIC 9651065 in which the period of the
phase modulation is the orbital period of Porb = 272.7 ± 0.8 d
calculated by Murphy et al. (2014). The search for binarity among
the δ Sct stars observed by Kepler is not the goal of this study so
we do not discuss it any further.
4.6 HADS stars
There are few stars in our ensemble that meet the HADS definition
from McNamara (2000) of peak-to-peak light amplitude variations
greater than 0.3 mag. Some stars were only observed for limited
subsets of LC data, and consequently have not been included in
our ensemble as we only chose stars for which 4 yr of continuous
Kepler observations were available. We did not, however, preferen-
tially exclude HADS stars from our sample. Since there are several
thousand A and F stars in the Kepler data set, the classical instability
strip is well-sampled near the TAMS – for example see Niemczura
et al. (2015), thus the implication from our study is that HADS stars
are rare in Kepler data. We find only two HADS stars within our
ensemble, KIC 5950759 and KIC 9408694, which are shown in the
top and bottom rows of Fig. 7, respectively.
For KIC 5950759, the period ratio of ν1 = 14.221 394 d−1 and
ν2 = 18.337 294 d−1 gives 0.7755, which identifies these frequen-
cies as the fundamental and first overtone radial modes, respectively.
For KIC 9408694, the period ratio of ν1 = 5.661 057 d−1 and ν3 =
7.148 953 d−1 gives 0.7919, which is outside the expected range for
the fundamental and first overtone radial modes. KIC 9408694 was
studied by Balona et al. (2012) who concluded that the fast rotation
of KIC 9408694, which is unusual for a HADS star, perturbs the
observed pulsation mode frequencies. A model including fast rota-
tion successfully identified ν1 and ν3 as the fundamental and first
overtone radial modes, respectively (Balona et al. 2012). We find
that both HADS stars in our ensemble exhibit fractional amplitude
variability of order a few per cent with a period equal to the Kepler
orbital period – each has several AMod frequencies using our ±5σ
significance criterion. If this instrumental amplitude modulation is
removed, both HADS stars have little or no variability in the am-
plitudes of their radial modes. This was also concluded by Balona
et al. (2012) for KIC 9408694.
The same amplitude limitation mechanism predicted for the low-
amplitude δ Sct stars (Breger 2000a) does not seem to be at work
within HADS stars, which pulsate at much higher amplitudes and
yet do not continue to grow exponentially. It is interesting to note
that high amplitude pulsations are typically associated with non-
linearity in the form of harmonics and combination frequencies,
which are found in KIC 5950759 and KIC 9408694, but not nor-
mally associated with variable mode amplitudes. This implies that
HADS stars are more similar to Cepheid variables4 than their low-
amplitude δ Sct star counterparts (McNamara 2000).
4.7 Pure phase modulation
Pulsation mode frequencies change with evolution of stellar struc-
ture, and the concomitant changes in the pulsation cavities of indi-
vidual modes. Are these changes observable over the 4-yr Kepler
data set? In our study of 983 δ Sct stars, we searched for pure
phase modulation with no associated amplitude modulation of in-
dependent pulsation modes, and found no obvious cases. This, of
course, excluded those stars which have phase modulation driven by
an extrinsic cause, such as binarity, or because the frequencies are
super-Nyquist aliases. However, there are cases of non-sinusoidal
light variations that changed in shape over 4 yr, observed as phase
modulation of harmonics of pulsation mode frequencies. For ex-
ample, slight phase modulation is observed in the harmonic of
the fundamental radial mode frequency, 2ν1 = 28.442 787 d−1, in
the HADS star KIC 5950759, which is shown in the tracking plot
in the right-hand panel of Fig. 2.
4.8 Special case study stars
4.8.1 KIC 4733344
Frequency analysis of the δ Sct star KIC 4733344 revealed that
its pulsation mode frequencies ν2 = 7.226 764 d−1 and ν3 =
9.412 445 d−1 have a period ratio of 0.7678, which is typically
associated with the fundamental and first overtone radial modes.
Calculating pulsation constants using equation (8) for ν2 and ν3 in-
dicated they are likely the fundamental and the first overtone radial
modes, respectively, considering the typical uncertainties associated
with calculating Q values (Breger 1990). The highest amplitude pul-
sation mode frequency, ν1 = 8.462 183 d−1, is not easily identifiable
as it lies between ν2 and ν3, thus suggesting it is likely a non-radial
mode. This is not surprising as non-radial modes can have higher
amplitudes than radial modes (see fig. 1.5 from Aerts et al. 2010).
Our tracking routine revealed that these three pulsation modes are
variable in amplitude and phase, and so KIC 4733344 pulsates with
two variable low-overtone radial modes, ν2 and ν3. KIC 4733344
has a log g value of 3.50 ± 0.23 (Huber et al. 2014), suggesting that
it is likely in a post-main-sequence state of evolution.
Previously, in Section 4.2 we discussed the example of the
NoMod δ Sct star KIC 2304168, which has similar Teff, log g and
[Fe/H] values to the AMod δ Sct star KIC 4733344. Both of these δ
Sct stars have been shown to pulsate in low-overtone radial modes,
4 For example, Eggen (1976) referred to δ Sct stars as ultrashort-period
Cepheids (USPC). They have also been called dwarf Cepheids.
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Figure 6. Four examples of δ Sct stars in the KIC range 6400 ≤ Teff ≤ 10 000 K that show phase modulation over the 4-yr Kepler data set because of binarity,
but are also AMod stars. From top to bottom: KIC 3650057, KIC 4456107, KIC 5647514 and KIC 9651065 (ν4 is a super-Nyquist alias). The left-hand
panels are the 4-yr amplitude spectra calculated out to the LC Nyquist frequency. The right-hand panels show the amplitude and phase tracking plots which
demonstrate the modulation in pulsation amplitudes and phases over 4 yr. The orbital period is calculated from the period of the phase modulation in the
tracking plot, and is consistent with the result from the PM technique given in Table 1 for each star.
MNRAS 460, 1970–1989 (2016)







Amplitude modulation in Kepler δ Sct stars 1983
Figure 7. Two HADS stars in the KIC range 6400 ≤ Teff ≤ 10 000 K that show little or no variability in their high-amplitude radial pulsation modes over
the 4-yr Kepler data set. The top row is KIC 5950759 (ν4, ν6, ν9, ν10 and ν12 are super-Nyquist aliases) and the bottom row is KIC 9408694. The left-hand
panels are the 4-yr amplitude spectra calculated out to the LC Nyquist frequency. The right-hand panels show the amplitude and phase tracking plots for these
two HADS stars over 4 yr. There is little or no variability in the amplitudes and phases of the radial pulsation modes, if instrumental modulation caused by the
Kepler satellite is removed.
in particular the fundamental and first overtone radial modes. This
makes us ponder the possible differences in the driving and damping
mechanisms at work within these two δ Sct stars. In Section 6, we
discuss coupling models for families of pulsation mode frequencies
in KIC 4733344.
4.8.2 KIC 7106205
The δ Sct star KIC 7106205 was investigated by Bowman & Kurtz
(2014) and found to contain only a single pulsation mode with
variable amplitude whilst all other pulsation modes remained con-
stant in amplitude and phase between 2009 and 2013. Further work
by Bowman et al. (2015) extended this study back to 2007 using
archive data from the WASP project. The amplitude spectrum and
tracking plot for the nine pulsation mode frequencies that have am-
plitudes higher than 0.10 mmag are shown in Fig. 8. Since no other
pulsation modes were observed to vary in amplitude or phase, it was
concluded that the visible pulsation mode energy was not conserved
in this star (Bowman & Kurtz 2014).
5 M O D E L L I N G B E AT I N G
Pure amplitude modulation of a single pulsation mode may ap-
pear as a group of close-frequency peaks in the amplitude spectrum
(Buchler et al. 1997), and thus the presence of multiple peaks does
not prove the existence of multiple independent pulsation modes.
Pure amplitude modulation of a single pulsation mode excludes
phase variability (Breger & Pamyatnykh 2006), thus it is only by
studying the amplitude and frequency (i.e. phase at fixed frequency)
variations of peaks in the amplitude spectrum that it can be deter-
mined if the variability is caused by the pure amplitude modulation
of a single mode, or the beating pattern of multiple close-frequency
pulsation modes.
We tested this concept using synthetic data, specifically 4-yr of
Kepler time stamps with calculated magnitudes using
y = Ae−t/τ cos(2πν(t − t0) + φ), (9)
where τ is an exponential decay time of 300 d, A is an amplitude of
5.0 mmag, ν is a frequency of 10.0 d−1 and φ is a phase of 0.0 rad
relative to the centre of the data set (i.e. t0 = 2455 688.770 BJD).
Calculating the amplitude spectrum of an exponentially decaying
signal produces a Lorentzian profile peak in the Fourier domain,
which is shown in the top panel of Fig. 9. We then applied our
amplitude and phase tracking method to this input frequency with
the results shown in the bottom panel of Fig. 9. The cosinusoidal
signal calculated using equation (9) has a constant frequency and
phase but a decaying amplitude,5 which is made clear by the pure
amplitude modulation and no phase variation shown in the bottom
panel of Fig. 9.
5 A similar result is obtained if a tanh (−t/τ ) factor is used instead of e−t/τ
as an amplitude modulation factor.
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Figure 8. KIC 7106205: the 4-yr amplitude spectrum calculated out to the
LC Nyquist frequency is shown in the top panel, and the amplitude and
phase tracking plot showing variability in pulsation mode amplitudes and
phases over time is shown in the bottom panel.
As previously discussed in Section 2.1, the relative amplitudes
and separations in close-frequency pulsation modes governs the am-
plitude and phase modulation of the beating signal. In observations
of δ Sct stars, close-frequency pulsation modes are not uncommon
(Breger & Bischof 2002) and unlikely to be explained by rotation.
Also, one cannot attribute a pair of resolved close-frequency pulsa-
tion modes to being caused by the pure amplitude modulation of a
single pulsation mode, as this leads to a more complex structure in
the amplitude spectrum, and not two resolved peaks. From previous
studies of δ Sct stars, for which mode identification was possible,
non-radial modes were commonly found to cluster around radial
modes because of mode trapping (Breger et al. 2009).
We constructed beating models of the two pairs of close-
frequency pulsation modes in KIC 4641555 and KIC 8246833 us-
ing synthetic data, specifically using 4-yr of Kepler time stamps
and magnitudes calculated containing only white noise and the two
resolved frequency cosinusoids causing the beating pattern. The fre-
quencies, amplitudes and phases of the two pulsation modes can be
calculated because the peaks are resolved using 4 yr of Kepler data.
These models were successfully matched to observations of ampli-
tude modulation in KIC 4641555 and KIC 8246833, yielding beat
periods of 1166 ± 1 d and 1002 ± 1 d, respectively. The observed
amplitude modulation of the highest amplitude pulsation mode fre-
quency is shown as diamonds and the beating model is shown as
crosses in the bottom panels of Fig. 4 for each star. This demon-
strates that it is possible for a δ Sct star to pulsate with low-degree
p-mode frequencies that lie very close to the Rayleigh resolution
criterion in frequency for the 4-yr Kepler data set and yet maintain
their independent identities.
Figure 9. Pure amplitude modulation for an exponentially decaying ampli-
tude and fixed frequency and phase cosinusoid using synthetic Kepler data.
The top panel shows the Lorentzian profile peak produced in the amplitude
spectrum and the bottom panel is the amplitude and phase tracking plot for
pure amplitude modulation with no associated phase variation.
It is plausible that many more AMod δ Sct stars can be explained
by the beating of unresolved close-frequency pulsation modes. In
a similar way, beating models of multiple unresolved frequencies
could be constructed to explain amplitude modulation in many δ Sct
stars, but this requires the number of frequencies to be known a pri-
ori. Theoretically, it is possible for many non-radial pulsation mode
frequencies to exist in a frequency range of less than 0.000 68 d−1
and maintain their independent identity over several years (Saio,
priv. comm.). If this is the case for many of the AMod δ Sct stars
in this study, it would explain the non-sinusoidal modulation cycles
because of the complicated beating pattern of multiple unresolved
close-frequency pulsation modes.
6 M O D E L L I N G N O N - L I N E A R I T Y
In the mode coupling hypothesis, it is required that all three mem-
bers of a family are variable in amplitude so that the child mode
can be identified and a model predicting its behaviour can be con-
structed as a function of the product of the amplitudes of the parent
modes. In Section 2.2, it was discussed how families of frequencies
must satisfy the frequency criterion given in equation (4) and the
phase criterion given in equation (6), but also how equation (5) can
be used to distinguish among possible causes of non-linearity in a
star. By trying different values of the coupling coefficient μc, the
strength of coupling and non-linearity among pulsation mode fre-
quencies can be estimated. In this way, families of frequencies that
satisfy equation (4) can be distinguished as coupling between a child
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Figure 10. The AMod δ Sct (hybrid) star KIC 4733344 has variable pulsation amplitudes and phases over the 4-yr Kepler data set, which can be explained by
non-linearity. The top-left panel is the 4-yr amplitude spectrum calculated out to the LC Nyquist frequency and the top-right panel shows the amplitude and
phase tracking plot which demonstrates the variability in pulsation amplitudes and phases over 4 yr. The bottom panels show the coupling models as crosses,
which are consistent with observations of the child mode variability for two families of frequencies taken from the tracking plot, specifically ν1 + ν2 (left) and
ν2 + ν3 (right).
and two parent modes or combination frequencies. Small values of
μc imply weak-coupling and favour the non-linear distortion model
producing combination frequencies, whereas large values of μc im-
ply strong coupling and favour resonant mode coupling (Breger &
Montgomery 2014).
Note that a large value of μc is defined by the amplitudes of
the parent modes and thus is specific to each family. For exam-
ple, using equation (5), if A2 = A3 = 2 mmag, then to achieve a
similar child mode amplitude of A1  2 mmag, a value of μc 
0.25 is required. Using the same parent mode amplitudes, a small
value of μc  0.01 would produce a child mode amplitude of A1
 0.04 mmag. Therefore, in this hypothetical example, μc ≥ 0.1
is considered strong coupling and μc ≤ 0.01 is considered weak
coupling.
Coupling models for two families of frequencies in KIC 4733344
are shown in Fig. 10. These two families have similar small values
of the coupling coefficient μc  0.01, which imply non-linearity in
the form of combination frequencies from the non-linear distortion
model. For example, since the parent modes have amplitudes of
A2  6 mmag and A3  9 mmag at the start of the data set (see
the bottom-left panel of Fig. 10), a coupling coefficient of μc  0.1
would produce a child mode amplitude of A1  5 mmag, which
is an order of magnitude larger than the observed amplitude of the
child mode, A1  0.6 mmag. Therefore, we conclude that resonant
mode coupling is unlikely the cause of non-linearity and amplitude
modulation in KIC 4733344.
7 EN SEMBLE STUDY STATIS TIC S
Our ensemble comprised 983 δ Sct stars that lie in the KIC effective
temperature range of 6400 ≤ Teff ≤ 10 000 K, pulsate in p-mode fre-
quencies between 4 ≤ ν ≤ 24 d−1 and were observed continuously
by the Kepler Space Telescope for 4 yr. As previously described
in Section 3, we flagged the number of peaks that have amplitudes
greater than 0.10 mmag (up to a maximum number of 12) in each
star that exhibit significant amplitude modulation, with each star
labelled as either NoMod or AMod. The criterion of significant
amplitude modulation was chosen as at least half of a frequency’s
time bins being greater than ±5σ in amplitude from the mean,
which is shown graphically in Fig. 1. It is important to note that our
method for studying amplitude modulation in δ Sct stars does not
automatically determine if an extracted frequency is a combination
frequency, or the cause of the observed amplitude modulation, such
as beating or non-linearity.
We found that 380 stars (38.7 per cent) were classed as NoMod
and 603 stars (61.3 per cent) had at least a single AMod peak. The
histogram for the distribution of the number of stars against the
number of AMod frequencies in a star is shown in the top-left panel
of Fig. 11. A significant conclusion from this study is that the ma-
jority of δ Sct stars have at least a single AMod frequency. More
interestingly, 201 stars (20.4 per cent) have only a single AMod fre-
quency, with all other frequencies remaining constant in amplitude.
This has previously been demonstrated for KIC 7106205, but the
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Figure 11. The histogram of the distribution of the number of stars against the number of AMod peaks in our ensemble is shown in the top-left panel.
Histograms for the number stars against Teff, log g, [Fe/H] and Kp mag, in which black represents all 983 stars in our ensemble, the blue hatched region
represents the 380 NoMod stars and red hatched region represents the 603 AMod stars. Histograms for Teff, log g and [Fe/H] using the original KIC values
are shown in the left-hand panels, and the revised values from Huber et al. (2014) are shown in the right-hand panels.
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discovery that this behaviour is common among δ Sct stars has not
been demonstrated before; it is a new result from this work.
We created histograms of various stellar parameters for all stars,
which are shown in Fig. 11, for both the original KIC values (Brown
et al. 2011) and the revised values given in Huber et al. (2014). In
these histograms, the unhatched region represents all stars and the
hatched regions show the NoMod and AMod stars in the various
panels. The distributions of Teff, log g, [Fe/H] and Kp magnitude
for the NoMod and AMod stars are similar, demonstrating that
amplitude modulation is common across the classical instability
strip. Therefore, we conclude that the physics that determines which
modes have variable amplitudes does not simply depend on the
fundamental stellar parameters. Our histograms also show the 200 K
systematic offset in Teff that Huber et al. (2014) found in hot Kepler
stars. This is most clear when comparing the KIC and Huber et al.
(2014) Teff histograms in Fig. 11.
One might expect the more evolved δ Sct stars (i.e. stars with
lower log g values) to have variable pulsation mode amplitudes,
because they likely contain mixed modes or because the structure of
the star is changing in a relatively small period of time. Even whilst
on the main sequence the convective core can increase or decrease
in mass depending on the initial mass (see fig. 3.6 from Aerts
et al. 2010). However, the NoMod and AMod log g distributions
in Fig. 11 are centred on approximately the same value. There is,
however, a bimodality in the Huber et al. (2014) log g values for the
AMod stars compared to the NoMod stars. This supports the above
argument that evolved δ Sct stars are more likely to be AMod, but
since this bimodality is not seen in the KIC log g values, it is likely
an artefact of the Huber et al. (2014) method.
We also constructed Teff − log g diagrams using the original and
revised KIC values, which are shown in Fig. 12, for the NoMod and
AMod stars. Observational blue and red edges of the instability strip,
taken from Rodrı´guez & Breger (2001), are also plotted in Fig. 12.
There is no obvious correlation between the physical mechanisms
that cause amplitude modulation and stellar parameters such as
Teff or log g in our ensemble. An inference from this study is that
amplitude modulation is not directly dependent on the fundamental
stellar parameters of a star, but intrinsically related to the pulsation
excitation mechanism itself. Further investigation and theoretical
work is needed to address this question.
8 C O N C L U S I O N S
In this paper, we have presented the results from a search for ampli-
tude modulation in 983 δ Sct stars that were continuously observed
by the Kepler Space Telescope for 4 yr. The Kepler data set provides
extremely high frequency and amplitude precision, which we used
to track amplitude and phase at fixed frequency in 100-d bins with a
50-d overlap, for a maximum number of 12 peaks with amplitudes
greater that 0.10 mmag in each star. We collated our results into
an amplitude modulation catalogue and have presented a selection
of case study stars to demonstrate the diversity in pulsational be-
haviour. A total of 603 δ Sct stars (61.3 per cent) exhibit at least one
pulsation mode that varies significantly in amplitude over 4 yr, and
so amplitude modulation is common among δ Sct stars.
The 380 NoMod δ Sct stars comprise 38.7 per cent of our ensem-
ble and represent the stars for which the highest precision measure-
ments of amplitude and frequency are possible. This is extremely
important in the search for planets orbiting these stars when using
the FM method (Shibahashi & Kurtz 2012). The upcoming TESS
mission (Ricker et al. 2015) will provide short time-scale observa-
tions of a large area of the sky, and continuous observations near the
Figure 12. Teff − log g diagrams for the stellar parameters listed in the
KIC (top panel) and the revised values given by Huber et al. (2014) (bottom
panel). The diamonds represent the 380 NoMod stars and the squares repre-
sent the 603 AMod stars. The solid lines are the observational blue and red
edges of the classical instability strip from Rodrı´guez & Breger (2001), and
the cross represents the typical uncertainty for each point.
polar regions. These NoMod stars are the ideal targets for determin-
ing precise frequencies and amplitudes for asteroseismic modelling.
They also represent a subset of ideal δ Sct stars that can be com-
pared to observations of δ Sct stars in the continuous viewing zones
with the TESS mission data.
The causes of variable pulsation amplitudes in δ Sct stars, which
we termed AMod stars, can be categorised into those that are caused
by extrinsic or intrinsic causes. The extrinsic causes of phase vari-
ability include binarity (or multiplicity) in the stellar system which
acts as a perturbation to the pulsation mode frequencies observed
(Shibahashi & Kurtz 2012). A pulsating star can also be easily rec-
ognized as being part of a multiple system as its pulsation modes will
all be phase modulated by the orbital period (Murphy et al. 2014).
Similarly, super-Nyquist aliases are easily identifiable because they
are periodically phase modulated by a variable Nyquist frequency.
This was demonstrated graphically for KIC 5950759 in Fig. 2.
The sub-group of stars that exhibit amplitude modulation with no
phase change is particularly interesting. In these stars, the ampli-
tude change is non-periodic and is often monotonically variable over
many years. Approximately the same number of stars with linearly
increasing and decreasing amplitudes are seen, but also non-linearly
increasing and decreasing amplitudes in this sub-group. We are pos-
sibly observing these stars undergoing slow changes in the relative
depths of pulsation cavities driven by stellar evolution. For exam-
ple, stellar evolution was suggested as the cause of the observed
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amplitude modulation in the ρ Pup star KIC 3429637 (Murphy
et al. 2012). On the other hand, pure amplitude modulation in δ Sct
stars may be observations of changes in driving and/or damping
within a star. These stars remain a challenge to understand and so
we can only speculate.
Beating effects from pairs (or groups) of close-frequency pul-
sation modes are not uncommon in δ Sct stars (Breger & Bischof
2002; Breger & Pamyatnykh 2006). A resolved beating pattern
is most recognisable from the periodic amplitude modulation, but
most importantly, from a phase change occurring at the epoch of
minimum amplitude. This phase change is π rad for two equal-
amplitude cosinusoids, and tends to zero as the amplitudes get sig-
nificantly different from each other. We successfully constructed
beating models for two pairs of close-frequency modes sepa-
rated by less than 0.001 d−1 in KIC 4641555 and KIC 8246833,
shown in Fig. 4, resulting in beating periods of 1166 ± 1 d and
1002 ± 1 d, respectively.
Stars that exhibit non-linearity are evident from the non-
sinusoidal shape of the light curve and the presence of harmonics
and combination frequencies in the amplitude spectrum. The fre-
quency, amplitude and phase of a coupled mode or combination
frequency are a function of the two parent modes, and so we used
a coupling coefficient, μc, to distinguish between these two forms
of non-linearity within a star. Small values of μc imply combina-
tion frequencies from a non-linear distortion model that mimic any
variability in the parent modes (Brickhill 1992; Wu 2001; Breger &
Lenz 2008), whereas large values of μc imply resonant mode cou-
pling with mode energy being exchanged among similar-amplitude
family members (Breger & Montgomery 2014). We have modelled
mode coupling in the δ Sct star KIC 4733344 and studied the pos-
sible energy exchange among pulsation modes. For two families of
frequencies in KIC 4733344, we found μc  0.01 implying com-
bination frequencies caused by the non-linear distortion model (i.e.
non-linearities in the pulsation waves of the parent modes), and not
strongly coupled modes. For many δ Sct stars, the visible pulsation
mode energy is not conserved in 4 yr of Kepler observations. For
example, the δ Sct star KIC 7106205 has only a single variable
pulsation mode, which is shown in Fig. 8. This may be caused
by mode coupling to invisible high-degree modes (Dziembowski &
Krolikowska 1985). Using Kepler photometry means we are not sen-
sitive to high-degree modes from geometric cancellation (Dziem-
bowski 1977), and so it is difficult to determine if the amplitude
modulation in a low-degree child p-mode is caused by high-degree
parent modes.
Recent work by Fuller et al. (2015) and Stello et al. (2016) has
shown that many red giant stars have suppressed dipolar modes
( = 1), which can be explained by the scattering of mode energy
into high-degree modes as they interact with a magnetic field in
a star’s core. This effect, termed the Magnetic Greenhouse Effect
(Fuller et al. 2015), essentially traps the mode energy in the magne-
tised core of a red giant star resulting in low surface amplitudes for
the dipole modes. Stello et al. (2016) demonstrated that not all red
giant stars exhibit suppressed dipole modes and that it is a strong
function of stellar mass. Among other pulsating stars, Cantiello,
Fuller & Bildsten (2016) modelled a 1.6 M main-sequence γ Dor
star and suggested that it is possible for a dynamo-generated mag-
netic field to be induced near the core in such as star. This could alter
the pulsational behaviour of a star and redistribute mode energy into
higher degrees, hence dramatically reduce their visible amplitudes
(Cantiello et al. 2016). We speculate that a similar mechanism could
be the cause for some of the AMod δ Sct stars in our ensemble. The
A and F stars have small convective cores and if a magnetic field
is sustained throughout the transition from post-main sequence to
the red giant branch, it is reasonable to assume that the progenitors
of red giant stars with suppressed dipole modes also had magnetic
fields near their cores on the main sequence. The progenitors of
such suppressed dipole mode red giant stars could be within our
ensemble of δ Sct stars.
There are various theoretical and observational synergies between
pulsating A and B stars, such that β Cep stars can be considered
analogues of δ Sct stars, from the similar pulsation mode frequencies
observed. The κ-mechanism operating in the metal bump (or ‘Z
bump’) in opacity, causes low-order p modes to become unstable
(Dziembowski & Pamiatnykh 1993). Hybrid B stars pulsating in
both g- and p-mode frequencies have also been observed (Degroote
et al. 2012). Further similarity between β Cep and δ Sct stars exists,
as Degroote et al. (2009) found evidence for non-linear resonant
mode coupling in the β Cep star HD 180642. It would be interesting
to investigate the synergy in mode coupling within hybrid stars,
between A and B stars.
Our catalogue of 983 δ Sct stars utilizing 4 yr of Kepler data
demonstrates that observations spanning years (and longer) are of-
ten needed to study and resolve pulsational behaviour in these stars.
Our catalogue will be useful for comparison purposes when study-
ing observations of δ Sct stars from K2 (Howell et al. 2014) and
TESS (Ricker et al. 2015). Eventually, these missions will observe
a large area of the sky, but for only a short length of time. Therefore,
Kepler may represent the best data set for studying δ Sct stars as
its 4-yr length of continuous observations will not be surpassed for
some time.
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5.3 Amplitude modulation catalogue extract
In this section, my amplitude modulation catalogue for all 983 δ Sct stars is presen-
ted1. Using a similar approach to the Kepler data catalogues discussed in chapter 2,
each page of my amplitude modulation catalogue contains a star’s unique KIC num-
ber and the stellar parameters listed in the KIC at the top of the page. However, in
the amplitude modulation catalogue there is only a single page per star as the entire
4 yr Kepler data set was used to calculate the amplitude spectrum and tracking plot
for each star.
The following page is an extract from the automated amplitude modulation
catalogue for the δ Sct star KIC 7106205. The top panel is the amplitude spectrum
using 4 yr of LC Kepler data calculated out to the LC Nyquist frequency. The
amplitude and phase tracking plot is shown in the bottom panel, in which nine
peaks (out of a maximum of 12) that have amplitudes greater than 0.1 mmag are
tracked in 100-d bins with a 50-d overlap. This amplitude modulation catalogue,
and especially the example of KIC 7106205, clearly demonstrates how δ Sct stars
can be aperiodic and can have dramatic variability in pulsation mode amplitudes.
This catalogue will remain of great use to myself and the research community for
years to come as the length of the 4-yr Kepler data set will not be surpassed for
some time.
A commonly used criterion for whether a peak in an amplitude spectrum is
statistically significant is if it has a signal-to-noise ratio in amplitude of S/N ≥
4 (Breger et al. 1993). However, in my catalogue a maximum number of twelve
frequencies were extracted up to a chosen amplitude cut-off off A ≥ 0.1 mmag, for
the reasons specified by Bowman et al. (2016). As previously mentioned, the δ Sct
star KIC 7106205 has a low mode density in its amplitude spectrum, which is why
only nine frequencies are extracted.
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5.4 Ruling out rotation as the cause of AMod
There is no obvious correlation between a star being classified as AMod and the
rotational velocity of a star. This is investigated using the subsample of δ Sct stars
studied by Niemczura et al. (2015), for which accurate values of v sin i determined
from high-resolution spectroscopy are available. The relationship between the fre-
quency of the highest amplitude pulsation mode against v sin i from Fig. 4.14 has
been regenerated in Fig. 5.1, but with each star denoted as a blue diamond or a
red square to represent if it is NoMod or AMod, respectively. AMod and NoMod
stars are found amongst the slow and fast rotators in the subsample of δ Sct stars
studied by Niemczura et al. (2015), so it is unlikely to be related to the amplitude
modulation in δ Sct stars.
5.5 Investigating the unresolved close-frequency
mode hypothesis
It is certainly plausible that many AMod δ Sct stars can be explained by the beat-
ing of unresolved close-frequency pulsation modes. Using a similar method to that
discussed by Bowman et al. (2016) for resolved pulsation mode frequencies, beating
models of multiple unresolved frequencies could be constructed to explain amplitude
modulation in many δ Sct stars, but this requires the number of frequencies to be
known a priori. Theoretically, it is possible for many non-radial pulsation mode
frequencies to exist closer than the 4-yr Kepler resolution limit of 0.00068 d−1,
and maintain their independent identity over several years (H. Saio, private com-
munication). If this is the case for many of the AMod δ Sct stars in this study,
it would explain the non-sinusoidal modulation cycles because of the complicated




Figure 5.1: Relationship between rotation, pulsation and amplitude modulation.
The same subsample of δ Sct stars studied by Niemczura et al. (2015) as shown in
Fig. 4.14 are given here, but each star is now denoted as a blue diamond or red
square if it is NoMod or AMod, respectively. For the few stars in this figure, there
is no obvious correlation between rotational velocity and amplitude modulation.
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Table 5.1: Parameters of three hypothetical pulsation modes used to demonstrate
amplitude and phase modulation caused by the beating of unresolved frequencies in
a synthetic Kepler data set.
Frequency Amplitude Phase
(d−1) (mmag) (rad)
ν1 13.393837 5.00 -3.00
ν2 13.394177 10.00 -1.00
ν3 13.394517 5.00 2.00
To test this hypothesis, synthetic Kepler data with appropriate white noise and
three hypothetical unresolved pulsation modes are generated using 4 yr of Kepler
time stamps and the frequencies, amplitudes and phases given in Table 5.1. The
properties of these three hypothetical pulsation modes are chosen to emulate the
observed amplitude modulation in the δ Sct star KIC 7106205, which was discussed
in chapter 3. The resultant light curve and a zoom-in of the unresolved peak in the
amplitude spectrum are shown in the top and middle panels of Fig. 5.2, respectively.
The amplitude and phase tracking routine discussed by Bowman et al. (2016) is
applied to the synthetic data set, such that frequency, amplitude and phase values
are extracted and optimised using a non-linear least-squares fit. Subsequently, amp-
litude and phase are tracked in 100-d bins with a 50-d overlap at fixed frequency
using linear least-squares throughout the 1500-d synthetic data set. Note that only
a single frequency is extracted from the amplitude spectrum because the other two
lie within the 4-yr Kepler resolution limit and are not resolved. The amplitude and
phase tracking plot for the extracted frequency, ν = 13.393998 d−1, is shown in the
bottom panel of Fig. 5.2.
The amplitude and phase modulation for this synthetic data set is qualitatively
similar to the observed amplitude and phase modulation in KIC 7106205 studied
by Bowman & Kurtz (2014) and discussed in chapter 3. For example, the extrac-
ted peak at ν = 13.393998 d−1 experiences an approximately linear decrease in
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Figure 5.2: Analysis of synthetic Kepler data with three hypothetical unresolved
pulsation modes. The top panel is the 1500-d light curve. The middle panel is
a zoom-in of the unresolved peaks in the amplitude spectrum. The bottom panel
is the resultant amplitude and phase tracking plot for the extracted frequency of
ν = 13.393998 d−1.
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amplitude and then stays approximately constant in amplitude over 4 yr, whilst a
quasi-sinusoidal phase modulation is observed. The cause of the amplitude modu-
lation in KIC 7106205 was not definitively established by Bowman & Kurtz (2014),
who were unable to conclude if beating, mode coupling to invisible pulsation modes
or variable driving/damping in the star was the cause. The similar characteristic
amplitude modulation observed using this hypothetical case study demonstrates
that beating of unresolved close-frequency pulsation modes is a viable solution, not
only for the observed amplitude modulation in KIC 7106205 but in other δ Sct stars
as well.
The characteristic behaviour of beating is most easily recognised with two cosi-
nusoids of equal amplitude, which was demonstrated for the δ Sct stars KIC 4641555
and KIC 8246833 by Bowman et al. (2016). In this scenario, the visible (and assumed
single frequency) peak varies sinusoidally in amplitude with a period equal to the
beat period, but also varies in phase: a half cycle (i.e., pi rad) change in phase occurs
at the epoch of minimum amplitude (Breger & Pamyatnykh 2006), and the amp-
litude modulates between 2A and 0. If the cosinusoids have increasingly different
amplitudes, the amplitude and phase changes get progressively smaller. However,
the amplitude and phase must always vary synchronously with a phase lag (shift)
close to pi/2 rad, such that the epoch of minimum amplitude in the beat cycle occurs
at the time of average and most rapid change in phase (Breger & Pamyatnykh 2006;
Bowman et al. 2016).
For beating from multiple unresolved close-frequency pulsation modes, the num-
ber of unresolved pulsation modes and their frequencies, amplitudes and phase de-
termine the observed amplitude modulation. It was concluded by Bowman et al.
(2016) that the functional form of the curves in an amplitude and phase tracking plot
can be used to estimate the number of input modes needed, but a reliable method
is needed to determine the frequencies, amplitudes and phases of these modes. One
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such method is discussed next in section 5.5.1.
5.5.1 MCMC simulations
In this section, a discussion of the feasibility of using a Bayesian Markov-chain
Monte-Carlo (MCMC) simulation for investigating if amplitude modulation is caused
by the beating of close-frequency pulsation modes is provided. This method is com-
putationally expensive compared to frequency extraction by iterative pre-whitening
and optimisation by least-squares, but may offer a solution to extracting unresolved
pulsation mode frequencies. The emcee software used to carry out this simulation
was first implemented by Foreman-Mackey et al. (2013) and has been extensively
discussed by Hambleton (2016). In the following paragraphs, a brief outline of how
the MCMC simulation works is provided; we refer the reader to Hambleton (2016)
for full details.
A Monte Carlo simulation is the random sampling of variables to obtain a dis-
tribution of possible results. A Markov chain is a stochastic chain of events that
changes state in discrete steps, which has the special property that the transition
between steps only depends on the current state and not on a previous state (Hamb-
leton 2016). These two principles were first combined by Metropolis et al. (1953)
who proposed using a series of chains to perform a random walk using the following
prescription. The walkers are given a range of inputs for each variable (i.e., priors),
which are used to perform a computation and calculate a probability. The result of
the next step is compared to the result of the previous step and only results that
improve the value of the probability are accepted.
After many iterations each chain will have sampled the parameter space where
the probability density is highest and converged to the best-fitting solution. The ini-
tial period is called the burn-in period, which is when the chains are still converging
to the optimum solution, from which the posterior distributions of the amplitude,
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frequency and phase parameters can be determined. The mean and standard devi-
ation of these parameters are determined by fitting a Gaussian to each distribution.
Implementation for a single pulsation mode
As a preliminary test, a single pulsation mode with frequency ν = 10.0 d−1, amp-
litude A = 10.0 mmag and phase φ = 0.0 rad is used as an input signal in a synthetic
time series and an MCMC simulation is performed using uniform priors to search
for the optimum cosinusoid solution. Specifically, the priors for each parameter are
9.5 ≤ ν ≤ 10.5 d−1, 0.1 ≤ A ≤ 50 mmag and −pi ≤ φ ≤ pi rad, respectively, which
are chosen to be consistent with observations of δ Sct stars.
The results from the search for a pulsation mode using a MCMC simulation are
shown in Fig. 5.3, which contains the 1D histograms and 2D contour plots showing
the minimum in the log-likelihood probability, thus indicating convergence to the
correct solution. The frequency, amplitude and phase solutions and their 1σ uncer-
tainties are given above each column in Fig. 5.3, with the values and uncertainties
calculated from the centroids and standard deviations, respectively, of the Gaussian
fits to the 1D histogram in each column.
The successful implementation of a Bayesian MCMC simulation to find a single
pulsation mode using synthetic Kepler data is a proof of concept exercise. It has been
demonstrated that this method is able to converge to the correct multi-parameter
solution using this hypothetical scenario. In the following section, a MCMC simu-
lation is used to find three unresolved pulsation modes that lie closer together than
the 4-yr Kepler frequency resolution.
Implementation for three unresolved pulsation modes
Using a similar method to that discussed in the previous section for a single pulsa-













































































































































Figure 5.3: Results from a successful MCMC simulation to find the parameters of a
single pulsation mode using synthetic Kepler data. The contour plots in the lower-
left sub-plots show cross-sections of the posterior probability distribution functions
for the amplitude, frequency and phase, with the red and green crosses showing the
1σ and 2σ uncertainties, respectively. The sub-plots on the diagonal from top-left
to bottom-right show histograms of the probability distribution for each parameter,
with a mean value and its 1σ uncertainty obtained from a Gaussian fit given above
each column of the plot. The numbers in the top-right sub-plots give the correlation




synthetic data set created using the parameters given in Table 5.1. The priors in
amplitude, frequency and phase used are 13.0 ≤ ν ≤ 13.8 d−1, 0.1 ≤ A ≤ 50 mmag
and −pi ≤ φ ≤ pi rad, respectively. The results from the search for these three pulsa-
tion modes using a MCMC simulation are shown in Fig. 5.4, which has a similar
layout to Fig. 5.3 but has a grid of nine rows and columns for the three pulsation
modes and their respective frequencies, amplitudes and phases. Similarly to the
previous example, this MCMC simulation has successfully converged to the correct
solution, with the parameters and their respective errors given above plot in Fig. 5.4,
which are within 1σ of the input parameters given in Table 5.1.
This MCMC simulation is also another useful proof of concept exercise that
demonstrates that it is possible to determine the parameters of unresolved pulsation
modes in a δ Sct star in the Kepler data set. It should be noted that the synthetic
data used in this and the previous example do not contain any other pulsation modes,
thus these simulations should be considered idealistic scenarios. Most importantly,
the number of pulsation modes is known in these hypothetical scenarios, which is
certainly not true when applying this technique to real observations of δ Sct stars
in the Kepler data set.
In a similar way, a multifrequency solution could be found that accurately de-
scribes the observed amplitude modulation in at least a few of the AMod δ Sct stars
discussed by Bowman et al. (2016). However, such a simulation is computationally
expensive to run, and is therefore inefficient for frequency extraction compared to,
for example, Fourier analysis and iterative pre-whitening techniques. In the next
section, the implementation of MCMC simulations is discussed for the δ Sct star








































































































































































































































































































































Figure 5.4: Results from a successful MCMC simulation to find the parameters of
three pulsation modes that lie closer than the 4-yr Kepler frequency resolution using
synthetic data. The layout of this figure is similar to that of Fig. 5.3, but has three
frequencies, amplitudes and phases instead.
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Application to KIC 7106205
It is shown by Bowman et al. (2016) that the beating of two cosinusoid signals pro-
duces periodic amplitude modulation and a phase change at the epoch of minimum
amplitude. The observed amplitude modulation in KIC 7106205 is not periodic over
the 4-yr Kepler data set, indicating that if beating of unresolved close-frequency
pulsation modes is responsible, a minimum of three pulsation modes would be
needed. MCMC simulations using two, three and four pulsation modes were imple-
mented for the Kepler data set for the δ Sct star KIC 7106205, but these simulations
do not converge to a reasonable solution, thus do not produce meaningful posterior
probability distributions.
Since in the previous section it is demonstrated that an MCMC simulation is able
to converge to the correct solution and extract the parameters of three unresolved
pulsation modes using synthetic Kepler data, it can be inferred that the beating
of two, three of four pulsation modes is not responsible for the observed amplitude
modulation in KIC 7106205. It is unlikely that five or more independent pulsation
modes can lie closer together than the 4-yr Kepler frequency resolution of 0.00068 d−1
(8 nHz) in a star with a low mode density such as KIC 7106205. Therefore, the
amplitude modulation in the δ Sct star KIC 7106205 remains an unsolved problem.
5.6 Discussion
In this chapter, the results of a thorough search for amplitude modulation in 983
δ Sct stars that were continuously observed by the Kepler Space Telescope for 4 yr
have been presented. The Kepler data set provides extremely high frequency res-
olution and amplitude precision, which were used to track amplitude and phase at
fixed frequency in 100-d bins with a 50-d overlap for a maximum number of 12 peaks
with amplitudes greater that 0.10 mmag for each star in the ensemble of 983 δ Sct
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stars, with the results collated into an amplitude modulation catalogue published
by Bowman et al. (2016). Various case studies of stars were used by Bowman et al.
(2016) to demonstrate the diversity in pulsational behaviour of δ Sct stars including
binarity, beating and non-linearity, which was discussed in section 5.2. An extract
of the amplitude modulation catalogue2 from Bowman et al. (2016) was presented
in section 5.3.
The main conclusion from this study is that 603 of the 983 δ Sct stars in the
ensemble (61.3 per cent) exhibit at least one pulsation mode that varies significantly
in amplitude over 4 yr, and so amplitude modulation is common among δ Sct stars
(Bowman et al. 2016). The causes of variable pulsation amplitudes in δ Sct stars,
which were termed AMod stars by Bowman et al. (2016), can be categorised into
those that are caused by extrinsic or intrinsic causes. The extrinsic causes of phase
variability include binarity (or multiplicity) in the stellar system which acts as a
perturbation to the pulsation mode frequencies observed (Shibahashi & Kurtz 2012;
Shibahashi et al. 2015). A pulsating star can also be easily recognised as being
part of a multiple system as all its pulsation modes will be phase modulated by the
orbital period of the stellar system (Murphy et al. 2014). Similarly, super-Nyquist
aliases are easily identifiable because they are periodically phase modulated by a
variable Nyquist frequency with the orbital period of the Kepler Space Telescope
(Murphy et al. 2013b; Bowman et al. 2016).
Intrinsic causes of amplitude modulation include beating and non-linearity, the
latter of which is discussed in more detail in chapter 6. It has been demonstrated by
different studies how pulsational non-linearity is likely the cause of amplitude mod-
ulation in δ Sct stars (e.g., Breger & Montgomery 2014; Barcelo´ Forteza et al. 2015).
Clearly, further work is needed to identify more δ Sct stars with mode coupling and




study them in greater detail. The subgroup of stars that exhibit amplitude modula-
tion with no phase change is particularly interesting. In these stars, the amplitude
change is non-periodic and often is monotonically variable over the 4-yr Kepler data
set. Approximately the same number of stars with linearly increasing and decreasing
amplitudes, but also non-linearly increasing and decreasing amplitudes were noted
in this subgroup by Bowman et al. (2016). These pure AMod stars remain a chal-
lenge to understand, so one can only speculate until further investigation is carried
out.
Beating of unresolved close-frequency pulsation modes is a plausible explanation
for the amplitude modulation observed in many δ Sct stars, but it is yet to be estab-
lished how and why this could occur in stars with such low mode densities in their
amplitude spectra (e.g., KIC 7106205). To test this hypothesis, a Bayesian MCMC
simulation was successfully able to extract pulsation mode parameters from a syn-
thetic data set containing three unresolved pulsation modes. This technique may be
computationally expensive and time-consuming compared to frequency extraction
by iterative pre-whitening, but it was a useful proof of concept exercise. However,
the implementation of this technique for the δ Sct star KIC 7106205 yielded incon-
clusive results. Thus, the observed amplitude modulation remains unexplained in
this δ Sct star.
The 380 δ Sct stars classified as NoMod (No Modulation) by Bowman et al.
(2016) comprise 38.7 per cent of the ensemble of 983 δ Sct stars and represent the
stars for which the highest precision measurements of amplitude and frequency are
possible. This is important in the search for planets orbiting these stars when using
the FM method (Shibahashi & Kurtz 2012; Shibahashi et al. 2015). These NoMod
stars are excellent targets for determining precise frequencies and amplitudes for
asteroseismic modelling (Bowman et al. 2016), and warrant further study.
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Note that from an observational point of view, the cause of the amplitude modu-
lation in δ Sct stars is interesting, but not necessarily important. What is important
to realise is that short term observations of the order a few years provide an average
amplitude of a pulsation mode, if it is varying on time-scales of the order a few dec-
ades or longer. Naturally, it is interesting to determine the mechanism that causes
amplitude modulation, as it has implications for our understanding of non-linearity,
driving and damping processes in these stars, which is discussed in further detail
chapter 6.
The catalogue of 983 δ Sct stars published by Bowman et al. (2016), which used
4 yr of Kepler data demonstrates that observations spanning years (and longer) are
often needed to study and resolve pulsational behaviour in these stars. My catalogue
will be useful for comparison purposes when studying δ Sct stars observed by K2
(Howell et al. 2014) and TESS (Ricker et al. 2015). Eventually, these missions will
observe a large area of the sky, but for only a short length of time. Therefore,
Kepler may represent the best data set for studying δ Sct stars as its 4-yr length of





Some of the discussions in this chapter, specifically sections 6.2.2 and 6.2.3, were
published by Bowman et al. (2016) in August 2016, and are therefore also included
in chapter 5.
6.1 Introductory remarks
It has been known for some time that non-linear stellar models are needed to ac-
curately reproduce observations of δ Sct stars (Cox 1980; Stellingwerf 1980; Saio
& Cox 1980), with linear models providing no predictive power of pulsation mode
amplitudes. The observed temporal variability in pulsation mode frequencies, amp-
litudes and phases demonstrated for the majority of δ Sct stars in chapter 5 is
beyond the linear theory of non-radial stellar pulsation given by Unno et al. (1989).
Furthermore, non-linear theoretical models of δ Sct stars often predict much larger
pulsation mode amplitudes than are observed, which suggests that an amplitude
limitation mechanism or limit cycle is required to stop the exponential growth of
pulsation mode amplitudes (Breger 2000a; Aerts et al. 2010).
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In this chapter, the non-linearity of pulsations in δ Sct and γ Dor stars is invest-
igated. It is only recently that high-quality observations, such as those provided by
the Kepler Space Telescope, have allowed theoretical predictions of non-linearity to
be investigated in δ Sct stars. Using models of mode coupling discussed by Breger &
Montgomery (2014) and Bowman et al. (2016), the strength of non-linearity can be
investigated in pulsating stars. In section 6.2, the distinction between combination
frequencies and mode coupling of pulsation modes is discussed, with the application
of the mode coupling hypothesis for δ Sct and γ Dor stars presented in sections 6.3
and 6.4, respectively. In section 6.5 the pulsational energy budget is discussed in
the context of amplitude modulation in δ Sct stars.
6.2 Coupling versus combination frequencies?
Although Fourier analysis is the preferred method for analysing pulsating stars,
with a stellar time series being represented as a series of sinusoids or cosinusoids,
harmonics and combination frequencies are mathematically required to describe non-
linearity in the frequency domain. This is analogous to a non-sinusoidal light curve
describing non-linearity of pulsations in the time domain. One form of non-linearity
is quicker rise times than fall times over the pulsation cycle in the light curves of
high amplitude pulsators, which is commonly observed in type I Cepheids and RRab
stars (see section 1.4.4). These stars have asymmetric light curves that are often
characterised as ‘upwards’ light curves, but it has also been shown that non-linearity
can be responsible for the ‘downwards’ asymmetry seen in the light curves of γ Dor
and SPB stars (Kurtz et al. 2015).
Therefore, one of the important tasks when studying a pulsating star is to identify
which peaks in the amplitude spectrum are pulsation mode frequencies and which
peaks are combination frequencies and harmonics. Not only can this greatly simplify
an amplitude spectrum, but the pulsation mode frequencies are the main parameters
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used for asteroseismic modelling. This task can be difficult for stars with high pulsa-
tion mode densities in their amplitude spectra — for example, see Pa´pics (2012),
Breger & Montgomery (2014) and Kurtz et al. (2015).
It is discussed in chapter 5 how there is a subtle difference between combination
frequencies and coupled pulsation mode frequencies from an observational perspect-
ive. Combination frequencies and harmonics occur due to the mathematical repres-
entation of the summation of cosine terms for a non-linear signal when calculating
the Fourier transform. Physically, this effect differs to a family of pulsation modes,
which contain parent modes that are able to interact and resonantly excite a child
mode in a star (e.g., Breger & Montgomery 2014). Therefore, it is important to be
able to distinguish these two effects and extract the real pulsation mode frequencies
of a star.
The study of non-linearity in pulsating stars is complicated because it was shown
mathematically and observationally by Kurtz et al. (2015) that combination frequen-
cies can have higher amplitudes than the parent pulsation modes that create them.
In this section, a method for identifying combination frequencies and the strength
of non-linearity in a star is discussed, with a specific case study example of the δ Sct
star KIC 8054146 studied by Breger & Montgomery (2014) presented in section 6.2.4.
6.2.1 Combination frequencies
Combination frequencies and harmonics are common in many types of pulsating
stars across the HR diagram, which include δ Sct stars (see e.g., Breger et al. 2012;
Murphy et al. 2013a; Breger & Montgomery 2014), and also SPB and γ Dor stars (see
e.g., Kurtz et al. 2015; Van Reeth et al. 2015b) and pulsating white dwarf stars (see
e.g., Wu & Goldreich 2001; Wu 2001). Combination frequencies are mathematical
sum and difference frequencies of pulsation mode frequencies, νi and νj, that have
the form nνi ±mνj, in which n and m are integers. Combination frequencies have
185
CHAPTER 6
been extensively studied in pulsating DA and DB white dwarf stars, and therefore a
significant fraction of the literature on combination frequencies is based on g mode
pulsators with thin convective envelopes (Brickhill 1983, 1990, 1991a,b, 1992b,a;
Brassard et al. 1993; Wu & Goldreich 2001; Wu 2001; Montgomery 2005).
Possible mechanisms to explain combination frequencies in variable DA and DB
white dwarfs are that the stellar medium does not respond linearly to the pulsation
wave, or that the dependence of emergent flux variation is not a linear transformation
from the temperature variation (F = σT 4). These are often grouped into what is
termed a non-linear distortion model (e.g., Degroote et al. 2009). The assumptions
and predictions made from these studies of variable white dwarfs may not apply
to all types of pulsator, but act as a useful starting point for an investigation of
non-linearity in main sequence stars.
In the case of the β Cep star HD 180642, Degroote et al. (2009) found that
the sum and difference combination frequencies had similar amplitudes, but that
there were more sum combination frequencies in the star’s amplitude spectrum.
The comparable amplitudes of three peaks, which were related in frequency and
phase and formed a family of modes, did not distinguish between non-linearity in
the form of a non-linear distortion model and non-linearity in the form of resonant
mode coupling (Degroote et al. 2009).
The simplest and lowest order non-linear combination signal, yc(t), that can be
produced from the mixing of
y1(t) = A1 cos (2piν1t+ φ1)
and




yc(t) ∝ y1 y2
∝ A1 cos (2piν1t+ φ1)A2 cos (2piν2t+ φ2)






νc± = ν1 ± ν2
φc± = φ1 ± φ2 .
This was discussed in detail by (Brickhill 1992b) and Wu (2001), who stated
that since combination frequencies are not intrinsic pulsation mode frequencies and
are caused by non-linearities within a star, then their amplitudes and phases must
mimic the parent frequencies, y1(t) and y2(t), that create them. However, it was
shown by Kurtz et al. (2015) that it is possible for combination frequencies to have
larger observed amplitudes than the parent modes. This demonstrates that our
understanding of combination frequencies, specifically how they are formed, is far
from complete.
One method of identifying combination frequencies is to mathematically gener-
ate all the possible combination terms from a small number of parent frequencies,
fit them by least-squares and remove them by pre-whitening (e.g., Kurtz et al.
2015). Alternatively, iterative pre-whitening can be used to extract all statistically-
significant frequencies and then exclude those that satisfy a combination frequency
relation (e.g., Van Reeth et al. 2015b). However, the physical mechanism that causes
combination frequencies is not immediately obvious.
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Figure 6.1: Schematic demonstrating how two non-linear pulsation frequencies, ν1
and ν2, can create combination frequency triplets, for example, 2ν1, ν2 + ν1 and 2ν2,
and apparent regularities in an amplitude spectrum. Figure inspired by Breger &
Kolenberg (2006), their figure 1.
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In Fig. 6.1, synthetic data are used to demonstrate how triplets of exactly equally-
split frequencies can be made from two intrinsic pulsation modes, ν1 and ν2. The two
pulsation mode frequencies, the harmonics of ν1 and ν2, the combination frequencies
ν1 + ν2, ν2− ν1 and 2ν1− ν2 are labelled in Fig. 6.1, showing how regularities in the
amplitude spectrum of a pulsating star can be created from only two pulsation mode
frequencies. It is important to note that the combination frequency, 2ν1−ν2, and the
second pulsation mode frequency, ν2, could be misinterpreted as part of an equally
split triplet around ν1, which was demonstrated by Breger & Kolenberg (2006).
Mathematically, combination frequencies produce exactly equally-split multiplets,
whereas the second-order effects of rotation perturb the symmetry of frequencies
in a rotationally split multiplet (Goupil et al. 2000; Pamyatnykh 2003; Aerts et al.
2010). This is especially true for stars that are moderate and fast rotators, such
as the δ Sct star KIC 8054146 (Breger et al. 2013; Breger & Montgomery 2014)
discussed in section 6.2.4.
6.2.2 The role of resonances in pulsating stars
The role of non-linearity and resonances within pulsators driven by the heat engine
driving mechanism is clearly non-trivial, and has been extensively studied in the
literature (Dziembowski 1982; Buchler & Goupil 1984; Dziembowski & Krolikowska
1985; Moskalik 1985; Dziembowski et al. 1988; Dziembowski & Krolikowska 1990;
Dziembowski & Goode 1992; Goupil & Buchler 1994; Van Hoolst 1994; Buchler et al.
1995, 1997; Goupil et al. 1998; Wu & Goldreich 2001; Wu 2001; Nowakowski 2005).




Direct resonances: parents and children
An example of how non-linearity can act as an amplitude limitation mechanism
in δ Sct stars is resonant mode coupling between a child mode and two parent
modes (Dziembowski 1982). This form of pulsational non-linearity gives rise to
variable frequencies and amplitudes in pulsation modes over time, which appear as
a cluster of unresolved peaks in the amplitude spectrum. Resonant mode coupling
has been suggested as the amplitude limitation mechanism operating in δ Sct stars
but not in HADS stars, which explains the large difference in pulsation mode amp-
litudes between the two subgroups (Dziembowski & Krolikowska 1985). This form
of resonance is commonly referred to as a direct resonance (Dziembowski 1982) or
parent-child mode coupling (Breger & Montgomery 2014), and is discussed further
in section 6.2.3.
Rotationally induced resonance
For a slowly rotating star, a non-radial pulsation mode will be split into its 2` + 1
components. Taking a particular case of a dipole mode, a nearly equally split triplet
of frequencies will be formed with a central frequency, ν0, that corresponds to the
m = 0 component and frequencies ν− and ν+ that correspond to the m = −1 and
m = +1 components, respectively. It was first discussed by Buchler et al. (1995,
1997) and later by Goupil et al. (1998) how a resonance condition that satisfies
2ν0 ' ν+ + ν− exists, and causes variable pulsation mode amplitudes. This form of
resonant mode coupling can be separated into three regimes.
First is the case of non-linear frequency locking. In this regime the triplet of
frequency is exactly equally split, which produces constant amplitudes and thus
no amplitude modulation. The second, so-called intermediate regime is when the
frequency splitting of the triplet is no longer symmetric, which causes periodic
amplitude modulation amongst the components of the triplet on the time-scale of
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Pmod ∼ 1δν , where δν is the asymmetry of the triplet (Goupil et al. 1998). When
the frequency splitting is significantly asymmetric, for example in the presence of
rapid rotation, the resonance condition is no longer satisfied because the non-linear
frequency perturbations are very small, such that the observed frequencies are closer
to the linear values (Buchler et al. 1995, 1997; Goupil et al. 1998).
This form of resonant mode coupling has also been studied in pulsating white
dwarf stars (Vauclair 2013; Zong et al. 2016b) and pulsating sdB stars (Zong et al.
2016a). For example, the DBV star KIC 8626021 was studied by Østensen et al.
(2011) and later by Zong et al. (2016b), who used approximately 684 d of SC Kepler
data to discover several rotationally-split dipole modes that exhibit amplitude mod-
ulation. From the asymmetry of the frequency splitting in the triplets and the
variable pulsation mode amplitudes, Zong et al. (2016b) were able to study the hy-
perfine structure of the component frequencies in the various triplets and conclude
that non-linearity in the form of resonant mode coupling was responsible for the
observed amplitude modulation.
Parametric resonance instability
The parametric resonance instability, which is also called a decay instability, was
discussed by Dziembowski (1982) who demonstrated that two linearly damped low-
frequency modes are able to damp a linearly driven high frequency pulsation mode
when it has reached a critical amplitude. In his study, Dziembowski (1982) con-
cluded that the most likely scenario is two linearly damped g modes coupling with
an unstable p mode, which would cause the growth and decay of the p and g modes
in anti-correlation as energy is exchanged among them (Dziembowski 1982; Dziem-
bowski & Krolikowska 1985). Furthermore, the g modes may not have observable
surface amplitudes – in this case, the modes are referred to as internal g modes
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(Dziembowski & Krolikowska 1985) – making the testing of this theoretical pre-
diction difficult (see e.g., Bowman & Kurtz 2014). To first order, the modulation
time-scale is the inverse of the growth rate of the child mode involved in the reson-
ance, which can produce modulation time-scales between days and several decades
(Nowakowski 2005).
6.2.3 Mode coupling
In this section, the direct resonance scenario and the coupling of pulsation modes
are discussed. Coupled pulsation modes are grouped into families of child and par-
ent modes (e.g., Breger & Montgomery 2014), and this coupling can facilitate the
exchange of energy between different members of the family (Dziembowski 1982;
Buchler et al. 1997; Nowakowski 2005). In a direct resonance, a child mode must
have a frequency very close to the sum, or difference, of the frequencies of two
linearly-driven (unstable) parent modes, thus satisfy
ν1 ' ν2 ± ν3 , (6.1)
where ν1 is the frequency of the child mode, and ν2 and ν3 are the frequencies of
the parent modes. However, the frequency resonance criterion given in Eqn 6.1 does
not solely distinguish which frequency within a family is a combination or coupled
mode frequency of the other two, as demonstrated by Fig. 6.1.
To make this distinction, the amplitude of a child mode can be modelled as a
product of the two parent mode amplitudes using
A1 = µc(A2A3) , (6.2)
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and the linear combination of the parent phases
φ1 = φ2 ± φ3 , (6.3)
where Ai and φi represent amplitude and phase of the child and parent modes,
respectively, and µc is defined as the coupling factor. For combination frequencies
arising from a non-linear distortion model, small values of µc are expected and thus
the amplitude and/or phase variability in combination frequencies will mimic the
parent modes that produce them (Brickhill 1992b; Wu 2001; Breger & Lenz 2008b).
However, for resonant mode coupling, one expects the amplitudes of the three modes
to be comparable with larger values of µc because mode energy is physically being
exchanged between the child and parent modes.
In the steady state solution described by Dziembowski (1982), the coupling coef-
ficient, µc, in Eqn 6.2 is a measure of the damping rate, γ1, and mode inertia, I1 of





where H is a coefficient that determines the strength of the coupling between the
child mode ν1 and the parent modes ν2 and ν3, and σ1 is the dimensionless fre-
quency of the child mode. The coupling coefficient µc was introduced by Breger
& Montgomery (2014) because the quantities σ1, γ1 and I1 cannot be determined
observationally from an amplitude spectrum, such that by using Eqn 6.2 the authors
were able to measure the strength of coupling between pulsation modes in the δ Sct
star KIC 8054146. This is discussed further in section 6.2.4.
The method described here to is similar to the approach devised by van Kerkwijk








where A1, A2 and A3 are the amplitudes of pulsation modes with corresponding
frequencies ν1, ν2 and ν3 involved in a resonance. The value of the parameter R was
found to be less than 10 for combination frequencies from a non-linear distortion
model (van Kerkwijk et al. 2000a), whereas for families of frequencies that have R
values greater than 10, the amplitude of a coupled (child) mode is being strengthened
by being in resonance with the parent pulsation modes.
6.2.4 Resonant mode coupling in the delta Scuti star
KIC 8054146
The fast rotating (v sin i ' 300 km s−1) δ Sct star KIC 8054146 contains interactions
between low- and high-frequency families of pulsation modes which create regular-
ities in its amplitude spectrum (Breger et al. 2012). KIC 8054146 contains 349
statistically significant frequencies between 0 < ν ≤ 200 d−1 including two high-
amplitude triplets, with its amplitude spectrum shown in Fig. 6.2. This star acts as
a useful example of how the g- and p-mode frequency regimes are not independent
of one another in a δ Sct star. For example, Breger et al. (2013) found that peaks in
the high frequency regime contained p modes and high-degree g modes, specifically
high-degree prograde sectoral modes.
KIC 8054146 was later analysed by Breger & Montgomery (2014), who invest-
igated the incidence of resonant mode coupling between two parent modes and
a single child mode, as predicted by the direct resonance criterion (Dziembowski
1982). The 928-d SC data set (spanning Q5 – Q14) was divided into 45-d bins as
a compromise between temporal and frequency resolution, and the amplitudes and
phases of different peaks were tracked over time. The observed amplitude modula-
tion in ten dominant pulsation modes is shown in Fig. 6.3. Breger & Montgomery
(2014) found three separate families of frequencies whose amplitude variations of
the low-frequency members correlated with the high-frequency ones.
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Figure 1. Dominant nine frequencies of the T family of frequencies. The frequency numbers, e.g., f26, denote their approximate values in cycles day−1 and this
notation will be used in the rest of the paper. Note that the frequencies are both in the low-frequency g-mode and high-frequency p-mode regions. The bottom panel
illustrates their relation to all the detected frequencies.
(A color version of this figure is available in the online journal.)
Table 1
Dominant Frequencies of the “T” Family
Name Frequency Comment
(cycles day−1) (µHz)
f3 2.9308 33.92 Low frequency
f3b 2.9334 33.95 Low frequency
f6 5.8642 67.87 =f3+f3b
f26 25.9509 300.36
f34 34.4836 399.12 Triplet 2
f37 37.4170 433.07 Triplet 2
f40 40.3479 466.99 Triplet 2
f60 60.4346 699.47 Triplet 1
f63 63.3680 733.43 Triplet 1
f66 66.2988 767.35 Triplet 1
of the present discussion due to the large time gap and large
phase changes from Q2 to Q5. This leaves the near-continuous
coverage from Q5 to Q14 spanning 928 days. For this analysis
we adopt a compromise between the wish to study short-term
amplitude and phase changes and an excellent frequency resolu-
tion obtained only from larger time intervals: 45 days intervals
were chosen. To minimize the remaining difficulties caused by
frequency resolution and small aliasing effects from short time
gaps in the data, a special technique was applied, which we
describe below.
The detected frequencies were divided into two groups: the
20 dominant modes and their harmonics (for which amplitude
and phase variations were desired) and the other modes with
smaller amplitudes. We divided the data into separate 270 day
data sets in order to minimize the effects of the amplitude and
phase variations of the small-amplitude modes. We assumed
constant amplitudes over 270 days for these small-amplitude
modes, while allowing for amplitude and phase variations of
the dominant modes and their harmonics. This allowed us to
prewhiten all the small-amplitude modes.
Two small-amplitude frequencies require a special mention:
the mode at 19.1838 cycles day−1 showed a small amplitude
of 0.01 ppt from Q5 to Q8 and slowly increased in to 0.19 ppt
in amplitude from Q9 to Q14. This variation was taken into
account. Another weak mode at 25.9358 cycles day−1 forms a
close double with a dominant mode at 25.9509 cycles day−1.
Because of the slow and systematic amplitude growth of this
weak companion (from 0.01 to 0.03 ppt) and its separation of
only 0.0151 cycles day−1, we had to choose 45 days, rather than
30 days, intervals for this study.
As a next step, for each of the high-amplitude modes, av-
erage frequencies covering the entire Q5–Q13 quarters were
determined. The values of the frequencies are listed in Figure 3.
Using these average frequency values, for each 45 days interval
the amplitudes and (O−C) shifts were calculated for the differ-
ent high-amplitude modes. These statistically significant shifts
show that the frequencies are slightly variable. This does not
lead to problems with the adoption of constant frequency values
with variable phasing, since the 45 days intervals are short.
The most interesting results are connected with the dominant
frequencies associated with the T family. The amplitude and
(O − C) variations are shown in Figures 2 and 3. The formal
error bars are also plotted; in most cases they are smaller than
the symbols used. In these figures we also show the results for
a mode at 47.5126 cycles day−1, which shows very little scatter
and confirms the high quality of the available data and the lack
of serious systematic errors.
The figures show very large changes in amplitude and phasing
with usual timescales of a year or longer. Furthermore, these
variations are steady with excellent agreement between the
2
Figure 6.2: The amplitude spectrum for the δ Sct star KIC 8054146. The top
panel shows only the nine dominant peaks, labelled as the “T family” by Breger
& Montgomery (2014), which contain two triplets, T1 and T2. The bottom panel
shows all the peaks in the amplitude spectrum f KIC 8054146 b low ν ≤ 100 d−1.
Figure from Breger & Montgomery (2014), their figure 1. © AAS; reproduced with
permission from author and AAS.
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A coupled mode is predicted to follow the product of the amplitude variability
of the two parent modes, as given by Eqn 6.2, so the child and parent modes in
a family can be identified. In the case of KIC 8054146, the value of the coupling
coefficient, µc, in Eqn 6.2 is of the order 1000 for coupled modes in families with
parent mode amplitudes of order 0.1 mmag (Breger & Montgomery 2014). It is
concluded that the amplitudes of coupled modes are larger than expected because
they are strengthened by resonant mode coupling (Breger & Montgomery 2014).
The observed phase variability of an individual frequency family is given in the
O−C diagram in Fig. 6.4, which contains the high-frequency component of triplets
T1 and T2, and ν = 25.9509 d−1 (labelled as f 26). Breger & Montgomery (2014)
use a mode coupling mode in Eqn 6.3 to predict the phase variability for the coupled
mode in T2, which accurately matches the observations. Thus, the visible energy
associated with the observed amplitude modulation is conserved in KIC 8054146
(Breger & Montgomery 2014).
In their analysis of KIC 8054146, Breger et al. (2012) stated that even if three
frequencies within a family obey the frequency, amplitude and phase relations, which
are given in Eqns 6.1, 6.2 and 6.3, respectively, it does not prove that they are com-
bination frequencies, but merely behave like combination frequencies, thus variable
pulsation mode amplitudes can be interpreted as being caused by either non-linearity
from a non-linear distortion model or resonant mode coupling.
Therefore, the testable prediction for resonant mode coupling between a child and
two parent modes in δ Sct stars is significant amplitude modulation in three similar
amplitude modes with large values of µc (Breger & Montgomery 2014; Bowman
et al. 2016). From the study of pulsation mode variability discussed in chapter 5,
it is clear that it is not a simple task to distinguish physically coupled modes from
combination frequencies, emphasising the need to study the frequency, amplitude
and phase variability of each of the members within each family.
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Figure 2. Amplitude variations of the components of Triplet 1 (T1) and Triplet 2 (T2). Two dominant low frequencies, f26, and a mode with constant amplitudes are
also shown.
(A color version of this figure is available in the online journal.)
values of adjacent 45 day time stretches. The variations vary
from mode to mode, in particular for the different components
of the triplets. Nevertheless, qualitative similarities can be seen
between Triplets 1 and 2.
As a next step, for both the amplitude and the (O −C) varia-
tions, we have computed the correlations between the different
frequencies. This led to the discovery of a remarkably simple
pattern, shown by both the amplitude and phase variations. This
pattern links the triplets with each other, as well as to the low
frequencies. This will be explored in the next section.
3. NONLINEAR MODE COUPLING
3.1. The Simple Model
The simplest possible way that combination frequencies (i.e.,
“sum and difference frequencies”) can be generated in a light
curve is through a nonlinear mixing process. Examples of this
are the nonlinear terms in the fluid equations and T4 nonlinearity.
If x1 = A1 cos(ω1t + φ1) and x2 = A2 cos(ω2t + φ2), then the
lowest order nonlinear signal that will be generated is x3, where
x3(t) ∝ x1(t) x2(t)
∝ A1A2 cos(ω1t + φ1) cos(ω1t + φ1)
≡ A3 cos(ω3+t + φ3+) + A3 cos(ω3−t + φ3−), (1)
where
A3 = 12A1A2 (2)
ω3± = ω1 ± ω2 (3)
φ3± = φ1 ± φ2 (4)
(see Brassard et al. 1995 and Wu 2001 for particular examples).
In this model, ω3± does not correspond to the frequency
of oscillation of an actual mode. Rather, it is produced by
frequency mixing due to nonlinear effects, usually in the outer
portions of the star’s envelope. Since ω1 and ω2 correspond
to the frequencies of modes in the star, they are often called
“parent” frequencies andω3 is called a “child” or “combination”
frequency. As already stated, such frequencies, which are
observed in δ Sct stars, have amplitudes that are typically
three orders of magnitude smaller than those observed in
KIC 8054146.
One possible explanation for the large amplitudes is resonant
mode coupling. In this scenario there is a damped mode in the
star with a frequency very close to the sum of the frequencies
of two other linearly unstable modes, i.e., ω3 ≈ ω1 + ω2; this
situation was first studied by Dziembowski (1982). If we take
3
Figure 6.3: Amplitude modulation caused by mode coupling for various pulsation
modes in the δ Sct star KIC 8054146. The observed amplitude modulation in each
component frequency in each triplet, T1 and T2, is correlated, which can be seen
by co paring the left and right columns for each row. Figure from Breger & Mont-
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Figure 4. Relationship between the observed and predicted amplitudes for all
three components of the frequency Triplet 2. This diagram illustrates that the
simple scaling model using the amplitudes of the Triplet 1 components alone
are not sufficient (lower panel). However, the mode-coupling model (using the
amplitudes of Triplet 1 and of mode f26) provides excellent fits (upper panel).
(A color version of this figure is available in the online journal.)
the amplitude variations of a coupled mode should follow the
product of the amplitude changes of the two parent modes,
independent of the unknown value of the coupling constant.
This allows us to observationally determine which are the parent
modes and which are the coupled modes.
In order to establish separately that the nine dominant modes
are related and to separate these into parent and coupled modes,
we have considered all possible combinations and computed
phase (O − C) changes and amplitude changes. Furthermore,
we also tested a number of possible multiple dependencies. The
results were surprisingly unambiguous and clear.
3.2. Triplet 2
Due to the qualitative similarity of the amplitude and phase
changes of the two triplets (see Figures 2 and 3), we now
compare the amplitudes and phasing for each component of the
two triplets. Our first model assumes that the amplitudes of the
modes in Triplet 2 are directly proportional to the amplitudes of
the respective modes in Triplet 1; we call this the “simple scaling
model.” This model is shown in the bottom panel of Figure 4
and, while hinting at the trend, does not accurately predict the
Triplet 2 amplitudes as a function of the Triplet 1 amplitudes.
The situation is considerably improved if we use the mode
coupling model in which Triplet 2 is the result of coupling
between Triplet 1 and mode f26. In this case, the amplitudes in
Triplet 2 are given by a product of the respective amplitudes in
Triplet 1 with the amplitude of f26, according to Equation (5).
Figure 5. (O − C) phase shifts due to changing frequencies for the upper
component of Triplet 2. The diagram shows that the observed phase shifts can
be modeled by subtracting the phase shifts of f26 from those of Triplet 1, as
demanded by the mode-coupling model. Excellent agreement is also found for
the other two components of the triplet.
(A color version of this figure is available in the online journal.)
The success of this model is shown in the top panel of Figure 4:
the amplitude variations of all three triplet components are now
correctly matched. In fact, for the upper component of Triplet
2, the amplitudes are predicted to ±0.002 ppt on the average!
Note that this shows that f26 and Triplet 1 contain the parent
modes, while Triplet 2 consists of the coupled modes.
The mode-coupling model also requires that the (O − C)
phase shifts should match. This excellent agreement is shown
in Figure 5 together with two other possible models.
3.3. The Dominant Low Frequency at 5.86 cycles day−1
There are at least three promising models for the observed
frequency peak at 5.8642 cycles day−1, all of which are mode-
coupling models. The first hypothesis makes this frequency a
harmonic of the 2.93 cycles day−1 peak(s). The second and
third models involve the outer components of the two triplets.
The frequency value of 5.8642 cycles day−1 is exactly the
difference of the two outer components of either of the two
triplets. Consequently, this peak could be a mode coupled with
the two outer components of either (or both) Triplet 1 and
Triplet 2.
The (O − C) phase shift test supports mode coupling with
Triplet 1 (Figure 6) and rejects mode coupling with Triplet 2.
This result is supported by the amplitude test and is illustrated
in Figure 7. The figure also rejects the harmonic model, which
would explain the 5.86 cycles day−1 peak as a consequence of a
nonsinusoidal light-curve shape of the 2.93 cycles day−1 mode.
We conclude that the measured phase and amplitude varia-
tions of the low frequency at 5.86 cycles day−1 are fully com-
patible with mode coupling of the Triplet 1 parents. This also
strengthens our earlier result that Triplet 1 is the parent of a
number of different coupled modes, such as Triplet 2.
3.4. The Dominant Low Frequency at 2.93 cycles day−1
In a few amplitude spectra combining data from different
quarters (e.g., Q11–Q14) for increased frequency resolution, we
see a small side-peak or asymmetry near 2.933 cycles day−1,
5
Figure 6.4: An O-C diagram for the observed phase variability in the high-frequency
component of T1 and T2, of ν = 25.9509 d−1 (labelled as f 26), and the predicted
phase variability of T2 by a mode coupling model. The agreement between the
predicted and observed phase variability indicates mode coupling between parent
pulsation modes, f 26 and T1, and the coupled mode in T2. Figure from Breger




6.3 Non-linearity in delta Scuti stars
In chapter 5, it was discussed how Bowman et al. (2016) studied amplitude mod-
ulation caused by non-linearity in the δ Sct star KIC 4733344. By trying differ-
ent values of the coupling coefficient µc, the strength of coupling and non-linearity
among pulsation mode frequencies can be estimated in a star, with small values of
µc implying weak coupling that favours the non-linear distortion model producing
combination frequencies, whereas large values of µc imply strong coupling and fa-
vour resonant mode coupling (Breger & Montgomery 2014; Bowman et al. 2016).
This method was used by Bowman et al. (2016) to study KIC 4733344, and it was
concluded that the small values of the coupling coefficient µc indicate non-linearity
in the form combination frequencies from a non-linear distortion model in this star.
Note that a large value of µc is defined by the amplitudes of the parent modes and
thus is specific to each family. For example, using Eqn 6.2, if A2 = A3 = 2 mmag,
then to achieve a similar child mode amplitude of A1 ' 2 mmag, a value of µc ' 0.25
is required. Using the same parent mode amplitudes, a small value of µc ' 0.01
would produce a child mode amplitude of A1 ' 0.04 mmag. Therefore, in this
hypothetical example, µc & 0.1 is considered strong coupling and µc . 0.01 is
considered weak coupling.
It is also important to emphasise that when studying the possible energy ex-
change between pulsation modes in this thesis, the peak in the amplitude spectrum
which potentially represents a coupled mode, νc, is extracted from an amplitude
spectrum and optimised using a non-linear least-squares fit to the data set. The
difference in the observed frequency, νc, from the expected combination frequency
value from the two parent modes does not necessarily prove or disprove that νc is
a combination frequency or a coupled mode, because the difference is smaller than
the frequency resolution of the 4-yr Kepler data set (0.00068 d−1).
In the following sections, the methodology for studying amplitude modulation
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Table 6.1: Stellar parameters of the δ Sct star KIC 5857714 from the KIC (Brown
et al. 2011) and the revised values from Huber et al. (2014).
Teff log g [Fe/H]
(K) (cgs) (dex)
KIC 6710± 200 3.80± 0.20 −0.23± 0.20
Huber et al. (2014) 7050± 220 3.81± 0.22 0.24± 0.30
and non-linearity employed by Bowman et al. (2016) is extended to another δ Sct
star, KIC 5857714, and two γ Dor stars observed by the Kepler Space Telescope.
Furthermore, energy conservation of the visible pulsation modes is also studied in
these stars.
6.3.1 KIC 5857714
In this section, the study of non-linearity of pulsation modes in the δ Sct KIC 5857714
is presented. Note that this star, however, is not a member of the ensemble of 983
stars discussed in chapters 4 and 5 because it is a module 3 star. It acts as a useful
example here because it has high amplitude pulsations with significant amplitude
modulation, and because it has a low mode density in its amplitude spectrum. The
stellar parameters of KIC 5857714 from the KIC and Huber et al. (2014) are given
in Table 6.1, which characterise it as an evolved early-F star.
The light curve of KIC 5857714 is shown in the top-left panel of Fig. 6.5, in
which the gaps caused by the failure of module 3 of the Kepler CCD can clearly
be seen. The amplitude spectrum of KIC 5857714 is shown in the bottom-left
panel of Fig. 6.5, in which the two highest amplitude pulsation mode frequencies,
ν1 = 12.227331 d
−1 and ν2 = 10.273765 d−1, and their first-order sum and difference
frequencies are labelled. A zoom-in of ν1 in the amplitude spectrum is given in the
right panel of Fig. 6.5, in which a more-complicated spectral window pattern can
be seen because KIC 5857714 is a module 3 star. KIC 5857714 pulsates with two
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Figure 6.5: The top-left panel is the 4-yr LC light curve for the δ Sct star
KIC 5857714, which falls on module 3 of the Kepler CCD array resulting in the
large gaps. The bottom-left panel is the amplitude spectrum for the δ Sct star
KIC 5857714 calculated out to the LC Kepler Nyquist frequency. The two par-
ent p-mode frequencies, labelled as ν1 = 12.227331 d
−1 and ν2 = 10.273765 d−1,
non-linearly interact to form frequencies at ν1 + ν2 = 22.501101 d
−1 and ν1 − ν2 =
1.953569 d−1, respectively. The right panel is a zoom-in of the highest amplitude
parent mode, ν1, which has a complicated window pattern from the gaps in the data
set.
high-amplitude parent p modes, ν1 and ν2, which are non-linearly interacting to
form frequencies at ν1 + ν2 = 22.501101 d
−1 and ν1 − ν2 = 1.953569 d−1, and other
higher order combination frequencies and harmonics.
Using the method employed by Bowman et al. (2016), the strength of the non-
linearity in these sum and difference combination frequencies is tested by construct-
ing mode coupling models and determining the optimum value of the coupling coeffi-
cient, µc, with the results shown in Fig. 6.6. The two parent modes vary considerably
in amplitude over the 4-yr Kepler data set, and the peaks at ν1+ν2 and ν2−ν1 mimic
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Figure 6.6: Coupling models for two families of frequencies in KIC 5857714. In
both panels, the amplitude and phase changes of the two parent frequencies ν1 =
12.227331 d−1 and ν2 = 10.273765 d−1 are shown in blue and green, with the
corresponding frequencies, ν1 +ν2 (top panel) and ν1−ν2 (bottom panel) are shown
in black. The coupling model is plotted in red on the right hand side for both
amplitude and phase variability for each chosen value of the coupling coefficient µc.
The amplitude ordinate scale has been kept the same in each column for comparison.
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the behaviour of the amplitude modulation in the parent modes. The small value
of µc ' 0.008 in KIC 5857714 indicates that the sum and difference frequencies are
combination frequencies from a non-linear distortion model and not coupled modes
involved in a direct resonance.
Similarly to KIC 4733344 discussed in chapter 5, the observed amplitude mod-
ulation in KIC 5857714 raises the question: where does the energy associated with
these parent pulsation modes go to and come from if not to the other visible pulsa-
tion modes? The conservation of visible pulsation mode energy is explored further
in section 6.5. Many δ Sct stars exhibit similar significant amplitude modulation to
KIC 5857714 and KIC 4733344, and do not conserve their visible pulsation energy
budget over 4 yr of Kepler observations (Bowman et al. 2016).
6.4 Non-linearity in gamma Doradus stars
Non-linearity is certainly important in γ Dor stars in addition to the δ Sct stars. This
was demonstrated by Kurtz et al. (2015), who found that the asymmetry of SPB and
γ Dor light curves can be explained by the phases of combination frequencies relative
to the parent pulsation modes. It was also shown that the ‘frequency groups’ in these
stars were a result of non-linearity in the form of high-order combination frequencies
— once identified and removed, the amplitude spectra are greatly simplified (Kurtz
et al. 2015). Non-linearity is often associated with high-amplitude pulsations with
the high-order combinations in some γ Dor and SPB stars indicating extremely high
amplitude g-mode pulsations in the cores of these stars (Kurtz et al. 2015).
Although rarer and more difficult to study because of the high mode densities
in the amplitude spectra of γ Dor stars, amplitude modulation is also found among
these stars. In the following subsections, two unique examples of γ Dor stars are
presented. The first is KIC 4731916, in which the combination frequencies do not
mimic the variability of the parent g mode frequencies — this is unexpected and is
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as yet unexplained. The second is KIC 4358571, in which there are no peaks in the
amplitude spectrum, neither combination frequencies nor coupled pulsation modes,
that can explain the amplitude modulation observed in the parent g modes.
6.4.1 KIC 4731916
In section 6.2.1 and in Fig. 6.1, it is demonstrated how multiplets of equally-spaced
frequencies can be present from the non-linear interaction of parent frequencies that
produce combination frequencies. In this scenario, a multiplet is made from sum
and difference combination frequencies, so the splitting of the multiplet must be
exact. It is therefore appropriate to generate possible combination terms using a
small number of parent frequencies, and fit the frequencies to the light curve using
least-squares to find the respective amplitudes and phases.
The 4-yr Kepler light curve and amplitude spectrum of the pure γ Dor star
KIC 4731916 are shown in the top-left and bottom panels of Fig. 6.7, respectively.
The stellar parameters listed in the KIC and the revised values from Huber et al.
(2014) for KIC 4731916 are given in Table 6.2, which characterise it as an early-
F star and place it inside the γ Dor instability region. Note that KIC 4731916 is
closer to the TAMS than the ZAMS star from its log g value, which is not uncommon
considering the quoted uncertainties and that typically log g ' 4 for γ Dor stars
observed by Kepler (Tkachenko et al. 2013; Van Reeth et al. 2015b). Its current state
of evolution may shed light on the unusual pulsational behaviour in KIC 4731916,
which is discussed in later sections.
Light curve asymmetry
Upon first inspection of the 4-yr light curve, shown in the top-left panel of Fig. 6.7,
two forms of variability that modulate the intrinsic pulsations are evident. The first
is a regular beat period of approximately 105 d resulting from two closely-spaced
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Table 6.2: Stellar parameters of the γ Dor star KIC 4731916 from the KIC (Brown
et al. 2011) and the revised values from Huber et al. (2014).
Teff log g [Fe/H]
(K) (cgs) (dex)
KIC 6640± 200 3.85± 0.20 −0.14± 0.20
Huber et al. (2014) 6910± 240 3.87± 0.23 −0.14± 0.29
Figure 6.7: The 4-yr LC Kepler light curve, in which a ∼105-d beat period and
amplitude modulation envelope can be seen, is shown in the top-left panel and a
12-d insert of the LC light curve is shown in the top-right panel. The bottom panel
is the LC amplitude spectrum between 0 ≤ ν ≤ 2.5 d−1. KIC 4731916 is a pure
γ Dor star with only g mode and combination frequencies.
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frequencies. The second form of variability is an envelope of decreasing amplitude
which modulates the light curve excursions.
The light curve is asymmetric with larger upward than downward excursions
about the mean, which has been set to zero. This can also be seen in the 12-d insert
of the light curve shown in the top-right panel of Fig. 6.7. The phases of combination
frequencies relative to the parent frequencies govern the asymmetry of a light curve
(Kurtz et al. 2015). Combination frequencies with relative phases near 0 (or 2pi) to
the parent phases produce an upwards light curve, whereas combination frequencies
with relative phases near pi to the parent phases produce a downwards light curve
(Kurtz et al. 2015). This effect is not very strong in KIC 4731916, resulting in only
a slightly upwards light curve.
Frequency analysis
In the amplitude spectrum of KIC 4731916, two relatively high amplitude peaks at
ν1 = 0.6788739 d
−1 and ν2 = 0.6883655 d−1 can be seen. A zoom-in of the amplitude
spectrum for ν1 and ν2 is shown in the left panel of Fig. 6.8. These peaks lie within
the typical frequency range for a γ Dor star (0.3 < ν < 3 d−1), and are likely g-
mode pulsation frequencies. There are no p mode frequencies (4 < ν < 100 d−1)
associated with δ Sct pulsations, but there are other low-amplitude g-mode pulsation
frequencies in the expected g-mode frequency range. A triplet of equally-spaced
frequencies is also present, a zoom-in of which is shown in the right panel of Fig. 6.8.
To find combination frequencies present within KIC 4731916, a non-linear least-
squares fit using the cosine function, ∆m = A cos(2piν(t − t0) + φ), of the two
parent frequencies is used. All possible combination frequencies up to order 3ν with
amplitudes greater than 0.012 mmag (i.e., 3σ of the error in amplitude) produces 12
combination terms, which are given in Table 6.3. Higher order terms may exist in
the amplitude spectrum, but only those with amplitudes greater than the amplitude
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Figure 6.8: An zoom-in of the LC amplitude spectrum of the γ Dor star
KIC 4731916, for the two parent g modes (left panel) and the combination fre-
quency triplet (right panel). Note the difference in ordinate scales between the two
panels. The amplitude spectrum is shown before and after pre-whitening the data
using a non-linear multifrequency least-squares fit as top and bottom, respectively.
The combination triplet is removed but the two parent g modes are not because of
their intrinsic amplitude modulation.
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Table 6.3: A non-linear least-squares fit of the two parent pulsation mode frequen-
cies of KIC 4731916, plus a linear least-squares fit of 12 additional combination
frequencies up to order 3ν with amplitudes greater than 0.012 mmag. The zero
point of the time-scale is BJD 2 455 688.770.
Label Frequency Amplitude Phase
(d−1) (mmag) (rad)
±0.004
ν1 0.6788739± 0.0000013 1.337 −0.287± 0.003
ν2 0.6883655± 0.0000015 1.142 −0.193± 0.004
−ν1 + ν2 0.0094916 0.015 −1.607± 0.273
−2ν1 + 2ν2 0.0189832 0.046 1.866± 0.088
−3ν1 + 3ν2 0.0284748 0.019 0.163± 0.216
2ν1 − ν2 0.6693823 0.069 0.913± 0.059
−ν1 + 2ν2 0.6978571 0.072 2.176± 0.057
−2ν1 + 3ν2 0.7073487 0.017 −1.029± 0.242
3ν1 − ν2 1.3482562 0.014 1.042± 0.299
2ν1 1.3577478 0.278 2.995± 0.015
ν1 + ν2 1.3672394 0.273 2.052± 0.015
2ν2 1.3767310 0.325 −2.345± 0.013
−ν1 + 3ν2 1.3862226 0.016 0.185± 0.264
3ν1 + ν2 2.7249872 0.025 2.821± 0.163
cut-off are included in Table 6.3, along with their respective amplitudes and phases.
Subsequently, a multi-frequency fit of these 14 frequencies using linear least-
squares is performed and the data set are pre-whitened to find any remaining vari-
ance. The amplitude spectrum of the residuals is re-calculated and the triplet of
frequencies is almost completely removed, with before and after pre-whitening shown
in the top and bottom panels of Fig. 6.8, respectively. This clearly demonstrates
that the triplet is comprised of harmonics and a combination frequency of the two
parent frequencies, specifically 2ν1 = 1.3577478 d
−1, ν1 + ν2 = 1.3672394 d−1 and
2ν2 = 1.3767309 d
−1. It is important to emphasise that the combination frequency
hypothesis requires a multiplet in an amplitude spectrum to be exactly equally-split,
since harmonics and combination terms are a mathematical representation of the
non-linearity and non-sinusoidal shape of the light curve. This is the case for the
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triplet found in KIC 4731916.
There are other peaks in the amplitude spectrum (e.g., a peak lies to the left of
the triplet in the right panel of Fig. 6.8), which are not removed after pre-whitening
the multi-frequency fit demonstrating that these peaks are not combination frequen-
cies of the two parent g-modes. The triplet contains the only combination frequencies
with relatively high amplitudes in the amplitude spectrum of KIC 4731916.
Discounting a spot model
Inhomogeneities or spots on the surface of a star do not produce combination fre-
quencies in an amplitude spectrum of a pulsating star (Kurtz et al. 2015). The
presence of the ν1 + ν2 combination frequency cannot be explained in a spot model.
Furthermore, there are many peaks over a large frequency range shown in Fig. 6.7,
which are likely other g-mode pulsation frequencies. A spot model would have to
conjecture differential rotation greater than a factor of three in rotation frequency
to explain all frequencies observed in KIC 4731916, when no star has ever been
observed or modelled to have such behaviour.
No regular period spacing pattern is detected in the amplitude spectrum of
KIC 4731916, which is also true for many γ Dor stars. However, the period spacing
between ν1 and ν2 of 0.0203 d (' 1754 s) is consistent with consecutive dipole
modes of the same azimuthal order, supporting the inference that these frequencies
are g modes and not rotational modulation caused by spots. It has been shown that
a cool γ Dor star with essentially no rotation can have period spacings of ' 0.0203 d
— see figure 8 of Kurtz et al. (2014) to see how the period spacings change with
age for stars in the 1.6 − 2.2 M mass range; 0.0203 d is not surprising. This,
coupled with the impossibility of explaining the combination frequency with spots,
completely rules out any spot model for KIC 4731916.
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Figure 6.9: Tracking plots for the two parent g modes and combination frequency
triplet in the γ Dor star KIC 4731916. Amplitude and phase are calculated at
a fixed frequency using least-squares in a series of 300-d bins with 150-d overlap.
The left panel shows the two parent g-mode frequencies ν1 = 0.678874 d
−1 and
ν2 = 0.688365 d
−1 as blue diamonds and green triangles, respectively. The right
panel shows the harmonics 2ν1 = 1.357748 d
−1, 2ν2 = 1.376731 d−1 as blue diamonds
and green triangles, respectively, and the combination term ν1 + ν2 = 1.367239 d
−1
as red squares, which together form an equally split frequency triplet. Note the
difference in ordinate scale between the two panels.
Variable pulsation mode amplitudes
To study the variability in amplitude and phase of ν1, ν2 and the combination
frequency triplet, the 4-yr Kepler data set for KIC 4731916 is divided into 300-d
bins using a 150-d overlap for consecutive bins, and values of amplitude and phase
are optimised at fixed frequency in each bin using linear least-squares. The difference
in the two parent frequencies, ν2 − ν1 = 0.0094916 d−1, results in a beat period of
Pbeat = 105.36 ± 0.02 d. Therefore a bin size of 300 d with 150-d overlap is large
enough to resolve the beating of this pair of close frequencies. Using a 150-d overlap
smoothes variation in amplitude and phase between bins. This method is a similar
amplitude and phase tracking method used by Bowman et al. (2016).
The resulting tracking plots are shown in Fig. 6.9, in which the phases of all
frequencies have been normalised to be zero in the mean so that any relative phase
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variability is clear. Note that a constant amplitude, frequency and phase cosinusoid
would appear as a perfectly flat horizontal line in both amplitude and phase panels.
The two parent frequencies steadily decrease in amplitude over the 4-yr Kepler ob-
servations. Specifically, ν1 decreases from 2.06 ± 0.01 to 0.57 ± 0.02 mmag, and ν2
decreases from 1.90 ± 0.01 to 0.40 ± 0.02 mmag, with neither frequency exhibiting
any significant change in phase. The lack of significant phase changes suggests that
the amplitudes of ν1 and ν2 are intrinsically variable rather than exhibit amplitude
modulation because of mode coupling or beating from close-frequency pulsation
modes (see figure 9 and associated discussion from Bowman et al. 2016). The amp-
litude variability can also be seen in the zoom-in of the parent frequencies in the
amplitude spectrum in Fig. 6.8. Neither peak is a sinc function, thus the behaviour
is unresolved. The mode energy associated with this decrease in amplitude is not
transferred to any new or existing mode frequency visible in the amplitude spectrum.
The most remarkable result from the variability analysis of KIC 4731916 is that
the members of the combination frequency triplet do not mirror the two parent
frequencies that create it. This is unexpected. Since harmonics and combination
frequencies describe the non-linearity and non-sinusoidal shape of the light curve,
any changes in the amplitude or phase of the parent frequencies should cause sim-
ilar changes in the combination terms. The amplitudes and phases of combination
frequencies in white dwarf stars are a function of the parent frequencies (Brickhill
1992b; Wu 2001), and combination frequencies are observed to mirror variability in
the parent frequencies in δ Sct stars (Breger & Lenz 2008b; Bowman et al. 2016).
This is not the case for the γ Dor star KIC 4731916, which is evident by comparing
the two panels in Fig. 6.9.
As discussed by Kurtz et al. (2015), the strong non-linear interactions of g modes
visible at the surface of a γ Dor star imply high mode amplitudes in the cores of
these stars. In the case of KIC 4731916 and its decreasing parent mode amplitudes,
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Table 6.4: Stellar parameters of the γ Dor star KIC 4358571 from the KIC (Brown
et al. 2011) and the revised values from Huber et al. (2014).
Teff log g [Fe/H]
(K) (cgs) (dex)
KIC 6870± 200 4.01± 0.20 −0.17± 0.02
Huber et al. (2014) 7150± 230 3.99± 0.23 −0.16± 0.31
at some point the non-linearity should change, because it may disappear at low
amplitudes. Since the combination frequency is observed to remain at a constant
amplitude whilst the parent modes decrease shows that the non-linearity is increas-
ing with decreasing amplitude. This is even more unexpected.
6.4.2 KIC 4358571
In this section, another unique example of amplitude modulation in a γ Dor star
is presented, specifically KIC 4358571. The stellar parameters of this star from the
KIC and from Huber et al. (2014) are given in Table 6.4, which characterise it as
an early-F star inside the γ Dor instability region. The 4-yr Kepler light curve and
amplitude spectrum of KIC 4358571 are shown in the top- and bottom-left panels
of Fig. 6.10, respectively. An zoom-in of the amplitude spectrum is shown in the
right panel of Fig. 6.10, in which the three highest amplitude peaks are labelled and
are likely g modes.
The same amplitude and phase tracking method was used to study amplitude
modulation of the three principal frequencies, specifically ν1 = 1.307952 d
−1, ν2 =
1.497101 d−1, and ν3 = 1.662438 d−1, with the results shown in Fig. 6.11. Similarly
to KIC 4731916, the parent g modes in KIC 4358571 shown in Fig. 6.11 are variable
in amplitude over the 4 yr Kepler data set. Higher frequency peaks are present in the
amplitude spectrum, but no combination frequencies with significant amplitude of
the three parent g-modes could be identified. Therefore, the mode energy associated
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Figure 6.10: The top-left panel shows the 4 yr light curve using LC data for
KIC 4358571. The amplitude spectrum calculated out to the LC Nyquist frequency
is given in the bottom-left panel and a zoom-in of the three parent g-mode frequen-
cies is shown in the right panel.
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Figure 6.11: Tracking plots showing amplitude and phase variation at fixed fre-
quency in KIC 4358571 of the three high-amplitude parent g mode frequencies, using
300 d bins with 150-d overlap. There are no significant combination frequencies of
the three parent frequencies.
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with the variable parent g modes is not transferred to any of the other visible
pulsation modes in this star.
In the current and previous sections, two γ Dor stars have been presented,
KIC 4731916 and KIC 4358571, which demonstrate that amplitude modulation is
also found among g-mode pulsators. Mode coupling models using Eqn 6.2 could not
be used to study KIC 4731916 because the combination frequencies did not mimic
the variability in the parent g modes, whereas no combination frequencies could be
found in KIC 4358571. Therefore, it is possible for γ Dor stars to not conserve their
visible pulsation budget over 4 yr.
6.5 Energy conservation of pulsation modes
The Sun is the only star for which the total pulsational energy budget can be
measured, because pulsation modes over many radial orders covering a large range in
angular degree are observable. The pulsation mode energy in the Sun and stars with
solar-like oscillations is determined by the physics of the convective envelope, with
the connection between convection and pulsation in the Sun having been studied
extensively in the literature (Goldreich & Keeley 1977a,b; Libbrecht & Woodard
1991; Goldreich et al. 1994).
An observational measurement of the energy contained within the radial modes
of the Sun was achieved by Chaplin et al. (1998) using data from the Birmingham
Solar-Oscillations Network (BiSON)1. It was found that the solar mode energy peaks
at a frequency of approximately 3200 µHz with a value of E ∼ 1028 erg (Chaplin
et al. 1998). Independently, Komm et al. (2000) used data from the Global Oscilla-
tion Network Group (GONG)2 to measure the total energy for modes with angular





E ' 2.2 × 1028 erg. The mode energy is a function of frequency and if extrapol-
ated to cover the frequency range between 0.4 ≤ ν ≤ 5.0 mHz (i.e., ` . 1000),
then the total energy contained in the Sun’s acoustic waves was calculated to be
ETot ' 4.2× 1034 erg (Komm et al. 2000).
Although it is not directly responsible for the pulsations, convection is un-
doubtedly important in intermediate-mass γ Dor and δ Sct stars – see Houdek
& Dupret (2015) for a recent thorough review – since it may be responsible for the
non-linearity that creates harmonics and combination frequencies. For early-A stars
that are near the blue edge of the classical instability strip, models have indicated
that granulation produces of order 10 ppmµHz−1, which is non-negligible (Kallinger
& Matthews 2010). The interaction between convection and pulsation is also im-
portant, especially near the red edge of the classical instability strip at which the
δ Sct pulsation modes are returned to stability (Houdek et al. 1999b; Houdek 2000;
Xiong & Deng 2001; Dupret et al. 2005; Grigahce`ne et al. 2005).
Using Kepler observations, one is unable to measure the total pulsational energy
budget of a star, but proxies such as pulsation mode amplitudes can be used instead
to test variable driving/damping over time. Nowakowski (2005) defines a general






where I is the mode inertia, ν is the frequency, and A is the amplitude. If this




0 (see equation 19 of Nowakowski 2005), then the
energy of a pulsation mode can be simplified to
E =
∣∣A2∣∣ . (6.7)
In the next section, Eqn 6.7 is used to study energy conservation of pulsation
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modes in δ Sct stars that exhibit amplitude modulation.
6.5.1 Application to case studies of delta Scuti stars
In this section, an observable called “energy” using Eqn 6.7 is introduced to study
energy conservation of pulsation modes over time in δ Sct and γ Dor stars. The
amplitude tracking routine is adapted to plot the total visible pulsation energy in a




A2i (t) , (6.8)
where N is the number of pulsation mode amplitudes, Ai, at a given time step.
The total visible pulsation energy for the δ Sct and γ Dor stars discussed in
this chapter, specifically KIC 5857714, KIC 4731916 and KIC 4358571 along with
KIC 7106205, is plotted in Fig. 6.12. Clearly, these stars do not conserve their
visible pulsation energy budget over time, such that the decay in amplitude of one
pulsation mode does not coincide with a comparable increase in amplitude of an-
other, or vice versa. This is best demonstrated using the δ Sct star KIC 7106205,
discussed in chapter 3, in which a single pulsation mode was responsible for the
observed amplitude modulation whilst all other pulsation modes remained constant
in amplitude over the 4-yr Kepler data set. Many other δ Sct stars observed by the
Kepler Space Telescope also do not conserve their visible energy budget — simply
put, where does the mode energy go or come from if not the other pulsation modes?
There are several astrophysical possibilities that may explain the unconserved
pulsation mode energy in these stars. First, resonant mode coupling to high-degree
pulsation modes or internal g modes, which are invisible in broad-band photometric
observations (Dziembowski 1977a), can explain observations of amplitude modula-
tion (Dziembowski 1982; Dziembowski & Krolikowska 1985; Nowakowski 2005). For
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Figure 6.12: The observable “energy” (= A2) is used to study energy conserva-
tion of visible pulsation modes in a selection of case study δ Sct and γ Dor stars
discussed in this chapter. The top panel shows the high amplitude (module 3)
δ Sct star KIC 5857714 as black diamonds. The bottom panel shows the δ Sct star
KIC 7106205 and the γ Dor stars KIC 4731916 and KIC 4358571 as blue triangles,
green squares and red crosses, respectively.
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the δ Sct stars this is a convincing and realistic possibility but is difficult to test.
One must also explain why this is not observed in all δ Sct stars, since the analysis
of 983 δ Sct stars in this thesis demonstrates that approximately 40 per cent of
δ Sct stars do not show variable pulsation mode amplitudes (Bowman et al. 2016).
Therefore, if mode coupling is the solution, why is it not ubiquitous?
A second solution is that the interplay between pulsation and convection facil-
itates the exchange of mode energy with the stellar medium on time-scales of order
a few years. Models of δ Sct stars near the red edge of the instability strip show
that, for example, turbulent pressure is important in returning a star to stability
(Houdek 2008), but also that turbulent pressure is able to excite high-frequency
pulsation modes in δ Sct stars in the centre of the classical instability strip (Antoci
et al. 2014). Further work on modelling individual δ Sct stars is clearly needed to
explain the diverse range of pulsation behaviour observed in all δ Sct stars.
6.6 Discussion
Stars that exhibit non-linearity are evident from the non-sinusoidal shape of the light
curve and the presence of harmonics and combination frequencies in their amplitude
spectra. The frequency, amplitude and phase of a coupled or combination frequency
are a function of the two parent modes, and so a coupling coefficient, µc, can be
used to distinguish between these two forms of non-linearity within a star. Small
values of µc imply combination frequencies from a non-linear distortion model that
mimic any variability in the parent modes (Brickhill 1992b; Wu 2001; Breger &
Lenz 2008b), whereas large values of µc imply resonant mode coupling with mode
energy being exchanged among similar amplitude family members (van Kerkwijk
et al. 2000a; Breger & Montgomery 2014).
In chapter 5, the mode coupling model given in Eqn 6.2 was applied to the
δ Sct star KIC 4733344 by Bowman et al. (2016), who studied the possible energy
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exchange among pulsation modes. For two families of frequencies in KIC 4733344,
values of µc . 0.01 were found, which indicated the sum and difference frequencies
were combination frequencies caused by the non-linear distortion model and were
not strongly-coupled modes (Bowman et al. 2016). In this chapter, the same mode
coupling model has also been applied to another δ Sct star KIC 5857714, which
yielded similar results. Many δ Sct stars contain combination frequencies but the
physical cause of this form of non-linearity in δ Sct stars is as yet understood (see
e.g., Breger & Lenz 2008a; Pa´pics 2012; Balona 2012, 2016a).
For many δ Sct stars, the total visible pulsation mode energy is not conserved
in 4 yr of Kepler observations (Bowman et al. 2016). This was demonstrated in
Fig. 6.12 using the δ Sct star KIC 5857714, the γ Dor stars KIC 4731916 and
KIC 4358571, and the δ Sct star KIC 7106205, which was discussed in chapter 3. The
unconserved mode energy in many δ Sct stars may be caused by mode coupling to
invisible high-degree modes, or internal g modes (Dziembowski 1982; Dziembowski
& Krolikowska 1985), or intrinsic variability in driving and/or damping rates within
a star. Photometry from the Kepler Space Telescope is insensitive to high-degree
modes from geometric cancellation (Dziembowski 1977a), and so it is difficult to
determine if the amplitude modulation in a low-degree child p-mode is caused by
high-degree parent modes, or internal g modes.
The intermediate-mass stars have thin surface convective envelopes, which in
γ Dor stars are responsible for exciting g modes (Guzik et al. 2000; Dupret et al.
2005). Similarly, the turbulent pressure in the surface convection zone has also been
shown to excite high overtone p modes in δ Sct stars (Antoci et al. 2014). The
convective envelopes of these stars could also mix the eigenmode signals, distort
the light curve and produce combination frequencies and harmonics in δ Sct stars,
which has been extensively discussed for variable white dwarf stars (Brickhill 1992b;
Brassard et al. 1993; Wu & Goldreich 2001; Wu 2001; Montgomery 2005).
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In this chapter, the unique γ Dor star KIC 4731916 has been presented. The
only significant harmonics and combination frequencies in this star comprise an
equally-split triplet, whose amplitudes and phases do not mirror the variability of
the two parent pulsation modes. There is little chance that these peaks are not
combination frequencies, because of the exact values of the frequency splitting. This
is a significant advantage of generating the frequency cross-terms mathematically
(see e.g., Kurtz et al. 2015), as the likelihood of finding false combination terms is
greatly reduced compared to frequency extraction by iterative pre-whitening. The
lack of expected variability in combination frequencies created from intrinsically
variable parent frequencies has implications for future work on γ Dor stars, both
observationally and theoretically. Physically, how can combination frequencies act
independently? The γ Dor star KIC 4731916 is an important example for expanding
our understanding of intrinsically variable pulsation modes and how combination
frequencies are generated in pulsating stars, especially in γ Dor stars.
It is clear that non-linearity is at work within many, if not all, δ Sct stars, and
also in a few γ Dor stars, which can appear as amplitude modulation caused by
resonant mode coupling and/or combination frequencies and harmonics from a non-
linear distortion model. Modelling studies of individual δ Sct stars using the stellar
evolutionary code MESA (Paxton et al. 2011, 2013, 2015) and the stellar oscillation
code GYRE (Townsend & Teitler 2013) are needed to test the hypothesis that variable
driving and/or damping could be cause of the observed amplitude modulation on
time-scales of order years, and the nature of the mechanism that causes combination
frequencies and harmonics in γ Dor and δ Sct stars.
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Investigating the HADS stars
with Kepler data
Some of the discussion in this chapter, specifically in section 7.4, was published by
Bowman et al. (2016) in August 2016, and is therefore also included in chapter 5.
7.1 Introductory remarks
The high-amplitude δ Sct (HADS) stars are a subgroup of δ Sct stars that are
typically slow rotators and predominantly pulsate in the fundamental and/or first
overtone radial mode (Petersen & Christensen-Dalsgaard 1996; Breger 2000a; Mc-
Namara 2000; Rodr´ıguez et al. 2000). As discussed in section 1.2.6, the HADS stars
were originally defined by McNamara (2000) as δ Sct stars with peak-to-peak light
amplitudes exceeding 0.3 mag with pulsation periods between 1 and 6 hr. These
stars are rare, making up less than one per cent of pulsating stars within the classical
instability strip (Lee et al. 2008), and exhibit similarities to evolved pulsators such
as Cepheids in the classical instability strip (Soszyn´ski et al. 2008; Poleski et al.
2010).
There have been several detailed studies of HADS stars in the literature, which
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aimed to determine if these stars are distinct from δ Sct stars. For example, Petersen
& Christensen-Dalsgaard (1996) claimed that HADS stars are able to pulsate at
significantly higher amplitudes because they are in a post-main sequence stage of
evolution. On the other hand, Breger (2000a) conjectured that the slow rotation in
these stars, which is typically v sin i . 40 km s−1 (McNamara 2000; Rodr´ıguez et al.
2000), facilitates the high amplitude pulsations. If HADS stars are in a post-main
sequence stage of evolution, then these stars represent a subsample of δ Sct stars
to investigate possible period changes in radial pulsation modes caused by stellar
evolution.
In this chapter, a review of studying stellar evolution from observations of
changes in pulsation periods is given in section 7.2 for δ Sct stars and SX Phe
stars. In section 7.3, a case study from the literature of possible stellar evolution
in the ρ Pup star KIC 3429637 is revisited using 4 yr of Kepler observations. In
section 7.4, the only two HADS stars observed by the Kepler Space Telescope are
analysed for possible period changes caused by stellar evolution.
7.2 Pulsation period changes caused by
stellar evolution
One of the goals of astrophysics is to improve the models of stellar evolution by
using observations, which as a consequence has wide implications — for example,
the study of the Milky Way Galaxy using galactic archaeology (see e.g., Miglio et al.
2013; Casagrande et al. 2014, 2016). The evolutionary path of an intermediate-mass
star (M ' 2 M) from the main sequence to the red giant branch was extensively
discussed by Iben (1966, 1967a,b,c, 2013a,b), with the main-sequence lifetime lasting
approximately 1 Gyr. Stellar evolution theory predicts that when the hydrogen in
the core of a 2 M star has been exhausted at the TAMS, the star ignites hydrogen
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shell burning around the degenerate helium core to prevent collapse and maintain
hydrostatic equilibrium. The star’s core contracts, raising its temperature as the
hydrogen shell moves outwards and more helium is added to the inert core, which
causes the star’s radius and luminosity to increase and its surface temperature to
decrease.
The consequence of stellar evolution on the structure of a star is that an increase
in stellar radius causes the period of the fundamental radial mode to increase (Breger
& Pamyatnykh 1998). Clearly, the main sequence lifetime of a star is extremely
long when compared to even the longest observations available, but a higher chance
of observing evolutionary changes exists for stars in a post-main sequence state of
evolution because the subgiant expansion phase of a 2 M is approximately between
20− 50 Myr (Breger & Pamyatnykh 1998).
One of the traditional methods for inferring changes to the structure of a pulsat-
ing star is to measure the change in period of its oscillations. However, Percy et al.
(1980) caution “the study of period changes has had a long and sometimes dubious
history” and “in most cases is a source of confusion and frustration”. Since the
time of Percy et al. (1980), some authors have had success in observing changes in
pulsation periods, yet it is not clear if the observed changes are caused by stellar
evolution; for example, in chapter 6 it was discussed how non-linearity causes pulsa-
tion modes to change in period over time and so it can be difficult to disentangle
these signals.
Based on the work of Percy et al. (1980) and later developed by Breger & Pamy-
atnykh (1998), period changes in pulsation modes can be determined from









where (O−C) is the difference between the observed and calculated times of maxima
in units of days, t is the length of the observations in days, and P is the period of
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, into the conventional units of yr−1. Thus, according to Eqn 7.1 a
quadratic change in phase or O − C, is expected for a uniformly changing period.
For a star on the main sequence, stellar evolution predicts an increasing period,
which would produce a concave upwards parabola with a local minima (Percy et al.
1980; Breger & Pamyatnykh 1998).
The technique of studying period changes has been employed in a variety of
pulsators with differing levels of success — for example, δ Sct stars (Breger 1990a;
Rodr´ıguez et al. 1995; Breger & Pamyatnykh 1998; Walraven et al. 1992), β Cep
stars (Neilson & Ignace 2015), sdBV stars (Kilkenny 2010) and variable white dwarf
stars (Fontaine & Brassard 2008; Hermes et al. 2013). In the following sections, a
review of studying period changes in δ Sct and SX Phe stars is given.
7.2.1 Period changes in delta Scuti stars
Contrary to stellar evolution theory, many evolved δ Sct stars have been observed
to exhibit decreasing periods (e.g., Breger 1990a and Guzik & Cox 1991). Breger
& Pamyatnykh (1998) found that approximately an equal number of Population I






∣∣ ' 10−7 yr−1, which are an order of magnitude larger than
those predicted by evolutionary models. For radial pulsation modes, stellar models
predict a decreasing period throughout the pre-main sequence and contraction phase
just before the TAMS, and an increasing period throughout the main sequence and
post-main sequence, with the rate of the period change governed by the rate of
stellar evolution (Breger & Pamyatnykh 1998; Walraven et al. 1992).
An important case study of amplitude modulation and period changes in the
HADS star AI Velorum is given by Walraven et al. (1992). The authors discovered
that this HADS star pulsates in the fundamental and first-overtone radial modes
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and possibly also a non-radial mode (Walraven et al. 1992). The discovery of the
period increase of the first overtone radial mode was unlikely to be caused by an
evolutionary change in radius as no concomitant period change was observed in the
fundamental radial mode (Walraven et al. 1992). The studies of δ Sct stars, including
AI Velorum, have revealed that observed period changes often cannot be attributed
to stellar evolution, because the magnitudes of the observed period changes were
significantly larger than those predicted by evolutionary models (Walraven et al.
1992; Rodr´ıguez et al. 1995; Breger & Pamyatnykh 1998). Furthermore, it is difficult
to extract reliable period changes in δ Sct stars because many of these stars exhibit
amplitude and phase modulation caused by non-linearity or beating from close-
frequency pulsation modes (Bowman et al. 2016).
7.2.2 Period changes in SX Phe stars
The history of studying period changes in Population II SX Phe stars is somewhat
different to that of δ Sct stars. Similarly to the δ Sct stars, stellar evolution theory
cannot explain the decreasing periods of radial modes observed in many SX Phe
stars (Rodr´ıguez et al. 1995). However, the SX Phe stars present another layer
of complexity because sudden jumps in the observed periods are common between
observations, rather than smooth variation over time (see Rodr´ıguez et al. 1995 and
references therein). An example of such an SX Phe star is SX Phe itself, with sudden
jumps in pulsation period noted by Coates et al. (1982) and Thompson & Coates
(1991). Without a gradual change in the pulsation period over time, it is difficult
to draw any significant conclusions from these stars.
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Table 7.1: Stellar parameters of the ρ Pup star KIC 3429637 from the KIC, the
revised values from Huber et al. (2014), and from spectroscopic observations from
Catanzaro et al. (2011) and Murphy et al. (2012).
Teff log g v sin i
(K) (cgs) (km s−1)
KIC 6960± 150 3.42± 0.20
Huber et al. (2014) 7210± 150 3.99± 0.15
Catanzaro et al. (2011) 7100± 150 3.0± 0.2 50± 5
Murphy et al. (2012) 7300± 100 3.0± 0.1 51± 1
7.3 The ρ Pup star KIC 3429637
In this section, the ρ Pup star KIC 3429637 (HD 178875) is discussed in the context
of detecting changes in pulsation modes caused by stellar evolution. KIC 3429637
was studied by Murphy et al. (2012) using 2 yr of Kepler data and was found to
exhibit amplitude and phase modulation, which was conjectured to be caused by
stellar evolution. The ρ Pup stars are evolved Am stars (Gray & Garrison 1989),
many of which pulsate and are also δ Sct stars (Kurtz 1976). Pulsating Am stars
observed by Kepler were discussed by Balona et al. (2011c) and those observed from
the ground using the WASP project were discussed by Smalley et al. (2011), who
found that approximately 14 per cent of Am stars have δ Sct pulsations.
As part of a spectroscopic survey of bright stars within the classical instability
strip by Catanzaro et al. (2011), KIC 3429637 was classified with the spectral type
F0 IIIm, which is consistent with the original classification of KIC 3429637 being an
Am star by Abt (1984). High-resolution spectroscopy of KIC 3429637 obtained by
Murphy et al. (2012) allowed accurate Teff , log g and metallicity to be determined
and classify the star as a ρ Pup star. A comparison of the stellar parameters obtained
by Catanzaro et al. (2011) and Murphy et al. (2012) is given in Table 7.1, as well
as the stellar parameters from the KIC and from Huber et al. (2014).
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Pulsational amplitude growth 1421
Figure 3. The growth of amplitude of f 1 and f 2, and decrease in amplitude of f 3 in LC PDC-LS flux as a function of time. Linear fits are shown for f 1 and f 3,
and an exponential fit is shown for f 2. Errors on amplitude are of the order of a few micromagnitudes, and are much smaller than the plot symbols.
continual decrease in amplitude, as seen in Fig. 3. This proves
that the growth in amplitude of the light variation is astrophysical.
In addition to these three main frequencies, some ∼40 statistically
significant peaks with lower amplitudes exist in the data. We tracked
the amplitudes of only the next four highest amplitude modes, and
have hence tracked all modes for which modelling was performed
(see Section 6). The amplitudes of these four modes, not shown
in Fig. 3, show changes of no more than 30µmag across the eight
quarters and the changes appear to be noise dominated, so the
amplitudes of peaks with lower statistical significance were not
tracked.
The optimum aperture for a star is defined such that the signal-
to-noise ratio of the light captured from that star is maximized. This
does not, therefore, capture all light from that star, because pixels
further from the centre of the star contain less of the star’s light
and therefore relatively higher noise levels. It is possible, as a direct
consequence of the choice of optimum aperture, that slightly more
light from this star is being captured in each quarter and slightly less
of a neighbouring star that is contributing towards the total light,
which would create the effect of amplitude growth of all pulsation
frequencies in the star’s Fourier spectrum. Although not all modes
grow in amplitude, a check is necessary. The Kepler Input Catalogue
(KIC; Latham et al. 2005; Brown et al. 2011) lists the contamination
for this star to be 0.037, meaning that about 3.7 per cent of the light
in the aperture of this star comes from one or more neighbours
rather than the target star itself. To rule out the hypothesis that the
amplitude growth is due to changing flux fractions of any neighbour,
we took the target pixel light curves of Q1 to Q5 and defined a mask
for each one that covered every pixel available for the star for that
quarter. We found that just as for the PDC LS pipeline data, with
our custom mask the amplitudes of the dominant modes grew each
quarter and the amplitude of the third mode that lies between them
continued to decrease.
In the Catalogue of the Components of Double and Multiple
Stars (CCDM; Dommanget & Nys 1994), KIC 3429637 is listed
as a double star with a separation of 1.58 arcsec. The primary has
V = 7.8 and the secondary has V = 12.7, thus the secondary has
a spectral type around early K. Having a Hipparcos parallax of
3.75 ± 0.58 mas, the stars are well separated with an orbital period
>1000 yr, so tidal effects on the primary’s rotation period are unim-
portant. Without radial velocities, we must treat KIC 3429637 as if
it were a single star. Furthermore, there is no evidence at present to
rule out chance alignment.
We wish to examine the possibility that the amplitude change is
caused by the secondary. According to the CCDM, the dimmer star
contributes just 1 per cent of the light coming from the pair. For
this dimmer star to cause an amplitude change of ∼30 per cent is
impossible: one would have to remove it 30 times to exact such a
change.
3 SPECTRO SCOPIC OBSERVATIONS
Various methods exist for inspection of a star for chemical pecu-
liarity, and definitions of peculiarity in the literature are complex.
In his Am star review, Conti (1970) summarized the peculiarities
as ‘deficient Ca (Sc) or overabundant heavier elements, or both’.
Indeed, Conti (1965) used the line depth ratio of Sc II λ4246.8/Sr II
λ4215.5 as an indicator of peculiarity and Smith (1970) went further
and used another criterion Sc II λ4320.7/Y II λ4309.6 because of the
potential for blending of the Sc II line with the Fe I line (at λ4247.3)
in fast rotators; Smith (1970) noted that a substantial fraction of Am
stars may be nearly normal in Sc and Ca. Modern abundance sur-
veys are consistent with long-established characterizations: Gebran
et al. (2010) found that ‘All Am stars in the Hyades are deficient in
C and O and overabundant in elements heavier than Fe but not all
are deficient in calcium and/or scandium.’
Another method for detection of peculiarity is the Stro¨mgren
"m1 index. A-stars with negative "m1 indices are commonly Am
stars, with more negative values indicating a more chemically pe-
culiar star. Using uvby parameters for KIC 3429637 from Olsen
(1983) and Hauck & Mermilliod (1998) (b− y= 0.189, m1= 0.215,
c1 = 0.849), noting that both sources agree to that precision, the
"m1 index for this star was calculated using table 1 of Craw-
ford (1979) for calibration as "m1 = −0.028, which indicates an
Am/Am: star. Our evaluation is consistent with that of Abt (1984),
who classified the star as Am(F2/A9/F3) – a marginal Am star given
that the metallic-line type and Ca II K line type differ by fewer than
five spectral subclasses. We note that although the Crawford "m1
calibration is for main-sequence stars, it may also be applied to
evolved stars.
Atmospheric parameters for KIC 3429637 were calculated by
Catanzaro et al. (2011) as part of their spectroscopic survey of po-
tential Kepler asteroseismic targets in the δ Sct and γ Dor instability
strips. They estimated an equivalent spectral type of F0 III (from
fundamental parameters), v sin i= 50± 5 km s−1, and used a variety
of methods to determine Teff and log g. The weighted mean of their
values for Teff and log g are 7300± 200 K and 3.16± 0.25 (CGS),
respectively. Catanzaro et al. also computed masses for this star: a
canonical value of 3.6+0.7−0.6 M⊙ and a non-canonical value (that is,
with convective overshooting: λOV = 0.2 Hp) of 3.2+0.6−0.5 M⊙. They
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Figure 7.1: Amplitude modulation of the three highes -amplitude pul ation mod s
using approximately 670 d (Q1 – Q8) of LC Kepler data. Figure from Murphy et al.
(2012), their figure 3.
7.3.1 Asteroseismic analysis of KIC 3429637
The ρ Pup star KIC 3429637 was observed by the Kepler Space Telescope between
Q1 – Q17 in LC and Q7 – Q10 in SC, and is the ninth brightest star among all the
δ Sct stars observed with a magnitude of Kp = 7.71 in the Kepler passband. Using
670-d (Q1 – Q8) of LC data, Murphy et al. (2012) discovered that KIC 3429637
exhibits amplitude modulation with a linear increase in the amplitude of the two
dominant pulsa ion modes and a linear decrease in a third pulsation mode occurring
throughout the initial 2 yr of the Kepler mission. Each pulsation mode required
different functional forms to fit the amplitude variability, which demonstrated that
this was not an instrument l effect, as all modes would decrease or increase with
the same functional form if the mod lation was instrumental (Murphy et al. 2012).
The amplitude modulation observed by Murphy et al. (2012) in the three highest-
amplitude pulsation modes, denoted f1 = 10.337 d
−1, f2 = 12.427 d−1 and f3 =
10.936 d−1, is shown i Fig. 7.1.
From asteroseismic modelling using the Code Lie´geois d’E´volution Stellaire (CLES;
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Table 3. Properties of the best model.
M Teff log(L/L⊙) log g R Age X Z αMLT αOv
(M⊙) (K) (R⊙) (yr)
2.178 7452 1.570 3.648 3.666 8.982E+08 0.7360 0.0149 2.0 0.2
Figure 6. Position of the best model on its evolutionary track in the HR
diagram, showing the evolutionary stage of the star. As this is a model, there
are no error bars.
be unstable and (3) the global parameters should be inside the ob-
servational photometric error box. In Table 3 we show the main
properties of the best obtained model. All the parameters are within
the spectroscopic uncertainties. We show the star’s position on the
HR diagram and its evolutionary stage in Fig. 6.
Some important results come out from our comparison between
theoretical time-dependent convection models and observations.
First, we managed to obtain a model where seven of the eight
highest amplitude frequencies are excited. The lowest frequency
mode (f 8 = 0.394 48 d−1) is predicted to be stable (i.e. not ex-
cited). This mode might not be caused by oscillation – at these low
frequencies, instrumental origins are common (Murphy 2012, his
fig. 3). The origin does not appear to be rotational or equal to the
difference in frequency between any two other modes in Table 4.
The alternative to instrumental origin is that it is indeed a pulsation
frequency, in which case the conclusion is that some physics is miss-
ing from the model. We did not model all 40+ statistically signif-
icant frequencies due to the overwhelming complexity involved in
doing so.
Secondly, we found that the value of the mixing-length parameter
giving the maximum value for the likelihood function is αMLT =
2, i.e. different from the solar value in Grigahce`ne et al. (2012).
It is known that αMLT should vary from star to star and also with
temperature as the internal structure changes from a solar-like one
to those of A- and F-stars. As this star is the first δ Sct star to be
treated with TDC models, coverage of αMLT for Teff > 6000 K is
currently unavailable, but for cooler stars we refer the reader to the
works of Grigahce`ne et al. (2012) and Trampedach & Stein (2011)
for deeper discussion.
Table 4. Identification of oscillating modes. Negative n values
denote mixed modes with g-mode-like character. An additional
observed frequency, f 8 = 0.394 48 d−1, was modelled but was not
found to be excited. Formal least-squares frequency precision is
3 × 10−6 d−1 for f 1 and f 2, and 2 × 10−5 d−1 for f 3. Since our
models do not include rotation to lift the degeneracy, all modes
presented are m = 0.
ID f Obs ℓ n f Theo f Obs − f Theo
(d−1) (d−1) (d−1)
1 10.337 59 0.0 3.0 10.364 43 −0.026 84
1.0 0.0 10.451 43 −0.113 84
3.0 −3.0 10.221 46 0.116 13
2.0 −1.0 10.507 85 −0.170 27
2 12.471 61 0.0 4.0 12.471 6063 2.0E−07
3.0 −1.0 12.455 54 0.016 07
3 10.936 41 3.0 −2.0 10.933 05 0.003 36
1.0 1.0 10.943 67 −0.007 25
4 9.712 14 3.0 −4.0 9.711 85 0.000 29
2.0 −2.0 9.719 28 −0.007 14
5 12.650 66 1.0 2.0 12.825 01 −0.174 35
0.0 4.0 12.471 61 0.179 05
3.0 −1.0 12.455 54 0.195 12
2.0 1.0 12.892 38 −0.241 72
6 13.502 29 3.0 0.0 13.673 04 −0.170 74
7 11.482 87 2.0 0.0 11.657 46 −0.174 59
A third remark regards the fitting of the frequency values. In
Table 4 we list the theoretical frequencies together with the ob-
served frequencies and mode identifications. Four of the observed
frequencies are very well fitted by the theoretical modes – the dif-
ference is less than 0.03 d−1 (0.35 µHz). For the other three the dif-
ference is less than 0.2 d−1. However, an ambiguity arises for some
modes in that there are multiple mode identification possibilities
of similar likelihood. This indicates that ground-based multicolour
photometric or spectroscopic observation campaigns are necessary
to complete the mode identification.
Finally, while the asteroseismic effective temperature agrees with
the spectroscopic one to within less than 2σ , the log g value from
the models (3.65) does not agree particularly well with that from
spectroscopy (3.0 ± 0.1). Similar model behaviour was seen in
Grigahce`ne et al. (2012).
6.2 Conclusions from modelling
We have compared the observed frequencies of KIC 3429637 to
state-of-the-art δ Sct models. The results of this comparison are the
following. (1) All the observed modes (those listed in Table 4) are
predicted to be excited in our model except the lowest frequency.
(2) Four out of seven frequencies are fitted to within 0.26 per cent.
(3) The varying amplitudes between quarters might be explained by
mode interaction – the modelled frequencies are all rather close and
are perhaps subject to resonances as described in e.g. Dziembowski
& Krolikowska (1985). We identify many potential mixed modes,
and it is noteworthy that g modes that are not even visible in the
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Figure 7.2: The location of the ρ Pup star KIC 3429637 in the HR diagram is
shown by the cross, which places it near the TAMS. The solid line represents the
best-fitting evolutionary model to the spectroscopic stellar parameters. Figure from
Murphy et al. (2012), their figure 6.
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Scuflaire et al. 2008), the mode frequencies f1 and f2 were identified as the third and
fourth radial overtone modes (Murphy et al. 2012). The location of KIC 3429637
in the HR diagram is shown in Fig. 7.2, which contains the best-fitting evolution-
ary model with M = 2.178 M, Teff = 7452 K, log L = 1.570 L, log g = 3.648,
R = 3.666 R, and an age of 898.2 Myr (Murphy et al. 2012).
The discovery that KIC 3429637 is located near the TAMS inspired Murphy
et al. (2012) to speculate that the amplitude modulation may be caused by stellar
evolution. As the star evolves, the structural changes in the relative depths of
different pulsation cavities, particularly the location of the He ii ionisation zone,
could be modulating the observed pulsation amplitudes and causing the observed
amplitude modulation (Murphy et al. 2012).
7.3.2 Revisiting the analysis of KIC 3429637
Since the study of KIC 3429637 by Murphy et al. (2012), an additional 2 yr of Kepler
observations have become available. If the entire 4-yr data set of KIC 3429637 is
analysed using the amplitude and phase tracking routine discussed in chapter 5, the
same functions to describe the observed amplitude modulation used by Murphy et al.
(2012) are no longer valid. Specifically, the linear increase in the mode amplitude for
ν2 = 12.471494 d
−1 is not maintained over 4 yr, which is shown in the bottom panel
of Fig. 7.3. Specifically, after t ' 5800 (BJD – 2 450 000), the amplitude reaches a
maximum and turns over, with a significant change in phase occurring at the epoch
of minimum amplitude. The non-linear amplitude modulation in this mode suggests
beating or a mode coupling mechanism is at work in this star.
If stellar evolution is the cause of the observed amplitude modulation in the
ρ Pup star KIC 3429637, then phase modulation of its pulsation modes following
the quadratic function given in Eqn 7.1 is also expected. However, this is not the
case as can be seen in Fig. 7.3. Although the discussion of structural changes driven
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Figure 7.3: Amplitude modulation in KIC 3429637. The top panel is the amplitude
spectrum using 4 yr of Kepler data. The bottom panel is the tracking plot, showing




Table 7.2: Stellar parameters of the two HADS stars observed by Kepler,
KIC 5950579 and KIC 9408694, from the KIC (Brown et al. 2011) and the re-
vised values from Huber et al. (2014). The results of a spectroscopic analysis of
KIC 9408694 by Balona et al. (2012) are also included.
Teff log g [Fe/H]
(K) (cgs) (dex)
KIC 5950759 7840± 300 4.03± 0.25 −0.07± 0.25 KIC
8040± 270 4.05± 0.22 −0.10± 0.33 Huber et al. (2014)
KIC 9408694 7480± 200 3.62± 0.20 −0.43± 0.20 KIC
6810± 140 3.78± 0.11 −0.08± 0.15 Huber et al. (2014)
7300± 150 3.5± 0.1 Balona et al. (2012)
by stellar evolution from Murphy et al. (2012) is still valid because KIC 3429637
is near the TAMS, this star is clearly yet another example of a δ Sct star with
amplitude modulation. KIC 3429637 was classified as an AMod star by Bowman
et al. (2016) and is one of the 603 δ Sct stars with significant amplitude modulation
in the Kepler data set discussed in chapter 5.
7.4 The Kepler HADS stars
In this section, Kepler data are used to investigate observations of non-linearity
and possible structural changes caused by stellar evolution in HADS stars. Using
the definition of a HADS star as a δ Sct star with a peak-to-peak light amplitude
variation greater than 0.3 mag (McNamara 2000), only two HADS were observed
by Kepler, specifically KIC 5950759 and KIC 9408694 (Bowman et al. 2016). Some
δ Sct stars were only observed for limited subsets of LC data and consequently were
not included in the ensemble of 983 stars by Bowman et al. (2016). Fortuitously, the
two HADS stars were observed by Kepler continuously for 4 yr and were included
in the ensemble (Bowman et al. 2016). The stellar parameters of KIC 5950759 and
KIC 9408694 are given in Table 7.2.
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The HADS stars observed by Kepler have also been studied by Balona (2016a),
who did not restrict his sample to only stars that were observed continuously for
4 yr. Balona (2016a) concurs that only two conventional HADS stars using the
definition from McNamara (2000) exist in the Kepler data set. If, however, the
definition is relaxed to light excursions exceeding 0.1 mag, three more δ Sct stars
are included as (possible) HADS stars (Balona 2016a).
Although the criterion of 0.3 mag is somewhat arbitrary, it is non-trivial as it
clearly demonstrates the rarity of high-amplitude pulsators on or near the main
sequence in the classical instability strip. There are several thousand A and F stars
in the Kepler data set, resulting in the classical instability strip being well-sampled
near the TAMS (see e.g., Niemczura et al. 2015), which is the expected location
of the HADS stars (McNamara 2000). Therefore, the implication from finding few
HADS stars in a large and complete data set such as Kepler, is that HADS stars
are rare (Lee et al. 2008; Bowman et al. 2016).
In his study of HADS stars observed by Kepler, Balona (2016a) compared the
location of his five (possible) HADS stars in the HR diagram to the largest known
catalogues of δ Sct stars by Rodr´ıguez et al. (2000) and Poleski et al. (2010), which
contain approximately 600 and 1200 stars, respectively. However, five stars were not
enough to infer any significant conclusions. Balona (2016a) found that the number
and relative amplitudes of harmonics and combination frequencies was not a viable
criterion to distinguish δ Sct and HADS stars because non-linearity is also common
among δ Sct stars — a result that has been previously demonstrated in chapters 5
and 6 of this thesis.
The prospect of determining a significant physical distinction between HADS
stars and their low-amplitude δ Sct counterparts remains to be established and
warrants further study. In particular, it has not be definitively established why the
HADS stars are so rare, or whether these stars are in a post-main sequence stage of
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evolution as conjectured by Petersen & Christensen-Dalsgaard (1996). The nature of
non-linearity in the high amplitude pulsations of these stars, and if this is related to
their slow rotational velocities of v sin i . 40 km s−1, has also not been established
(Breger 2000a; McNamara 2000; Rodr´ıguez et al. 2000).
7.4.1 KIC 5950759
The first of the two HADS stars is KIC 5950759, which pulsates with mode fre-
quencies ν1 = 14.221394 d
−1 and ν2 = 18.337294 d−1, with a period ratio of 0.7755,
thus identifying them as fundamental and first overtone radial modes, respectively
(Bowman et al. 2016). The amplitude spectrum and tracking plot from Bowman
et al. (2016) are shown in the top and bottom panels of Fig. 7.4. The HADS star
KIC 5950759 shows significant amplitude modulation using the criterion of half the
bins lying more than ±5σ from the mean value (Bowman et al. 2016). This can
be seen in the top and bottom panels of Fig. 7.5 for the fundamental and first
overtone radial modes, which are labelled as ν1 and ν2, respectively. However, the
observed quasi-periodic amplitude modulation in Fig. 7.5 is instrumental in origin
and is caused by the changing pixel mask as the Kepler Space Telescope rotated
90 degrees every ∼ 93 d. If the PKep ' 372.5-d amplitude modulation is removed,
then only a slight linear decrease in the fundamental radial mode, and increase in
the first overtone radial mode are observed.
The observed phase modulation in Fig. 7.5, however, is not instrumental —
could this be evidence of stellar evolution altering the structure of the star? As
discussed by Percy et al. (1980) and Breger & Pamyatnykh (1998), and given in
Eqn 7.1, a quadratic change in phase is expected for a uniformly changing pulsation
period. Note that a linear change in phase means that an incorrect frequency has
been used to calculate phase. The shape of the observed phase modulation in the
fundamental and first overtone radial modes in KIC 5950759 shown in the top and
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Figure 7.4: The top panel is the 4-yr amplitude spectrum calculated out to the
LC Nyquist frequency for the HADS star KIC 5950759 (ν4, ν6, ν9, ν10 and ν12 are
super-Nyquist aliases). The bottom panel shows the amplitude and phase tracking
plot, in which there is little or no variability in the amplitudes and phases of the
radial pulsation mode frequencies, if instrumental modulation caused by the Kepler
satellite is removed. Figure adapted from Bowman et al. (2016), their figure 7.
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Figure 7.5: Amplitude and phase modulation in the HADS star KIC 5950759. Top
and bottom panels are the amplitude and phase tracking plots for the fundamental
and first overtone radial modes, respectively, using 100-d bins and 80-d overlaps.
Note the difference in ordinate scales when comparing the two panels.
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bottom panels of Fig. 7.5, respectively, is not only parabolic, but is also indicative
of an increasing period. The periods of radial modes are predicted to increase
throughout the majority of a δ Sct star’s main sequence lifetime (Percy et al. 1980;
Breger 1990a; Rodr´ıguez et al. 1995; Breger & Pamyatnykh 1998). This raises an
interesting question: can a time-scale as short as 4 yr be considered significant in
terms of the structural evolution of a star?
The phase modulation of the fundamental and first overtone radial modes in
KIC 5950759 shown in the top and bottom panels of Fig. 7.5, respectively, was
converted into time delays (O − C) using
O − C = φ(t)
2piν
, (7.2)
where φ(t) is the phase of a pulsation mode at a given time in units of rad, which
has a known and assumed fixed frequency of ν in units of d−1. The O − C values
were normalised to a reference time BJD 2 455 688.770 and were plotted for the
fundamental and first overtone radial modes in the top and bottom panels of Fig. 7.6,








as a free parameter, m. The optimum parabolic fit is shown
as the solid black lines in Fig. 7.6, with the parameter m representing the fractional
rate of change in period in units of d−1 since t and O − C are in units of d. Thus,







in units of yr−1 by being multiplied by 365.25, which
resulted in 1.18 × 10−6 yr−1 and 1.82 × 10−6 yr−1 for the fundamental and first
overtone radial modes, respectively.






) ∼ 1×10−8 yr−1 for ra-
dial pulsation modes in δ Sct stars (Percy et al. 1980; Breger 1990a; Rodr´ıguez et al.








are the correct sign for an increasing period, but are much larger than those pre-
dicted by stellar evolution theory. It is not clear if the observed phase modulation
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Figure 7.6: O−C diagram for the HADS star KIC 5950759. Top and bottom panels
are the observed period changes for the fundamental and first overtone radial modes,
respectively. The solid black line represents the parabolic fit to the observations with
m as a free parameter, which represents the fractional rate of change in the period
of the pulsation mode.
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in KIC 5950759 is caused by stellar evolution driving structural changes in this
HADS stars, as the period changes may not be uniform during the main sequence
— for example, larger period changes may be expected for a star near or beyond
the TAMS compared to the ZAMS. Historically, observations covering decades have
been needed to infer evolutionary changes to the pulsation modes in HADS stars
and δ Sct stars (Percy et al. 1980; Breger 1990a; Rodr´ıguez et al. 1995; Breger &
Pamyatnykh 1998).
On the other hand, it could be concluded that the observed phase modulation in
KIC 5950759 is evolutionary, since the period of the fundamental and first overtone
radial modes are increasing over time. In β Cep stars studied by Neilson & Ignace
(2015), period changes of order ∼ 10−5 yr−1 were observed in several stars, including
β Cep itself. Perhaps stellar evolutionary models underestimate the rate of period








larger than ∼ 1 × 10−8 yr−1. The analysis of KIC 5950759 clearly shows that the
pulsation periods of the fundamental and first overtone radial modes are increasing
over the 4-yr data set. Further work, including modelling the period changes in this
HADS star, is needed to understand these observations.
7.4.2 KIC 9408694
The second HADS star is KIC 9408694 and pulsates with mode frequencies ν1 =
5.661057 d−1 and ν3 = 7.148953 d−1 with a period ratio of 0.7919, which is outside
the expected range for the fundamental and first overtone radial modes (Stelling-
werf 1979). The amplitude spectrum and tracking plot from Bowman et al. (2016)
are shown in the top and bottom panels of Fig. 7.7, respectively. KIC 9408694
was analysed spectroscopically by Balona et al. (2012) who determined an effective
temperature and surface gravity for KIC 9408694, which are included in Table 7.2
for comparison. From the spectroscopic analysis, Balona et al. (2012) discovered
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that KIC 9408694 had a rotational velocity of v sin i = 100 ± 10 km s−1, which is
unusually high for HADS stars, which have typical rotational velocities of v sin i .
40 km s−1 (Breger 2000a; McNamara 2000; Rodr´ıguez et al. 2000). The high rota-
tion rate of KIC 9408694 perturbed the observed pulsation mode frequencies and
was found to be responsible for the atypical period ratio in this star, with a model
including fast rotation successfully identifying ν1 and ν3 as the fundamental and
first overtone radial modes, respectively (Balona et al. 2012).
Similarly to KIC 5950759, the HADS star KIC 9408694 also exhibits instrumental
periodic amplitude modulation in its fundamental radial mode, which can be seen
in the top panel of Fig. 7.8. However, unlike KIC 5950759, only a small fractional
change in phase is observed in the fundamental radial mode of KIC 9408694. This
was also noted by Balona et al. (2012), who stated that the observed modulation
in the fundamental radial mode of KIC 9408694 was likely an instrumental effect.
As can be seen in Fig. 7.8, there is no quadratic change in phase for either the
fundamental or first overtone radial modes in KIC 9408694. Thus, a calculation of
the observed period changes in this star cannot be performed.
This raises the question: can these two HADS stars be considered at similar
stages of stellar evolution, since their stellar parameters given in Table 7.2 are sig-
nificantly different? Moreover, the analysis of the amplitude and phase modulation
in their fundamental and first overtone radial pulsation modes yielded significantly
different results, with only KIC 5950759 exhibiting increasing pulsation periods over
time as predicted by stellar evolutionary models. Since there are only two HADS
to study in the Kepler data set, it is difficult to draw any meaningful conclusions
about the general properties of the HADS stars, but the analysis of stars presented
in this chapter provides motivation for further investigation.
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Figure 7.7: The top panel is the 4-yr amplitude spectrum calculated out to the
LC Nyquist frequency for the HADS star KIC 9408694. The bottom panel shows
the amplitude and phase tracking plot, in which there is little or no variability in
the amplitudes and phases of the radial pulsation mode frequencies, if instrumental
modulation caused by the Kepler satellite is removed. Figure adapted from Bowman
et al. (2016), their figure 7.
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Figure 7.8: Amplitude and phase modulation in the HADS star KIC 9408694. Top
and bottom panels are the amplitude and phase tracking plots for the fundamental
and first overtone radial modes, respectively, using 100-d bins with 50-d overlaps.




Many studies over the last few decades have attempted to measure the period
changes in pulsation modes caused by evolutionary changes in stellar structure of
δ Sct stars (Percy et al. 1980; Breger 1990a; Rodr´ıguez et al. 1995; Breger & Pamyat-
nykh 1998). All stars are evolving with time, but the question remains whether the
observable parameters of a star, specifically pulsation mode frequencies, amplitudes
and phases, are influenced on time-scales as short as the 4-yr Kepler data set. Al-
though it remains small, the likelihood of observing evolutionary changes in a star is
increased for a star near the TAMS or in a post-main sequence stage of evolution, as
the structure of the star is changing on much shorter time-scales relative to its main
sequence lifetime. For example, for A and F stars, the second contraction phase
lasts approximately between 20 − 50 Myr and the post-main sequence expansion
phase lasts approximately between 50− 100 Myr (Breger & Pamyatnykh 1998), but
this is still several orders of magnitude larger than the longest-studied δ Sct stars
(e.g., 4 CVn Breger et al. 1990; Breger 2000b, 2016).
The ρ Pup star KIC 3429637 remains a useful case study of amplitude modu-
lation, because a study using high-resolution spectroscopy, Kepler photometry and
accurate asteroseismic modelling was performed by Murphy et al. (2012). This star
was determined to be near the TAMS and its amplitude modulation was conjectured
to be caused by structural changes driven by stellar evolution (Murphy et al. 2012).
Few δ Sct stars have been observed using high-resolution spectroscopy and even
fewer have been modelled asteroseismically. However, it was shown in section 7.3,
that KIC 3429637 exhibits amplitude and phase modulation that is typical of δ Sct
stars in the 4-yr Kepler data set (Bowman et al. 2016). Further work is needed to
perform similar analyses of other AMod stars, which were discussed in chapters 5




The HADS stars offer the opportunity to study non-linearity and possible struc-
tural changes caused by stellar evolution in a subgroup of high-amplitude, slowly-
rotating δ Sct stars (Petersen & Christensen-Dalsgaard 1996; Breger 2000a; Mc-
Namara 2000; Rodr´ıguez et al. 2000). Only two HADS stars were observed by
Kepler, KIC 5950759 and KIC 9408694, which exhibit fractional amplitude variab-
ility of order 1 per cent with a period equal to the Kepler orbital period — each
has several AMod frequencies using the ±5σ significance criterion of Bowman et al.
(2016). From only two HADS stars no significant conclusions can be made about
the location of HADS stars in the HR diagram (see e.g., Balona 2016a).
The same amplitude limitation mechanism predicted for the low-amplitude δ Sct
stars does not seem to be at work within HADS stars, which pulsate at much
higher amplitudes (Breger 2000a). It is interesting to note that high amplitude
pulsations are typically associated with non-linearity in the form of harmonics and
combination terms, which are found in KIC 5950759 and KIC 9408694, but the lack
of significant amplitude modulation in these HADS stars suggests that non-linearity
in the form of resonant mode coupling is not at work (Bowman et al. 2016). This
result is interesting since it has been suggested that resonant mode coupling is the
amplitude limitation mechanism that operates in δ Sct stars but not in HADS stars,
thus explaining the large difference in pulsation mode amplitudes between the two
subgroups (Dziembowski & Krolikowska 1985).
Furthermore, HADS stars have similarities to Cepheid variables (Eggen 1976;
Breger 2000a; McNamara 2000; Soszyn´ski et al. 2008; Poleski et al. 2010). It was sug-
gested by Dziembowski (1977b) that radiative damping is stronger in more massive
stars, leading to fewer non-radial pulsation modes, which may explain why the so-
called transitionary δ Sct stars, i.e., the HADS and ρ Pup stars, pulsate in mainly




On the other hand, HADS stars also share similarities to δ Sct stars. For example,
HADS stars have been confirmed to contain low-amplitude non-radial modes in addi-
tion to high-amplitude radial modes (Mathias et al. 1997; Poretti 2003; Balona et al.
2012). Although significant amplitude modulation was not found in KIC 5950759
and KIC 9408694, Poretti et al. (2011) discovered quasi-periodic amplitude modula-
tion – similar to the Blazhko effect in RR Lyr stars – in the fundamental radial mode
in the CoRoT HADS star ID 101155310. Also, amplitude modulation in the second
overtone radial mode in the triple-mode HADS star GSC 03144-595 was recently
discovered by Mow et al. (2016), whilst the fundamental and first overtone radial
modes had constant amplitudes. These studies support the view that HADS stars
are transitionary objects within the classical instability strip, and are in a post-main
sequence stage of stellar evolution (Poretti et al. 2011; Mow et al. 2016).
In section 7.4.1 it was discussed how one of the two HADS stars, KIC 5950759,
showed parabolic phase modulation in its fundamental and first overtone radial
modes, whereas KIC 9408694 showed approximately constant phases. The para-
bolic phase modulation observed in KIC 5950759 was fitted using Eqn 7.1 and







, of 1.18× 10−6 yr−1 and 1.82× 10−6 yr−1
for the fundamental and first overtone radial modes, respectively, which is two or-
ders of magnitude larger than predicted by stellar evolutionary models (Percy et al.
1980; Breger 1990a; Rodr´ıguez et al. 1995; Breger & Pamyatnykh 1998). There-
fore, assuming that the period changes predicted by stellar evolutionary models are
correct, the observed period changes in KIC 5950759 are too large to be caused by
stellar evolution and represent shorter time-scale changes to the pulsation cavities
of KIC 5950759. On the other hand, the evolutionary models may be incorrect, or
may not be accurate for stars near the TAMS that possibly evolve at a different rate
compared to at the ZAMS, so further work is needed to address this, as clearly the
periods of the radial modes in KIC 5950759 are increasing in time.
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Note that in chapter 5, it was demonstrated that the majority of δ Sct stars
have variable pulsation amplitudes, many also with associated phase modulation
over the 4-yr Kepler data set. It was also demonstrated in chapters 5 and 6 that
frequency and amplitude modulation of pulsation modes can be caused by beating
or non-linearity, with either of these mechanisms causing a larger magnitude of
phase variability than is expected from stellar evolution. Thus, it becomes difficult
to disentangle modulation caused by non-linearity and possible phase modulation
caused by stellar evolution.
The HADS stars are certainly interesting stars to study, with each one being
unique for a different reason. Large-number studies of δ Sct stars in the LMC
(Poleski et al. 2010) and the Milky Way galaxy (Lee et al. 2008) have established
that HADS stars are rare, making up fewer than 1 per cent of pulsating main se-
quence stars inside the classical instability strip. There are two possible inferences
to consider when studying HADS stars, which are not necessarily mutually exclus-
ive: the HADS stars are transitionary δ Sct stars in a post-main sequence stage
of evolution (Petersen & Christensen-Dalsgaard 1996); or, slow rotation is a pre-
requisite for large pulsation amplitudes (Breger 2000a; Rodr´ıguez et al. 2000). The
small number of HADS stars observed by Kepler means one must be cautious when
defining the characteristics of a group of stars (e.g., Balona 2016a). In the future, it
will be interesting to create large catalogue of HADS stars and build on the methods
developed in this thesis to study non-linearity, and the effects of slow rotation and
stellar evolution in these stars.
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Conclusions and future work
8.1 Conclusions
The δ Sct stars represent a diverse group of pulsating stars, in which many aspects
of physics, such as rotation, binarity, magnetism and chemical peculiarities, play
important roles. In this thesis, an ensemble of 983 δ Sct stars that were observed
continuously by Kepler over 4 yr was created and used to study the pulsational
properties of these stars, and primarily the incidence of amplitude modulation of
their pulsation modes.
It was discussed in chapter 2, how the Kepler Space Telescope provided continu-
ous observations of approximately 150 000 stars for 4 yr with a photometric precision
of order a few µmag (Borucki et al. 2010; Koch et al. 2010; Gilliland et al. 2010).
The advent of space telescopes created a photometry revolution and has allowed
different aspects of physics to be probed in detail for the first time in a large num-
ber of δ Sct stars, which could not be achieved from ground-based observations.
In chapter 2, it was demonstrated how the amplitude visibility function when using
LC data causes amplitude suppression for, on average, high-frequency signals, which
biases observations of pulsating stars to low frequency pulsation modes. However,
few δ Sct stars were observed for long periods of time with SC, so LC observations
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represent a more complete data set with increased frequency resolution for studying
these stars.
The δ Sct star KIC 7106205 studied by Bowman & Kurtz (2014) and discussed
in chapter 3 is an archetypal example of amplitude modulation in δ Sct stars, as it
contains few pulsation modes in its amplitude spectrum with only a single p mode
that changed significantly in amplitude over 4 yr. A further study of KIC 7106205 by
Bowman et al. (2015) using ground-based photometry from the Wide Angle Search
for Planets (WASP; Pollacco et al. 2006) project was also discussed in chapter 3,
in which WASP data were used to extend the study of amplitude modulation in
KIC 7106205 2 yr prior to the launch of the Kepler Space Telescope. It was shown
that a single pulsation mode decreased in amplitude from 11.70 ± 0.05 mmag in
2007, to 5.87±0.03 mmag in 2009, and to 0.58±0.06 mmag in 2013 (Bowman et al.
2015). Time spans of years and decades are clearly important in δ Sct stars, with
the study of KIC 7106205 demonstrating that different pulsation mode amplitudes
would be obtained if only short and intermittent observations of this star were
used. The analysis of the KIC 7106205 provided clear and strong evidence that a
physical mechanism within the star is causing the observed amplitude modulation.
Furthermore, the visible pulsation energy budget in this star was not conserved over
6 yr of combined WASP and Kepler observations (Bowman & Kurtz 2014; Bowman
et al. 2015). Spectroscopic observations of KIC 7106205 revealed that this star is
not a classical Am star, but does have some relatively strong metal lines for its Ca K
line strength and can be considered a marginal Am star. However, the metallic line
strengths are unrelated to the observed amplitude modulation.
From the study of radial pulsation modes in δ Sct stars from the ground, it
was established that hotter δ Sct stars typically have higher pulsation mode fre-
quencies (Breger & Bregman 1975; Breger 2000a). Hotter δ Sct stars have the
He ii ionisation zone located closer to the stellar surface, which facilitates higher
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overtone and therefore higher frequency modes to be excited (Pamyatnykh 1999,
2000; Christensen-Dalsgaard 2000; Dupret et al. 2004, 2005). In chapter 4, an en-
semble of 983 δ Sct stars that were observed continuously by Kepler for 4 yr was
presented, and the statistical properties of these stars were investigated, including
relationships between stellar parameters and the frequency of the dominant pulsa-
tion mode, defined as the frequency of the highest amplitude pulsation mode. It was
found that the hotter δ Sct stars typically have higher pulsation mode frequencies,
as shown by Fig. 4.7 and the Teff − log g diagrams in Figs 4.12 and 4.13. How-
ever, the bias towards low frequency pulsation modes caused by the LC amplitude
visibility function resulted in few hot δ Sct stars to be included in the ensemble.
Consequently, the correlation found between the frequency of the highest amplitude
pulsation mode and effective temperature is a lower bound of the true correlation as
there are few δ Sct stars included in the ensemble of 983 stars with frequencies above
ν & 40 d−1. Another outcome from the statistical study of δ Sct stars discussed in
section 4.7 was that a small yet significant fraction of δ Sct and γ Dor stars are found
outside of their respective instability regions, such that the observational edges of
the classical instability strip need to be updated.
A statistical study of amplitude modulation in all 983 δ Sct stars by Bowman
et al. (2016) was presented in chapter 5. The results of this study provide strong
evidence that variable pulsation amplitudes are common in δ Sct stars, with 61.3
per cent of the 983 δ Sct stars exhibiting significant amplitude modulation in at least
one pulsation mode over the 4-yr Kepler data set. Similarly to KIC 7106205, the
most remarkable result from this analysis is that many δ Sct stars to do not conserve
their visible pulsation energy budget over 4 yr (Bowman et al. 2016). Moreover, the
38.7 per cent of NoMod δ Sct stars that exhibit constant pulsation amplitudes and
phases, were found across the classical instability strip in the HR diagram, thus
the mechanisms that cause variable pulsation amplitudes are not restricted to a
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small region in the HR diagram (Bowman et al. 2016). My amplitude modulation
catalogue of 983 δ Sct stars utilising 4 yr of continuous Kepler observations will be
a valuable resource for comparison to observations of similar stars with K2 (Howell
et al. 2014) and TESS (Ricker et al. 2015). Eventually, these missions will observe
a large area of the sky, but for only a short length of time. Therefore, the Kepler
data set will remain the best data set for studying δ Sct stars as its 4-yr length of
continuous observations will not be surpassed for some time.
It was demonstrated by Bowman et al. (2016) how a pair of close-frequency
pulsation modes produce amplitude modulation, with a characteristic beat period
as the inverse of the difference in pulsation mode frequencies. Amplitude modulation
caused by beating is most easily recognised because a phase change occurs at the
epoch of minimum amplitude, which is equal to pi rad for two equal-amplitude cosi-
nusoids. For increasingly different amplitudes, this phase change gets progressively
smaller. It was shown in chapter 5 that some of the stars classified as AMod by Bow-
man et al. (2016) are the result of beating from close-frequency pulsation modes.
Specifically, two pairs of close-frequency modes separated by less than 0.001 d−1
in the δ Sct stars KIC 4641555 and KIC 8246833, were used to construct beating
models that accurately reproduced observations. These stars demonstrate that it
is possible for δ Sct stars to contain pulsation mode frequencies that are barely
resolved using the 4-yr Kepler data set (Bowman et al. 2016).
Therefore, it is possible that other AMod δ Sct stars are the result of beating
from unresolved close-frequency pulsation modes. In chapter 5, a Bayesian MCMC
simulation was used to extract the parameters of three hypothetical pulsation modes
using a synthetic Kepler data set. The simulation was able to accurately extract the
frequencies, amplitudes and phases of these modes, which were chosen to emulate
the observed amplitude modulation in the δ Sct star KIC 7106205. However, the
implementation of two-, three- and four-mode MCMC simulations to the Kepler
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observations of KIC 7106205 did not converge to a solution. This supports the
conclusions from Bowman & Kurtz (2014) that the observed amplitude modulation
in KIC 7106205 is caused by a mode coupling mechanism to high-degree p modes
or internal g modes; or energy lost to an unknown damping/driving region; and is
not caused by beating.
The observation of concomitant amplitude and phase modulation can be used
to distinguish between cases of intrinsic amplitude modulation of a single pulsation
mode or beating from unresolved close-frequency pulsation modes (Breger & Pamy-
atnykh 2006; Bowman et al. 2016). A subgroup of pure AMod stars was defined by
Bowman et al. (2016), which contained stars with at least a single variable amp-
litude pulsation mode but not in phase. This pure form of amplitude modulation
cannot be explained by beating or a mode coupling mechanism. These pure AMod
stars are arguably the most interesting of all the AMod stars, since they were an
unexpected discovery and are as yet unexplained. It was conjectured by Bowman
et al. (2016) that pure AMod δ Sct stars are caused by slow changes in the relative
driving and damping in these stars, but further work is needed to address this.
In chapters 5 and 6, the mathematical relationships in frequency, amplitude and
phase between two parent modes and a child mode were discussed. Models of mode
coupling were also used to distinguish between different forms of non-linearity in
δ Sct stars, particularly combination frequencies arising from a non-linear distortion
model or coupled modes from resonant mode coupling. If a child mode is resonantly
excited from a mode coupling mechanism, it will have a larger amplitude than
a combination frequency from a non-linear distortion model (van Kerkwijk et al.
2000b; Breger & Montgomery 2014; Bowman et al. 2016). Moreover, the observed
amplitude modulation in the parent modes allowed the strength of non-linearity
between a child and parent modes to be quantified. The coupling strength was tested
for a selection of δ Sct stars with amplitude modulation, specifically KIC 4733344
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in chapter 5 and KIC 5857714 in chapter 6, which distinguished whether a child
mode is excited by resonant mode coupling or is a combination frequency from a
non-linear distortion model (Bowman et al. 2016).
Non-linearity in the form of harmonics and combination frequencies are ubi-
quitous in all types of pulsators driven by the κ mechanism. The frequencies and
phases of combination frequencies are predicted to be locked to the parent pulsation
modes, with any variability in the parent pulsation modes being mirrored by the
combination frequencies (Brickhill 1992b; Wu & Goldreich 2001; Wu 2001), which
is commonly found for different types of pulsator including δ Sct stars (see e.g.,
KIC 4733344 and KIC 5857714, or Breger & Lenz 2008b). However, in chapter 6 it
was shown that this was not the case for the γ Dor star KIC 4731916. The amp-
litude variability of a triplet of combination frequencies (2ν1, ν1 + ν2 and 2ν2) did
not mirror the amplitude variability of the two parent g modes, ν1 and ν2. This
is an unexpected result and the γ Dor star KIC 4731916 demonstrates that we
lack a complete physical description of combination frequencies, and how they are
generated. Clearly, non-linearity is at work in this star, but the interplay between
the mechanism that generates the combination frequencies and the mechanism that
causes the amplitude modulation requires further investigation.
In chapter 7, the concept of measuring period changes in pulsation modes was
investigated for the ρ Pup star KIC 3429637 and the HADS stars KIC 5790759 and
KIC 9408694. The ρ Pup and HADS stars are considered evolved stars (Petersen &
Christensen-Dalsgaard 1996; Breger 2000a; Murphy et al. 2012), so there is a greater
likelihood of observing real-time stellar evolutionary changes in their observed pulsa-
tion modes. However, from ground-based observations, an even distribution of in-
creasing and decreasing pulsation periods was seen in δ Sct stars (Breger 1990a;
Guzik & Cox 1991; Rodr´ıguez & Breger 2001). This cannot be explained by stel-
lar evolution since pulsation periods should predominantly increase throughout the
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main sequence and post-main sequence (Percy et al. 1980; Breger 1990a; Rodr´ıguez
et al. 1995; Breger & Pamyatnykh 1998).
Most importantly, it was demonstrated in chapters 5, 6 and 7 that the observed
phase modulation in δ Sct stars is often much larger than the quadratic change in







) ∼ 10−8 yr−1 predicted by stellar evolutionary models (Percy et al.
1980; Breger 1990a; Rodr´ıguez et al. 1995; Breger & Pamyatnykh 1998). The para-








, of 1.18×10−6 yr−1 and 1.82×10−6 yr−1 for the fundamental
and first overtone radial modes, respectively. Thus, it was concluded that 4 yr is
sufficient to observe period changes in a δ Sct star, but these may not necessarily be
caused by stellar evolution, because modulation signals from non-linearity typically
dominate observations on this time-scale. On the other hand, it was clearly demon-
strated that the pulsation periods are increasing in KIC 5950759, and evolutionary
models may underestimate period changes for stars near the TAMS.
HADS stars also offer the opportunity to study non-linearity in the form of har-
monics and combination frequencies from a non-linear distortion model, typically in
the absence of amplitude modulation and non-linearity in the form of resonant mode
coupling. It remains to be established if HADS stars are demonstrably separate from
their low-amplitude δ Sct counterparts. With so few HADS stars available to study
with high-quality observations, further observations and theoretical work on model-
ling non-linearity in the HADS stars and their low-amplitude δ Sct counterparts is
needed.
8.2 Future work
Much of the work presented in this thesis has demonstrated that the δ Sct stars com-
monly exhibit amplitude modulation on time-scales of order years and longer, but
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that there is also a large range in the diversity of the temporal behaviour observed.
In sections 1.4.3 and 1.4.4 it was discussed how pulsating main sequence B stars and
evolved stars, such as RR Lyr, sdBV and variable white dwarfs, all show amplitude
modulation of their respective pulsation modes if the length of observations is long
enough to resolve the behaviour. A question resulting from this work is: are the
δ Sct stars similar to other pulsating stars driven by the κ mechanism in terms of
the mechanism(s) that causes non-linearity in the form of amplitude modulation
and combination frequencies? This is an interesting question as most types of stars
do show some form of amplitude modulation.
There are various theoretical and observational synergies between pulsating A
and B stars, such that β Cep stars can be considered analogues of δ Sct stars, from
the similar pulsation mode frequencies observed. The κ mechanism operating in the
Z bump in opacity causes low-order p modes to become unstable (Dziembowski &
Pamyatnykh 1993a). Hybrid B stars pulsating in both g- and p-mode frequencies
have also been observed (Handler 2009; Degroote et al. 2012), which can be explained
by increasing opacity in the Z bump (Pamyatnykh et al. 2004). Further similarity
exists, as Degroote et al. (2009) found evidence for resonant mode coupling in the
β Cephei star HD 180642 using CoRoT photometry. The authors found that the sum
and difference combination frequencies had similar amplitudes, but a greater number
of sum combination frequencies (Degroote et al. 2009). It would be interesting to
investigate the synergy in mode coupling within hybrid stars, between A and B
stars, both observationally and theoretically.
To achieve this, modelling of individual stars using stellar evolution codes such as
MESA (Paxton et al. 2011, 2013, 2015) and pulsation codes such as GYRE (Townsend
& Teitler 2013), is needed to fully understand the observed behaviour. The following
questions need to be tested: why do only some and not all of the δ Sct stars, and
by extension different pulsators driven by the κ mechanism, show variable pulsation
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mode amplitudes over time-scales of years and longer? Is this behaviour governed by
stellar evolution, or the pulsation excitation mechanism or both? A starting point
for such a project is to study stars for which there is low mode-density and mode
identification is relatively simple; for example, the HADS stars. The HADS stars
have large pulsation amplitudes and exhibit non-linearity in the form of harmonics
and combination frequencies, but non-linearity in the form of amplitude modulation
and resonant mode coupling is absent in these stars (Bowman et al. 2016). Res-
onant mode coupling has been suggested as the amplitude limitation mechanism
operating in δ Sct stars to explain the large difference in pulsation mode amplitudes
between HADS stars and their low-amplitude δ Sct counterparts (Dziembowski &
Krolikowska 1985). Further work is needed to establish why the HADS stars are rare
and the possible physical differences between them and the δ Sct stars, especially if
they are transitionary objects in a post-main sequence stage of stellar evolution.
Recent work by Fuller et al. (2015) and Stello et al. (2016) has shown that
many red giant stars have suppressed dipole modes, which can be explained by
the scattering of mode energy into high-degree modes as the modes interact with a
magnetic field in a star’s core. This effect, termed the Magnetic Greenhouse Effect
(Fuller et al. 2015), essentially traps the mode energy in the magnetised core of a
red giant star resulting in low surface amplitudes for the dipole modes. Stello et al.
(2016) demonstrated that not all red giant stars exhibit suppressed dipole modes
and that it is a strong function of stellar mass.
Among other pulsating stars, Cantiello et al. (2016) modelled a 1.6-M main se-
quence γ Dor star and suggested that it is possible for a dynamo-generated magnetic
field to be induced near the core in such a star. This could alter the pulsational
behaviour of a star and redistribute mode energy into higher degrees, hence dra-
matically reduce their visible amplitudes (Cantiello et al. 2016). Could a similar
mechanism be the cause for a number of the AMod δ Sct stars in the ensemble of
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δ Sct star presented in this thesis? The A and F stars have convective cores on
the main sequence and if a magnetic field is sustained throughout the transition
from post-main sequence to the red giant branch, it is reasonable to assume that
the progenitors of red giant stars with suppressed dipole modes also had magnetic
fields near their cores on the main sequence. The evolutionary progenitors of the
suppressed dipole mode red giant stars from Fuller et al. (2015) and Stello et al.
(2016) are within my ensemble of δ Sct stars.
8.2.1 Spectroscopic follow-up of delta Scuti stars
As previously discussed in section 3.4, spectroscopic follow-up observations of 23
δ Sct stars were made with the Intermediate dispersion Spectrograph and Imaging
System (ISIS) on the William Herschel Telescope (WHT). Details of these stars,
including their positions and apparent visual magnitudes, were given in Table 3.1.
All of these stars were observed spectroscopically because they are relatively bright
targets for Kepler stars, with a mixture of δ Sct stars that exhibit amplitude mod-
ulation and others that do not.
It was shown in section 3.4, that the spectrum of the δ Sct star KIC 7106205
indicated that this star has signatures of being a marginal Am star. In the future,
it is intended to supplement this study with the analysis of the other stars, to
determine if amplitude modulation is more commonly found in chemically normal
or peculiar stars, fast or slowly-rotating stars, or a combination of these parameters.
Ultimately, the aim is to understand if chemical peculiarity is related to amplitude
modulation in δ Sct stars.
8.2.2 Future missions
The future of asteroseismology is bright with ongoing projects such as WASP, K2
and BRITE continuing to produce many interesting and exciting results. In the
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near future, the NASA TESS mission (Ricker et al. 2015) and the ESA PLATO 2.0
mission (Rauer et al. 2014) will be launched in 2017 and 2022, respectively, which
will vastly increase the number of stars studied in the Milky Way galaxy.
The TESS mission
The Transiting Exoplanet Survey Satellite (TESS; Ricker et al. 2015) will be launched
in 2017, with a primary goal of finding exoplanets around late-type stars. To achieve
this, it will have a passband of 600 to 1000 nm, which is redder than the passband
of 420 to 900 nm of the Kepler Space Telescope (Koch et al. 2010). For an early-
F star with Teff = 7000 K star, pulsation mode amplitudes will be approximately
47 per cent that of Kepler from the difference in passband, which is shown graphically
in the top panel of Fig. 8.1. For an early-A star with Teff = 10 000 K star, this value
is reduced with pulsation mode amplitudes that will be approximately 39 per cent
that of Kepler from the difference in passband, which is shown graphically in the
bottom panel of Fig. 8.1.
Eventually, TESS will observe a large fraction of the sky, with observing runs
that last from 27 d up to 1 yr in the continuous viewing zones near the ecliptic polar
regions (Ricker et al. 2015). After data downlinks, TESS will start re-observing at a
random phase, which will create a variable Nyquist frequency and successfully allow
the sNa technique to be implemented for pulsation mode frequencies that lie above
the TESS Nyquist frequency (Murphy 2015). Although TESS is optimised to study
cool stars, asteroseismology of many different types of stars will be possible.
The GAIA mission
GAIA will change everything. Results from the GAIA mission (Perryman et al.
2001) will soon be available to the scientific community, which will allow almost all
Kepler targets to be accurately placed in the HR diagram — see Lindegren et al.
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Figure 8.1: The Planck blackbody functions for a Teff = 7000 K and a Teff = 10 000 K
star are shown in the top and bottom panels, respectively, as black solid curves. The
red and blue curves show the change in the planck function for ±50 K change in
temperature in each star. Approximate Kepler and TESS passbands are plotted as
dashed and dotted lines, respectively.
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(2008, 2012) for more details. GAIA is currently measuring parallaxes for many
stars in the Milky Way and will provide distances for more than 150 000 stars that
are accurate to 0.1 per cent, and distances for more than a million stars that are
accurate to 1 per cent. This will be a phenomenal improvement to current estimates
of luminosity for practically all previously observed stars in the Milky Way and will
constrain future observations and in turn models of stellar structure and evolution.
8.3 Final remarks
It has been a privilege and a pleasure to work within the Kepler Asteroseismic
Science Consortium (KASC) on the analysis of δ Sct stars. I trust that this thesis
and the publications contained within it are of use to others. We are currently in
a golden age of astronomy, a Space Photometry Revolution, and I hope that the
success of asteroseismology will continue to grow exponentially, and improve our
understanding of stellar structure and evolution for intermediate-mass stars.
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